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This textbook like the rest of the 
series is compiled from lectures 
delivered by the author to students 
at Moscow State University. 

The audience was made up of final 
year students and postgraduates, 
and as a consequence, a certain 
level of knowledge (for example, 
the properties of manifolds) is 
assumed. 

The lectures fall into five parts. 

The first covers the basic concepts 
of Lie groups. Lie algebras, and 
the Lie algebra of a given Lie 
group. The second part deals with 
"locality theory", the third 
generalizes these ideas. 

The first three sections could 
be used as a foundation course in 
Lie algebras for beginners. 

The fourth part considers Lie 
subgroups and Lie factor groups. 
The final part has a purely 
algebraic character, and is practically 
independent of the preceding four 
parts; it considers a proof of 
^ Ado's theorem, which is interesting 
in itself. 

This book will be useful for 
mathematics students taking courses 
in Lie algebras, because it contains 
all the major results and proofs 
in compact and accessible form. 
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preface 


The theory of Lie groups relies on Cartan’s theorem on 
the equivalence of the category of simply connected Lie 
groups to that of Lie algebras. This book presents the proof 
of the Cartan theorem and the main results. The branches 
of the theory of Lie groups which rest on the Cartan theorem 
remain outside the limits of our exposition. The theory of 
Lie algebras has been developed to an extent necessary for 
the Cartan theorem to be proved. 

This book like the previous ones of this series* is a nearly 
faithful record of the lectures delivered by the author at 
Moscow University to students (and postgraduates) of the 
Faculty of Mathematical Mechanics. However, while books I 
and II were based on lectures of a compulsory course, 
this book is a record of an elective course, which makes it 
essentially different in a number of respects. 

Designed for senior and postgraduate students (these 
lectures conditionally belong to the fifth semester since 
students who attended the lectures were uniformly distrib¬ 
uted over all senior courses) the lectures allowed the 


M. M. Postnikov. Lectures in Geometry: Semester 1. Analytic 
Geometry, Mir Publishers, Moscow, 1981), Semester 2. Linear 
■Atgefera aMd Differential Geometry, Mir Publishers, Moscow, 1982). 
(neierred to as I and II respectively in what follows.) 


p 
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presentation during teaching period of 90 minutes of much 
more material than had been possible in books I and II 
intended for first-year students. The volume of the lectures 
was increased due to the fact that they became two hours 
long (120 minutes) while the breaks became shorter and 
the lectures continued after the bell had rung. All this 
almost doubled the actual volume of each lecture. Of course, 
with a less intense pace of teachings under the conditions 
of, say, a one-year and not a one-semester course, each lec¬ 
ture virtually extends into a lecture and a half or even two 
lectures. This book, therefore may be better regarded as 
a record of a one-year elective course (but I managed some¬ 
times—under particularly favourable circumstances—even 
in one semester), especially since for various reasons it is 
usually possible to give not more than twelve or thirteen 
lectures during a semester, although the curriculum requires 
eighteen lectures. 

Because of the acute shortage of time, in teaching an elec¬ 
tive course, one has more often than in a compulsory course 
to confine oneself to the mere idea of a proof, leaving the 
details for the students to prove. It suffices to formulate, 
with references to the literature, the auxiliary statements 
from other branches of mathematics and merely to describe 
the examples illustrating the general theory, leaving their 
detailed analysis to the students. When, however, a lecture 
is committed to paper, it is not necessary to meet these 
demands, and what is more, all the proofs should be carried 
out in detail, the examples completely analysed and con¬ 
structing the “outside” lemmas proved. This sometimes leads 
to a two or three-fold increase in the volume of a recorded 
lecture. 

Every lecturer, presupposing a certain stock of knowledge 
in his students, is nevertheless compelled to recall at least in 
short particularly important facts. In written form one has 
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to expand them into a systematic, sometimes rather large, 
section for the reader’s convenience. 

This accounts for the surprisingly large volume of some of 
the lectures in the book. Yet, with account of the foregoing, 
each lecture here is in fact a record of a real lecture (within 
which occur self-understood shifts of the initial and terminal 
pieces of neighbouring lectures). 

All the lectures virtually break down into five series. The 
first series (Lectures 1, 2 and 3) introduces, and explains 
by way of examples, the basic notions: Lie groups, Lie 
algebras and the Lie algebras of a given Lie group. 

The next series (Lectures 4 to 7) is devoted to the “local 
theory” of Lie groups. Lectures 4 and 6 establish the equiva¬ 
lence of the Category of Lie algebras to that of analytic 
local Lie groups. The necessary algebraic tools are developed 
in Lecture 5. In Lecture 7, it is proved that analyticity may 
in fact be assumed without loss of generality. Local sub¬ 
groups and local factor groups are also considered here. 

Extension from the local to the global theory is carried 
out in Lectures 8, 9 and 10. Lecture 8 presents the theory of 
coverings (in the sense of Chevalley, i.e. “without paths”). 
In Lecture 9 a universal covering group is constructed. In 
Lecture 10 the Cartan theorem is formulated and discussed. 
No proof of the theorem is constructed, it is only reduced to 
the Ado theorem on the existence of an exact linear repre¬ 
sentation for any Lie algebra. 

These three series may serve as a miniature course in the 
theory of Lie groups for beginners. 

Lectures 11 and 12 expound subgroups and quotient groups 
of Lie groups. Lecture 13 is devoted to Clifford algebras 
and spinor groups. For the first time in educational literature, 
particular Lie groups G 2 and together with the neces¬ 
sary algebraic tools are considered in detail in Lectures 
14 to 16. 
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The last lectures, 17 to 21, are of a purely algebraic char¬ 
acter and are practically independent of all the foregoing 
material (except for Lecture 20 which stands somewhat by 
itself). Formally they are devoted to the proof of the Ado 
theorem, but in fact they comprise a very large fragment of 
the theory of Lie algebras (Gartan’s criteria for solvability 
and semisimplicity, the Whitehead lemmas, the Weyl and 
Levi theorems) which is of independent interest as well. 

In conclusion I wish tot^xpress my gratitude to V.L. Popov 
whose contribution to the improvement of the original 
manuscript of the book has greatly surpassed the usual duties 
of an editor. 


M.M. Postnikov 




Lecture I 


Smooth and topological groups ^Relaxing the conditions defining 
Lie groups •Examples of LieGroups-Cayley transformation -Fur¬ 
ther examples of Lie groups. Connected and arcwise connected 
spaces and groups-Reduction of any smooth groups to connect 
ed groups •Examples of connected Lie groups 


Let G be at the same time a group and a smooth manifold*. 

Definition 1. The group G is said to be a Lie group (or 
a smooth group) if the mappings 

( 1 ) GxG-^G, {a,b)^ab, 

and 

(2) G-^G, a ^ 
are smooth mappings. 

Let G and H be Lie groups. The mapping G-^ H is said 
to be a morphism of Lie groups (or their smooth homomor¬ 
phism) if it is their homomorphism as abstract groups and 
their smooth mapping as manifolds. 

All Lie groups and all their homomorphisms form a cate¬ 
gory. We shall denote this category as GR-DIFF. 


• assume known the preliminaries of smooth manifold theory 

syllabus of the compulsory course of geometry for 
me third semester of the Faculty of Mathematical Mechanics of Moscow 
bta^ University. To familiarize oneself with them before Semester 3 
01 these lectures” appears in print the reader may use any of the 
nuinerous available expositions. 

A /^®^6ssary information on group theory see, for example, 

1978 Introduction to Algebra^ Moscow, Nauka Publishers, 
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Remark 1. There is a countable family of categories GR- 
DIFF depending on C^-smoothness (where either 2^ cx> 
or r = (o) we require of the manifolds under consideration. 
In fact, however, practically nothing depends on r, since, as 
is shown in Lecture 7, any C^-smooth group is C^-isomor- 
phic to the analytic (class C^) group. 

Remark 2. Some authors find slight differences between 
Lie groups and smooth (in particular analytic) groups. We 
shall consider both terms to be synonymous, preferring the 
former as more common and traditional. 

Similarly the group G which is at the same time a topolog¬ 
ical space is said to be a topological group if mappings (1) 
and (2) are continuous for it. The homomorphism G-^ H ot 
topological groups is said to be continuous if it is a continuous 
mapping. Topological groups and their continuous homo- 
morphisms constitute the category GR-TOP. 

Recall that the topological space M is said to be Hausdorff 
(or separable) if any two of its distinct points have disjoint 
neighbourhoods, i.e. if, in other words^ the diagonal A 
(the subset of the product M X M which consists of points 
of the form (a;, x), x ^ M) is closed in M. A topological 
group (as well as a smooth manifold) should not necessarily 
be Hausdorff. 

Lemma 1. A topological group G is Hausdorff if and only 
if its identity is closed. 

Proof. In a Hausdorff space any point is closed, so that 
this condition is necessary. But since the diagonal Ac= 
G X G is the inverse image of the identity under the 
continuous mapping G X G—^^G, (a, b) ^ ab~‘^, it is also 
sufficient. □ 

Corollary. Every Lie group is a Hausdorff topological 
group. □ 

In defining smooth groups the condition that map¬ 
ping (2) should be smooth is in fact unnecessary: 

Proposition 1. If for a group G, which is at the same time 
a smooth manifold, mapping (1) is smooth, then so is mapping 
(2) and hence the group G is a Lie group. 

Notice that for topological groups a similar statement is 
false. 

A key to the proof of Proposition 1 is the following lemma 
from the theory of smooth manifolds: 
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Lemma 2. Let M, N and R be smooth manifolds and let 

cp: M X R-^ N 

be a smooth mapping such that for any point r ^ R the 
mapping 

9 ^: M-^ N, X t-* (p (a:, r), x ^ M, 

is a diffeomorphism of M onto the manifold N. Then the map¬ 
ping 

ij): X R^ M 

defined by the formula 

(y. »■) = <Pr^ (l/). y ^N, r^R, 

is a smooth mapping. 

Proof. Let the mappings 

<D : M X i?-> N X R,^: N X R-^ M x R 

be defined respectively by the formulas 
O {x, r) = ((p (a:, r), r) = (cp^ (a:), r), x ^ M, r ^ i?, 

^ (y. r) = (tj) {y, r), r) = ((p“^ (y), r), y ^N, r^ R- 

It is clear that these mappings are smooth if and only if so 
are the mappings cp and 'll) respectively. Thus, under the 
hypothesis the mapping O is smooth and it is necessary to 
prove that so is the mapping 
To this end we notice that by definition 

(V o (D) {x, r) =W (cpr (x), r) = (cp;' (cp^ (x)), r) = (x, r) 

for any point {x, r) ^ M X R and similarly 

(O o T*) (y, r) = (D ((p-i (y), r) = (cp^ (cp"' (ij)), r) = (y, r) 

for any point (y, r) ^ N X R- This means that the mappings 
O and T* are inverse to each other and hence both are bijec- 
tive mappings. 

The statement about the smoothness of ^ therefore is 
equivalent to the statement that the smooth bijective map¬ 
ping O is a diffeomorphism. 

But it is clear that a smooth bijective mapping is a diffeo- 
niorphism if and only if it is a local diffeomorphism, i.e. is 

2—0450 
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an etal mapping (i.e. at each point its differential is an 
isomorphism). 

Everything has thus hoiled down to calculating at each 
point (a^ r) ^ M X R the differential (6?(l))(a,j.) of the 
mapping O which may be regarded as a linear mapping of 
the form*. 

(3) la {M) © Jr (R)-^ lb (N) © Jr (R). where 6 - (p (a, r). 

Graphically every mapping (3) is given by a matrix of 
the form 




where 


A: la (M)-> (N), B: T. (/?)-> lb (N), 

C: Ta (M)-^ T. (R). D: T. (R)-^ Ir (R) 


are linear mappings defined in an obvious way. In particu¬ 
lar, for the mapping (dO)(a, r) the mapping A is nothing 
but the differential at a point a of the mapping (p^ : M-^ N, 
the mapping C is the differential of the constant mapping 
(and consequently it is a zero mapping) and the mapping D 
is the differential of the identity mapping (and hence it is 
also an identity mapping). Thus for the differential (d©(a,r) 
matrix (4) is of the form 

/ (rfcpr)„ B \ 

V 0 idj 

(the mapping B is of no concern to us). Since the differential 
(d(p^)a is an isomorphism by the hypothesis of the lemma, it 
follows that the differential (dO)(a,r) is also an isomor¬ 
phism. □ 

For every group G any element a ^ G defines by the for¬ 
mulas 

Lfj^x — ax^ RaX -= xa, x ^ G 
two mappings 


La.G-^G, R, :G-^G 


* By (M) we denote the tangent space to the manifold M 
at a point x ^ M. 
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which are called shifts hy an element a (the mapping is 
called a left shift and the mapping a right shift). 

The following properties of shifts are obvious: 


Le ^ Ft-e ^ where e is the identity of the group G 
(this is exactly the same as stating that e is an identity) 


Z/^ o La Li)a^ Li}) o -^a La ® ® Z/^ 

(each of these equations is equivalent to the associativity of 
multiplication in a group). 

In particular (since Z/^ o La-i = La-i o = L^ = id and 

Ra ° Lla-^ = ^ Ra = Lie = id), we See that every shift 

is a bijective mapping, with 





1 


for any element a ^G. 

If G is a topological (smooth) group, then the mappings 
L^ and Ra are continuous (smooth) and therefore they are 
homeomorphisms (diffeomorphisms). 

Now we are in a position to prove Proposition 1. 

Proof of Proposition 1. The smoothness of mapping (1) 
implies the smoothness of shifts La and hence the fact that 
they are diffeomorphisms. The corresponding mapping 
L : {x, a) La {x) = ax is nothing but mapping (1) and is 
therefore smooth. We are thus under the hypotheses of 
Lemma 1 (for M N ^ R = G) and consequently by 
that lemma the mapping 

L': G X G-^G 
defined by the formula 

Z/' {x, a) — La^ (x) = a-^x 

is smooth. To complete the proof it remains to notice that 
the mapping a is the composition of the smooth map¬ 

ping G X G, a (e, a), and of the mapping L'. There¬ 
fore it is also smooth. □ 

Examples of Lie groups^ 

Example 1, Any abstract (discrete topological) group is 
a Lie group as a zero-dimensional smooth manifold. 
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Example 2. Any finite-dimensional vector space is a Lie 
group under addition. 

Example 3. A unit circle M ^ I = 1 whose points are 
complex numbers z = is a Lie group under multiplica¬ 
tion, 

A Lie group under multiplication is similarly a unit 
sphere t.he space of quaternions whose points are 

quaternions £ for which j £ | = 1. 

We can show that if a sphere is a Lie group, then it is 
necessary that n = I or n = 3, so that 
the only spheres admitting the structure of a Lie group. 

Example 4. The direct product G x H ol two smooth (or 
topological) groups G and if is a smooth (respectively, 
topological) group. 

In particular^ any torus is a Lie group. 

Example 5. A full linear group GL (n) is a Lie group. The 
group Aut of all automorphisms (nonsingular linear 
operators) of an arbitrary /i-dimensional vector space 
which is isomorphic to the group GL (n) is also a Lie group. 

To obtain more interesting examples, it is first necessary 
to consider one general construction. 

Definition 2. An nxn matrix A is said to be nonexception- 
al if det {E A) 0, For such a matrix there is a matrix 

= (£ - A) {E + A)‘i 

called the Cayley image of A. 

It is clear that the set IR (w)® of all nonexceptional matri¬ 
ces is open in the manifold [R (w) = [R {n, n) of all square 
n X n matrices and that hence it is a smooth manifold. 

Proposition 2. The mapping A ^ A^ is the involutory 
autodiffeomorphism of the manifold !R (w)®, i.e. for any non¬ 
exceptional matrix A the matrix A^ is also nonexceptional^ 
the mapping A ^ A^ of the manifold [R {nY into itself is 
smooth and the Cayley image of A'^ coincides with A: 

Att# = A. 

Proof. Let fi = Then 

E B ^ E-^{E - A) {E A)-i 

= [(£ + A) 4- (^ - A)1 {E + A)-i 

= 2 (^ + A)“i 
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and similarly 

- 5 = 24 (^ + 4)-^ 

Therefore, firstly, det {E -\- B) and secondly 

^ {E ^ B) {E + = 4. 

It is obvious that the mapping A ^ A'^ is smooth. □ 
Further examples of Lie groups. 

Example 6. Suppose as ever that 0(n) is the group of all 
orthogonal n X n matrices. We show that in the group 
0(n) the smoothness is naturally defined with respect to 
which 0 (n) is a Lie group. 

Let 4 be a nonexceptional orthogonal matrix and let 
B = A^. Then 4'*’ =4"^ and therefore, by the well- 
known rules of handling the transposed matrices, 

B^ = {E + A^)-HE ~ 4T) = (E + 

= {E + A{E 4-1) 

- (4 (^: + 4“1))-1 (4 - E) 

= {A + ^)-i(4 - - 4) (£: + 4)“i = - F. 

Conversely, it B''^ = ■— B, then 

A'^ = {E + {E - 5T) = {E -- By^ (E + 5) 

{E + B){E - 5)-i = 4-1 

and consequently 4 is an orthogonal matrix. We thus see 
that a nonexceptional matrix is orthogonal if and only if its 
Cayley image is a skew-symmetric matrix. 

Since skew-symmetric matrices form a vector space 

^of dimension it follows that the mapping 4 >-► 4tt 

may be considered as a coordinate function (mapping); the 
collection 0 (n)® of all orthogonal nonexceptional matrices 
(which obviously contains a unit matrix E) is the corre¬ 
sponding coordinate neighbourhood and its image is the colle¬ 
ction of all skew-symmetric nonexceptional matrices. 

^ arbitrary orthogonal matrix. The set 

^ consisting of all matrices of the form AC, where 
^ contains the matrix C and is its neighbourhood, 

ut the mapping 4C 4"^ is a coordinate mapping of that 
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neighbourhood onto an open set of nonexceptional skew- 
symmetric n X n matrices. Thus the entire group 0 {n) 
turns out to be covered with charts of the form 0 (n)^C. If, 
however, AiC^ = A 2 C 2 , where Ai, A 2 ^0 (w)®, and and C 2 
are fixed matrices, ihenA^ = / where / is some rational 
matrix function dependent on and Cg. The explicit ex¬ 
pression for / can be written out without difficulty, but it 
is not necessary since (for our purposes) it is sufficient to 
make an obvious remark that each element of the matrix A^ 
is a rational and hence a smooth function of the elements of 
the matrix . It follows from this remark that any two 
charts of the form 0 {nyc are compatible with each other and 
hence they all make an atlas. Since the Cayley image of the 
product of two matrices is obviously a rational function of 
the Cayley images of the factors, the corresponding smooth¬ 
ness on 0 (n) is compatible with multiplication, i.e. the 
group 0 (n) provided with that smoothness is a Lie group. 

The trick with Cayley images is easily seen to have a very 
general character. Indeed, throughout the foregoing the 
specific character of orthogonal matrices was manifested 
only in that the Cayley images of nonexceptional orthogonal 
matrices constitute an open set of a vector space. A matrix 
group, therefore, will be a Lie group if the Cayley images of 
its nonexceptional matrices constitute an open set of some 
vector space of matrices. 

Matrix groups having this property will be said to admit 
a Cayley construction, and the corresponding vector space of 
matrices will be called the Cayley image of a group. 

Example 7. A matrix 


\^3 

of even order re = 2m is said to be a sympleciic matrix if: 

(a) AJAs and A\A,, are symmetric matrices, and 

(b) AIA^ — AlA^ = £■. 

These conditions are equivalent to a single matrix equation 


( 5 ) 


ATJA'= J, 
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where 



The symplecticity of the matrix implies that it preserves 
the bilinear skew-symmetric form 

(^l2/n+l •^n+l^/l) “f" • • • “f" (^n2/2n ^2ni/n)* 

In a more general way we can consider matrices A satis¬ 
fying relation (5) for an arbitrary (but fixed) matrix /• 
When / = £* we obtain orthogonal matrices {A’^A = E) 
and for this reason matrices A satisfyng (5) for a given 
matrix / are called J-orthogonal matrices. Thus symplectic 
matrices are /-orthogonal matrices corresponding to a ma¬ 
trix / of the form (6). 

The relation 

(ABy J(AB) {AUA)B 

directly implies that the product of two /-orthogonal matri¬ 
ces is a /-orthogonal matrix. If / is nonsingular, then passing 
in (5) to the determinants we at once see that det A — dr I 
and in particular that any /-orthogonal matrix is invertible. 
In view of the equation 

{A-^yjA-^ = {A’^yiA^JA) A-^ = / 

the inverse matrix ^4”^ is also a /-orthogonal matrix.This 
proves that if J is a nonsingular matrix, all J-orthogonal 
matrices form a group. In particular, symplectic matrices 
form a group. 

We shall denote the group of /-orthogonal matrices of 
order n by Oj (n) and the group of symplectic matrices of 
order n = 2m by Sp (m; R). 

The group Sp {m, E) is called a real linear symplectic 
group. 

It is easy to see that a nonexceptional matrix A is 

-orthogonal if and only if its Cayley image ^4+^^ is a 
d-skew-symmetric matrix, i. e. if 

(7) 


{A^yj = ^JA^, 
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Indeed, if (5) holds, then 

{A^)rj = {E + {E - A^) J 

= (£ + {E - JA-^J-^)J 

= / {A'-^A + - A-i) 

== J {A + EY^ (A - £) = - 7^44:. 

Conversely, it follows from (7) (assuming B A^ and 
using the relation == A) that 

A^JA = {E + B^Y\E-^B^)J •{E-B) {E + By^ 

= (£ + B^y^-J{E+B)-{E-\-By\E - B) 

= (£+5T)"i./(£:-5) = {E-\-B^y^-{E+B^)J 

= J. □ 

Since condition (7) is linear and hence defines a vector 
subspace in the space of all matrices, this proves that 
every group Oj (n) (and, in particular, the group Sp (m, IR) 
admits the Cayley construction and is therefore a Lie group. 

Since, as is easily seen, the vector space of matrices which 
is defined by condition (7) (with a matrix / given by formu¬ 
la (6)) has dimension m {2m + 1), we deduce in^particular 
that Sp (m; IR) is of dimension m {2m + 1). 

Example 8. The intersection Sp (m; IR) f] 0 (2ni) is called 
an orthogonal symplectic group. The Cayley images of non- 
exceptional matrices of this group are of the form 



where Z> is a symmetric matrix and C is a skew-symmetric 
matrix. Since matrices of the form (8) also constitute a vec¬ 
tor space, Sp (m; IR) f] 0 (2m) is a Lie group. Its dimen¬ 
sion is m^. 

Example 9. A Lie group can be constructed not only of real 
matrices but also of complex ones. For any n'^ 1, the com¬ 
plex vector space C” can be identified with the space IR^’^ by 
writing out real and imaginary parts of the vector compo¬ 
nents in in a fixed order. This defines in C” (and hence 
in its any open subset) a structure of a smooth manifold of 
dimension 2n (independent, of course, of the order of writing 
out the real and imaginary parts of vector components in C^). 
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The set C{n, m) of all complex n X m matrices can be 
identified with and is also found to be a smooth mani¬ 
fold. A subset GL {n; C) of the set C (w) = C {n, n) 
consisting of nonsingular matrices is also a smooth mani¬ 
fold. Since the real and imaginary parts of the elements of 
the product of two complex matrices are smooth func¬ 
tions of the real and imaginary parts of the elements of the 
factors, the manifold GL {n] C) is a Lie group (of dimen¬ 
sion 2n^), 

The concept of Cayley image with all its properties is 
directly extended to the complex case. The same applies to 
/-orthogonal matrices. In particular, we thus obtain complex 
orthogonal and complex symplectic matrices. They constitute 
the Lie group 0 (w; C) and Sp (m; C) of dimension n {n —\) 
and 2m (m + 1) respectively. 

Example 10. Of quite another type of complex matrices 
are J-unitary matrices A of order n which are characterized 
by the relation 


JA = /. 

They make a group Uj {n). When J = E we obtain usual 
unitary matrices and their group U {n). When / is a matrix 
(6), (and n == 2m) the group Uj (w) has no generally accepted 
notation. We shall denote it by Up (m). 

By essentially the same calculations as earlier, we can easi¬ 
ly prove that a nonexceptional complex matrix A is J-unitary 
if and only if its Cayley image A'^ satisfies the relation 

(A^yj - - JA^, □ 

Since this relation is linear (over the field R the group 
Uj {n) {and, U (w) and Up (m), in particular) is a Lie group, □ 
The group U (n) is of dimension^w^, and Up"(m) is of di¬ 
mension 4m^. 

Notice that U (n) is naturally isomorphic to the orthogonal 
symplectic group Sp {n\ R) f] 0 {2n), The isomorphism is 
realized by the correspondence 

fA B 

U D 

The intersection of U {2m) and Sp (m; R) is obviously an 


A + iB. 
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orthogonal symplectic group: 

Sp {m, R) n U (2m) = Sp (m; R) f] 0 (2m) 

(and so it is isomorphic to U (m)). 

Example 11. The intersection Sp (m; C) f] U (2m) is 
called a unitary symplectic group (or simply a symplectic group) 
and denoted by Sp (m). It is a Lie group of dimension 
m (2m + !)• 

The intersection of Sp (m) and 0 (2m) is an orthogonal 
symplectic group Sp (m) H 0 (2m). 

Example 12. The group U (m) may be interpreted as a group 
of all invertible linear transformations of C” space which 

preserve the Hermitian form x^yi + . . . + x^yn. Similarly, 
by replacing the field C by the quaternion field H we can 

introduce the group (n) of all invertible and linear 
(with respect to, say, premultiplication) transformations of 
the quaternion space W which preserve the quaternion 
Hermitian form 

*n) ~ El “f” • • • “1” 

where | = (^i, . . En) 6 H”, t| =- (rii, . . ., t],,) g 
Since any quaternion | can be identified with a pair {u, v) 
of complex numbers (by the formula ^ ~ u ^ vj) and 

hence the space P” with the space the group (n) is 
naturally interpreted as a group of complex matrices. If 

El “ “1” ^n+l/j • • o En “ “I” 

^Hl ~ Hi • • •» ‘Hn ” Un H" V^nl> 

then (since u v] = u — v] and v] = jv) 

El^l "!“••• EnRn 

[^l^/l ^nUn ^n+lUn+l ^2ny2n^ 

I(^n4-l2/l ^ll/n+l) "4" • • • ip^2nyn 

Therefore, every element of (n) interpreted as a com¬ 
plex matrix preserves the Hermitian form x^y^ -f • • • + 
^ 2 nl/ 2 n (is a unitary matrix) and the skew-symmetric form 

(^n+lgl ^l2/n+l) (^2n2/n ^rj2/2n) (is ^ Sym- 

plectic matrix), i.e. it is in the unitary symplectic group 

Sp (n). Conversely, if a matrix A is unitary and symplectic, 
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then, if interpreted as a transformation of the space it 

obviously preserves the form r|i -j- . . . + Moreover, 
this transformation is linear. Indeed, it obviously turns 
a sum into a sum, so that it is only necessary to prove that it 
commutes with the operation of multiplication by an arbi¬ 
trary quaternion But for any vectors | = (|i, . . ., In) 6 
[H” and T] = (rji, . . ., r|^) g [H” we have 

{A m - m, Ay\) = {A (II), Ay\) - | (4|, Ar\) 

= (SI, il) — S (I, il) = 0, 

from which it follows (since any vector in H” can be repre¬ 
sented in the form Ai\) that ^4 (||) = |i4|. 

This proves that the group (n) is isomorphic to the 
unitary symplectic group Sp {n), n 

Recall that a topological space X is said to be connected^ 
if it cannot be represented as aunionof two nonempty disjoint 
and closed (open) sets, and arcwise connected^ if for any 
points a, b ^ X there is a path that joins them, i.e. a con¬ 
tinuous mapping u: [0, ll-> X such that u (0) = a, u (1) = 
b. It is intuitively obvious (and easy to prove within 
the framework of any rigorous theory of real numbers) 
that the interval [0,11 is connected from which it immediate¬ 
ly follows that any arcwise connected space is connected. 

It is obvious that the set of all (arcwise) connected subsets 
of an arbitrary topological space X is inductive (satisfies 
the hypothesis of Zorn’s lemma). Therefore every point a ^ X 
is contained in the maximal connected subset Ca called 
a component of (arcwise) connectedness of X, It is easy to 
see that any component of connectedness C^^X is closed 
in X (but not open in general). The space X is (arcwise) 
connected if and only ii C^, = X for any point a ^ X. 

The topological space X is said to be locally (arcwise) 
connected if every point a ^ X has a fundamental system of 
(arcwise) connected neighbourhoods, i.e. in other words, if 
every neighbourhood of a contains a (arcwise) connected 
neighbourhood. An example of a locally arcwise connected 
space is an arbitrary manifold. 

In a locally (arcwise) connected space any comnonent of 
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(arcwise) connectedness is obviously open (for together with 
every point it contains a certain neighbourhood of it). In 
particular^ it follows that if a space is connected and locally 
arcwise connected, it is also connected. In other words, for 
locally arcwise connected spaces (in particular, for manifolds) 
the concepts of connectedness and arcwise connectedness 
coincide. 

Example 13. The manifolds R” and IR {n, m) are, obvious¬ 
ly, connected. The manifold GL (w) is not connected: no mat¬ 
rix with a negative determinant can be continuously deformed 
(connected by a path) into a unit matrix. Let GL”*" (n) be the 
space of all square n X n matrices with a positive determi¬ 
nant. We show that the space GL+ (n) is connected. 

By the theorem on polar factorization (see II, 21) any 
nonsingular operator is the product of a positive operator P 
and an isometric (orthogonal) operator U. In matrix terms 
this implies that any nonsingular matrix A is of the form 
A = PU, where P is the matrix of the positive operator 
and U is an orthogonal matrix. On the other hand, by the 
theorem on the reduction to the principal axes the matrix P 
is of the form where V is an orthogonal matrix 

and D is a diagonal matrix with positive diagonal elements. 
Hence A = VDV^W, i.e. A = VDW, where W = 

But it is clear that the correspondence t (I -- t) D tE 
is a continuous path in GL (n) connecting D with a unit 
matrix E. By multiplying that path from the right and 
from the left by the orthogonal matrices V and W we obtain 
a continuous path joining in GL (n) the matrix A to the 
orthogonal matrix B = VW. Thus any nonsingular matrix A 
can he joined to the orthogonal matrix B by a continuous path 
in GL (n). If det ^4 >0, then det 5 >0, i.e. det 5 = 1 (an 
orthogonal matrix with a positive determinant is unimodu- 
lar). To prove that the group GL”*" (n) is connected, therefore, 
it suffices to verify that any unimodular orthogonal matrix B 
can he joined to a unit matrix E by a continuous path (in 
GL+ (n)). We prove even more, namely that this joining 
can he realized in the group SO (n) of all unimodular orthogonal 
matrices. To this end notice that according to the fundamen¬ 
tal theorem on orthogonal operators (see II, 21) every 
unimodular (i.e. orientation-preserving) orthogonal operator 
(rotation) is the direct sum of an identity operator and 
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“two-dimensional rotations” with matrices of the form 

/cos 0 —sin 0\ 

Vsin 0 cos 0 / 

By replacing in each of these matrices the angle 0 by ^0 we 
obtain a continuous family (path) of orthogonal operators 
which joins a given operator (resulting when ^ == 1) to the 
identity operator (resulting when ^ ^ 0). To complete the 
proof we have to pass from operators to matrices. □ 

The established statement implies that the group GL (n) 
consists of two components: the subgroup GL+ {n) and its coset 
GL" (n) consisting of matrices with negative determinants. 

For every topological group G we shall use the symbol Ge 
to denote the component of its identity e. If a g then 
a ^ La (Ge) (since e g Gg) and hence Gg fl La (Gg) 0. 
Therefore in view of the connectedness and maximality of Gg, 
and henceof 1/(1 we have Z/a (^e) = Ge- It can be proved 
in a similar way that Ra (Gg) = Gg if a ^Gg and that 
Ge^ = Gg. This means that Gg is a subgroup of group G. 
Moreover, any endomorphism T of G turns Gg into a conne¬ 
cted subgroup T {Gg) which intersects Gg. By the same 
considerations, therefore, T {Gg) cz Gg. This means that the 
component of identity Gg is a completely characteristic sub¬ 
group of G and is^ in particular, invariant. 

According to the foregoing the component of identity of 
the group GL {n) is the group GL'*' {n). 

Notice that for every smooth group G the component Gg is 
automatically a smooth group. 

It is natural to introduce into the factor group GiGg 
a topology of identihcaion, i.e. a topology in which the 
subset Ccz GiGg is open (closed) if and only if so is its com¬ 
plete inverse image in G. Since the inverse image of the 
identity of GiGg is the component Gg, we see in particular 
that the identity of the factor group GiGg is isolated (is both 
an open and closed set), in other words GiGg is discrete, if 
and only if Gg is open (it is always closed). In particular, 
this is clearly so if the group G is locally connected (if it is 
a smooth group, for example). 

Thus any locally connected {in particular, any smooth) group 
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G is an extension of a connected group {of its component of 
identity 0^) by means of the discrete group GlG^. 

In this sense the theory of any locally connected groups 
reduces to the theory of connected groups and to the theory 
of discrete (abstract) groups. 

For this reason in the general theory we shall always 
assume all Lie groups under consideration to be connected. 

Example 14. According to the foregoing SO (w) is a con- 
fleeted group and hence the component of identity of the 
group 0 (n). In particular, we see that SO (w) is a Lie group. 
At the same time we see that 0 (w) is not connected and 
consists of two components: the group SO {n) = 0+ (w) of 
proper (unimodular) orthogonal matrices and its coset 0 " {n) 
whose elements are improper (with determinant —1) ortho¬ 
gonal matrices. 

Example 15. On the contrary, U (w) is a connected group. 
Indeed, we know (see II, 21) that any unitary operator is 
orthogonally diagonalizable, all its eigenvalues equaling 
unity in absolute value. In matrix terms this means that any 
unitary matrix is of the form UDU~^, where U is some uni- 
iRvy matrix and Z> is a diagonal matrix with diagonal 

elements of the form e^ By replacing all angles 
by we obtain a continuous family (path) of unitary 
matrices which joins a given matrix resulting when t = I 
to a unit matrix resulting when ^ = 0. (For orthogonal 
matrices see the above reasoning). □ 

That U (n) is a connected group can be proved in a differ¬ 
ent way, using the following general lemma: 

Lemma 3. A topological group G is connected if it contains 
a connected subgroup H with a connected factor space G/H, 
Proof. Notice first that a natural mapping jc: G-^GIH 
is open, i.e. it turns open sets into open sets. Indeed, if 
Uez G, then by definition of factor topology a set jx {U)cz 
G/H is open if and only if so is jx"^ {n {U))cz G, But it is 
clear that the latter is the union U xH of all cosets xH, 

xEU 

X ^ U, and hence coincides with the union U Uh of all 

hen 

shifts of U by the elements h ^ H, Therefore, if U and hence 
any Uh is open, then the set 3X“^ {n {U)) and hence n {U) 
are open. 
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Now let G = f/ U where U and V are nonempty sets. 
Then GIH = n (U) IJ jc (F), where jx {U) and jx (F) are also 
nonempty and open. Therefore, n {U) fl ^x (F) 0 is non¬ 

empty either (since the space G/H is assumed to be con¬ 
nected). Let Ji (a) 6 3 X {U) fl ^ (F). The inclusion jt (o) £ 
{U) implies that the coset jx (a) = aH intersects U 
and the inclusion n {a) (F) implies that the coset 

intersects F. We have j aH = f| Fi, where Ui == 
aH n U and Fj = aH fj F are open in aH (and non¬ 
empty according to the foregoing). Since aH (together with H) 
is connected, this is possible if and only if Ui[] Fi = 7 ^ 0 
and hence F 0 . Consequently G is connected. □ 

To apply the lemma we consider a mapping U 
which associates the last column with every matrix. The 
image of U (n) under the mapping consists of all vectors of 
space C” of length 1 and hence can be identified with a unit 
{2n — l)-dimensional sphere of = C”. The 

inverse image of every such vector in U (n) is obviously 
a coset relative to the subgroup U (w — 1) which is the 
inverse image of the vector (0, 0, . . ., 0, 1). Consequently? 
the mapping in question induces a bijective mappii^S 
U (az)/U {n — l)-> of the factor space U {n)/\] {n — 1) 
onto which is easily verified to be a homeomorphisna. 

Since == U (n)/U ( n — 1) is in an obvious way 

connected, it immediately follows from Lemma 2 that U (^) 
is connected if so is U (w — 1). Since U (1) is in a natural 
way identified with the group and is therefore connected, 
the connectedness of all groups U (n) is found, by induction, 
to be proved anew. 

Example 16. A similar reasoning applies also to the 

symplectic group Sp (w) = (n). In this case the factor 

space Sp (w)/Sp {n — 1) is identified in a natural way with 
a unit sphere of and hence it is also 

connected. But Sp (1) = (1) is identified with the group 

of quaternions t for which | ^ | = 1. Consequently 

for any I the group Sp (w) = (n) is connected. 

The same reasoning can also be applied to the group 
SO {n) whose connectedness we have established earlier on 
the basis of other considerations. Indeed, in this case 
SO (az)/SO {n — 1 ) is identified in the same way with 
^ unit sphere of [It” which, for 2 , is connected. 
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Moreover, SO (2), the group of rotations of a plane, is 
known to be isomorphic to the group smd hence it is also 
connected. For therefore, SO (n) is connected. 

The analogue of SO (n) in U (n) is the subgroup SU (n) of 
unimodular unitary matrices. Since, as is easily seen, 
SU (n)/SU {n — 1) = U (w) /U {n — 1) and, being a unit 
group, SU (1) is connected, the same reasoning shows that 
for any n'^ i the group SU (n) is connected. It will be possible 
to establish whether it is a Lie group, however, only in 
Lecture 3, after we have developed the necessary tools. 

The same applies to the group SL (w) of all unimodular 
matrices. 

Notice that there is no analogue of the group SU {n) 
for (re). 
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Left-invariant vector fields >9arallelizability of Lie groups •In¬ 
tegral curves of left-invariant vector fields and one-parameter 
subgroups •Lie functor •An example: a group of invertible 
elements of an associative algebra •Functions with values in 
an associative algebra •One-parameter subgroups of the group 

GU) 


Recall that by Ta(^) we denote a tangent space to a mani¬ 
fold Af at a point a ^ M. All tangent spaces Ta (^)» ^ 6 M, 
constitute a smooth 2Az-dimensional {n = dim M) manifold 
T (M) projecting in a natural way onto M. The projection 

ji: 

associates the “point of application”, i.e. a point a ^ M for 
which A g Ta(M) with every vector A so that Ta (^) = 
(a). The sections of this projection, i.e. the smooth 
mappings 

X:M-^T{M), ay-^Xa, a^M, 

for which o X = id, i.e. 6 Ta (M), are called vector 
fields on M. These vector fields form in a natural way a linear 
(infinite-dimensional) space which will be denoted by a (Af). 

Differentials Ta(Af)-> Toa (^) of an arbitrary 

smooth mapping O: constitute a smooth mapping 

T (O): T(M)-> T {N) for which we have a commutative 
3-0450 
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diagram 


T(M) 

M- 



.T 








and the correspondences M (M) and O T (O) are 
obviously a functor from the category DIFF of smooth mani¬ 
folds into itself. 

If O is a diffeomorphism, then for any vector field X in 
a (M) a field 


= T (O) o Z o (D-i 

from a (N) is defined and for any vector field Y from a (A^) 
a field 


(D*y _ j o y o (D 

from a (M) is defined. It is clear that the mappings and 
O* are linear, and since 

= (cD*)-i = (0-1)* and O* = == (0*i), 

they are reciprocal isomorphisms of vector spaces. 

If, in particular, M ~ N = G, where G is some Lie group, 
then for any element a ^ G and any vector field X ^ a {G) 
a vector field LaX g a (G) is defined. 

Definition 1. A field X ^ a {G) is said to be left-invariant 
if L*X = X for any element a ^ G, i.e. if 

( 1 ) Xj, = {dLa-i)ab (Xab) ^oT any elements a, b ^G. 

It is clear that all left-invariant fields form a snbspace of the 
space a (G) of all vector fields. We shall denote that subspace 
by I {G) or 9 . 

It is easily seen that a field X ^ a (G) is Left-invariant if 
and only if 

(2) X„ = {dLa)eXe 
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jor any element a ^G, Indeed, relation (2) is a special case 
(for b = e) ol formula (1) and is therefore satisfied if X is 
ieft-invariant. Conversely, if (2) is satisfied, then for any 
elements a, b 

Xab — {dL>ab)e e) “ ((^^a)^ ® “ {dL'a)b{^b)^ 

which is equivalent to ( 1 ). □ 

It follows that the linear mapping X of 3 into 

a tangent space Te{G) I'S an isomorphism. Indeed, for any 
vector A £ Te{G) Ihe mapping a (dLa)eA, a g G, is easily 
seen to be a vector held on G (it is only necessary to verify 
smoothness which can be at once discovered if we express the 
mapping in local coordinates) which has property ( 1 ) and 
hence is left-invariant. To complete the proof it remains to 
notice that the resulting mapping Te{G) 9 is obviously 
I lie inverse of the mapping X □ 

As a rule, we shall use X X^ to identify 9 = f (G) 
with Te(^)« 

Since dim Te(G) = n, where n = dim G, we see, in par¬ 
ticular, that for any Lie group G the space 9 = f (G) of 
left-invariant vector fields is finite-dimensional and is of 
dimension n = dim G. 

Let Jf {M) be the algebra of all smooth functions on 
a smooth manifold M. For any function / 6 {M) and any 

held X ^ a (M) the formula 

(fX)a = f (a) X„, aeM, 

obviously defines some field fX ^ a (M) and a straight¬ 
forward verification shows that with respect to the operation 
(/, X) H-► fX the vector space a (M) turns out to be a mod¬ 
ule over (M). If that module is a free module of rank 
i.e. if there is a system Xj, . . ., X^^ of vector fields (a basis of 
the (M)-module a (M)) on M such that any field 
X ea (M) is uniquely represented as 

X = f^X, + . . . + rXn, 

where /^^ . . ., /” g ^ (Af), then the manifold M is said to 
he parallelizable. 

Proposition 1, Any Lie group G is parallelizable. 

Proof, We prove even more, namely that every basis 
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Xi, . . Xn of a vector space ( (G) is a basis of the {M)- 
module a (G). 

For every point a ^ G, vectors (^n)a form 

a basis of a vector space Ta {G)- Tiierefore, the vector Xa 
of an arbitrary vector field X ^ a (G) is uniquely expanded 
with respect to the vectors This means 

that for every vector field X ^ a (G) there are functions 
p \ a ^ p (a), a ^ G, such that X == /^Xi + • • • + /”X^. 
It is only necessary therefore to prove that g .^{G) for 
all k = I, . . n. 

Let ([/, x'^) be an arbitrary chart of the mani¬ 
fold G. Since the fields Xi, . . X^^ are smooth, on U there are 

smooth functions X}, . . X^^ i = 1, . . n, such that 

X; = Xj for any 7 = 1, ..., n. 
dx'^ 

In addition, since for, every point a ^ U vectors (Xi)^, . . . 
. . ., {Xn)a form a basis of Ta (G), we have 

det (Xj) on U, 

and therefore on U there are smooth functions Y\ such that 




x}y? 


nj, 


7j ^ — Ij • • •> 


Under the hypothesis X = pXj and hence 

i.e. f^Xjy i = 1, . . ., w, are components of X in local coor¬ 
dinates . . ., x'^ and are therefore smooth. But 

f = pb) = (pX})Y^i 

and since fXj and Yi are smooth so are (on U) /*. 

Being smooth functions on every coordinate neighbourhood 
C/, functions are smooth on the entire manifold G. □ 

Recall that a smooth curve ^ (p (^) on a manifold M is 
said to be an integral curve of a vector field if 

= for any 

An integral curve is said to be maximal if it is not a restric¬ 
tion of an integral curve defined on a larger interval of the 
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real axis. It easily follows from the standard theorem on the 
existence and uniqueness of the solution of a system of 
differential equations with smooth right-hand sides and 
from elementary properties of Hausdorff spaces that if the 
manifold Mis Hausdorff (which, as we know, is automatically 
satisfied for a Lie group), then for any point a ^ M there 
exists a maximal integral curve (p^ of X, passing for ^ = 0, 
through point a, i.e. such that cp^ ( 0 ) = a. 

If for every point a ^ M the curve cp^ is defined on the 
entire axis K then the vector field X is said to he complete. 

It is easy to see that a vector field X on a Lie group G is 
left-invariant if and only if for any two points a, b 


i e. ^ah (0 = ^ 9 b ^ 6 Indeed, for any fixed a ^G 

the formula ij)?, {t) — cp^-i^ {t) defines for any point b ^G 
a certain curve ^ ij);, (t) passing, for ^ = 0 , through b and 

it is clear that by setting 


V" (0 


/=0 


we obtain on G a certain vector field Y: b Y^,. By the rules 
for calculating tangent vectors to smooth curves, for any 
point b ^ G, we have 

Y _ {t) I _ ^(^a^9a-ife it)) \ 

^ dt |/=o dt h=o 

Therefore, if (3) is satisfied and consequently 'il)^ = cp^ (and 
hence= X?,), then = {dLa)a~n (^a-ib) ^^nd in partic¬ 
ular, Xa = {dLa)e (Xg)- Consequently the field X is left- 
invariant. Conversely, if X is left-invariant (and hence satis¬ 
fies relation ( 1 )), then Y^ = X 5 , for any point b ^ G, i.e. Y = 
X. But it is clear that t 'll)?, (0 integral curves of Y 
(which are automatically maximal) and therefore in view of 
the equation Y — X these curves coincide with the integral 
curves ^ cp^ {t) of X. Thus cp^ {t) = (i^a-^h (0» which is 
equivalent to (3). □ 

Definition 2 . A smooth curve p : [R->G is said to be 
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a one-parameter subgroup of a Lie group G if 

P (i + 5 ) == p (^) p (s) 

for any t, s ^ R, In other words, a one-parameter subgroup 
is a homomorphism of the additive group R of real numbers 
(which is treated as a Lie group) into the Lie group G. 

It should be noted that a one-parameter subgroup is thus 
not a subset but a mapping. 

It is obvious that for ^ = 0 every one-parameter subgroup 
(i passes through the identity e of G: 

p (0) = 


Proposition 2. Every one-parameter subgroup P is an inte¬ 
gral curve of some left-invariant vector field X, 

Proof. The formula 

cpa (0 == «P (0. a ^G, ^ 6 


defines on G a smooth curve ^ cp^ (t) passing, for i 0, 
through point a. We set 


X 


a 


d^Pa it) 
dt 


’ 


A direct check shows that the mapping a is smooth, 

i.e. is a vector field on G, and that curves cp^ are integral 
curves of that field. An integral curve is thus the curve 
(p^ = p. Finally, since 

<Pa6 (0 = iflb) P (0 = a (^P (t)) = (0. 

the field X is left-invariant, n 
The converse of Proposition 2 is also true: 

Proposition 3. A maximal integral curve ^ of a left-invariant 
vector field X £ 9 which passes, for t — 0, through point e is 
a one-parameter subgroup of a Lie group G {and is, in par¬ 
ticular, defined on the entire axis !R). 

Proof. Since X is left-invariant, its integral curves (p^ 
satisfy relation (3). Thus the interval of the axis R on 
which an integral curve cp^ is defined, coincides with the 
interval I = on which an integral curve P = (p^ is defined. 
Furthermore because for any fixed s ^ R the curve t 
cpe (i + is integral curve of the field X, which passes 
through point fe = cp^ (s) and hence cp^ {t s) = cp^ (t). 







we have 

(4) 
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= <P6 (0 == b(fe it) = (fe (s) (fe (0 
= P (5) P it) 


for any s, t ^ I such that 5 + ^ g /. To prove Proposition 3 
therefore, it is only necessary to show that p is defined on 
the entire axis 01, i.e. that / = [R. 

Let / = 7 ^ [R. For any t ^ R there is an integer n such 

that — 6 /. We define the curve P for any ^ g !R by setting 

Yh 




This definition is correct. Indeed, if — ^ / and —6/, then 

n m 


t 

iim 


g/ and hence, by relation (4), 

p(vr=[p(srr]”=[p(i)"] 



Thus the curve P is extended to the entire axis 01. It is clear 
tliat the curve thus constructed is smooth and satisfies rela¬ 
tion (4) for all t, s ^ K, i.e. it is a one-parameter subgroup. 
Assuming /= 7 ^= 01 we arrive at a contradiction to the assump¬ 
tion if we show that the curve P on the entire axis 01 is an 
integral curve of the field X. 

Let and let a~P(^o). By definition the tangent 

vector to p at point a acts on the functions f a {G) 

according to the formula 


(t,) . _ rf (/ o P) (t) 
dt dt 


i=to' 


*For any smooth manifold M and any of its points a we denote by 
(% (M) the set of all functions smooth at point a, i.e. defined in some, 
function-dependent, neighbourhood of a and smooth in the neighbour¬ 
hood. (Strictly speaking, by (% (M) we should understand a vector 
space of the germs of such functions, but we are not going to be over- 
strict.) 

By 0 (M) we shall denote the set of all functions / defined and 
smooth in some, function-dependent, open set W (/) cz M, 
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Similarly the tangent vector 


dP (0) 


at point e acts on the 


functions f^Oe{G) according to the formula 

c^P(O) , d{foP)(t) 
dt dt t=sO * 

Consequently, for any function f^O^iG) 


difoLgofi) {t) 
dt 

jt+to)) 
dt t— 


f=0 


^ df (ap (<)) 
<=o dt 

^ df (P it)) 

dt t= 


t=o 


_ ^P (^o) f 

tJ— dt 


i.e. 


(^T \ rfP (0) _ ^^P (^o) 


But for t ^ I the curve p is an integral curve of the field X, 
In particular 

^P (0) __ Y _ Y 


X,. 


Ill addition, since X is left-invariant, we have {dL^^Xe = 
Xa = ^cp(/u)- Hence 

V _ ^P (^o) 


so that P is really an integral curve of the vector field X, □ 
CoroUary. Every left-invarianf vector field X is complete, □ 
According to Propositions 2 and 3 left-invariant fields X g 
I (G) and one-parameter subgroups P are in a natural 
bijective correspondence. If desired, therefore we may take 
one-parameter subgroups as the elements of a vector 
space ( (G). 

Comparing the above said, we see the validity of 
Theorem 1. A space $ — \ {G) admits the following three 
equivalent interpretations: 

(i) The elements of 9 are the left-invariant vector fields X 
on a Lie group G. 

(ii) The elements of 9 are the tangent vectors A toG at point e 
(the identity of G). 
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(iii) The elements of 9 are the one-parameter subgroups 
P of G, 

The passage from the first interpretation to the second one is 
given by the correspondence 

the passage from the third interpretation to the second one is 
given by the correspondence 

dp (0) 


and the passage from the first interpretation to the third one is 
given by the correspondence 

X q)g, 

where cp^ is an integral curve of the field X passing, for ^ = 0, 
through point e, n 

The first and the second interpretation provide linear oper¬ 
ations in 3 relative to which 9 is an n-dimensional vector 
space. How to obtain these linear operations in the third 
interpretation is to be discussed in Lecture 4. 

Let G H be a homomorphism of Lie groups. Since 
^ (e) = e, the differential = {dO)e of that homomor¬ 

phism at the point ^ is a certain linear mapping of space 
Te (G) = t (G) into space Te (^) = 1 (H). 

It is clear that correspondences G ^ i (G) and O 
(dO)e form a certain functor 

(5) t : GR-DIFF-^LIN/ (K) 

from the category GR-DIFF of Lie groups into the category 
LINy ( 01 ) of finite-dimensional vector spaces over the field R, 

Definition 3. Functor (5) will be called a Lie functor. 
For the unity of notation, the mapping (dO)^ will also be 
denoted by \ (O). 

We have defined the mapping f (O) using the interpreta¬ 
tion of spaces t (G) as tangent spaces at point e. The question 
arises as to how to define the mapping t (O) in the other 
interpretations. 

Recall that vector fields X 6 a{M) and Y 6 ^{M) are 
said to be ^-connected, where O is some smooth mapping 
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M-^N, if 

(6) F(Da {d^)a (Xa) foF any point a ^ M. 


In the interpretation of vector fields as linear differential 
operators f ^ Xf (differentiations on M) O-connected- 
ness means that for any function / (defined and smooth on 
some open set of the manifold N) we have X (/ o O) = 
y/o(D. 

If O: is a diffeomorphism, then every field Y 6 

a (N) is O-connected with the field 0*y 6 a (M), 

Proposition 4. In the interpretation of the elements of spaces 
( (G) as one-parameter subgroups the mapping I (O) is 
given by the formula 


t ((D) (P) == (D o p. 

For any left-invariant vector field X g ( (G) and any homo¬ 
morphism O: G there is a unique left-invariant vector 

field Y on a group H which is O-connected with the field X. 
In the interpretation of spaces I (G) as spaces of left-invariant 
vector fields the field Y is precisely the image I (0)X of the 
field X g ( (G) under the mapping ( (O). 

Proof. By definition 




t=0 




Consequently, when a one-parameter subgroup P is identi¬ 


fied with a 


<=o 


the one-parameter 


vector 

at 

subgroup (D o p is identified with the vector {d^)eA — 
{ (0)4. This proves the first statement. 

The second statement follows immediately from an obvious 
fact that for left-invariant vector fields X 6 1 (^) 

Y 6 1 {H) relation (6) (for M = G and N -= H) is equiva¬ 
lent to the equation 

Ye = {dOe)Xe- □ 


It is clear that tangent spaces Te (^) Te (^e) of ^ 

group G and its components of the identity G^ coincide. This 
means that 


l{G) = i (G,). 
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In the study of the Lie functor it is, therefore, possible to 
restrict oneself to only connected smooth groups G. 

To illustrate the introduced notions we give an important 
specific example. 

Recall first some general-algebraic notions which we 
shall constantly use. 

Let K be an arbitrary field (in this case the field R of 
real numbers) and let ^ be a vector space over K. Suppose 
that for any two elements y ^ there exists some third 
element z ^ Jh denoted by xij and called the product of 
elements x and y. Then every element a ^ A will define two 
mappings 

Z/a* ^ Ra* X xa 

of Jh into itself. 

Definition 4. A vector space ,4 with a multiplication x^y 
xy given on it is said to be an algebra (over a field K) 
if for every element a ^ Jh the mappings La'- Jh-^ A and 
Ra- Jt are linear, i.e. if 

(7) a {x y) = ax ay {x y)a = xa -\- ya 

for any elements x, y ^ A and 

(8) k (ax) = a (kx), k (xa) — (kx) a 

for any element x ^ A and any element A: g K. 

Condition (7) (together with the first four vector space 
axioms) implies that the set A with the operations of 
addition and multiplication on it is a ring. It may be said 
therefore that an algebra is a ring that is at the same time 
a vector space in which condition (8) is satisfied, i.e, the 
condition 

(9) k (xy) = (kx) y = x (ky) 

that must hold for any elements x-, y ^ A and any element 

k ^ K. 

A homomorphism of algebras is a linear mapping of one 
algebra into another that sends a product into a product (is 
a ring homomorphism). 

It is clear thaC algebras (over a given field K) and all their 
homomorphisms form a category. We shall denote that 
category by ALG. 
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A vector subspace of an algebra A is said to be a subal¬ 
gebra of ^ if 6 ^ for elements x, j/ g It is clear 
that any subalgebra is automatically an algebra. 

Definition 5. An algebra in which multiplication is asso¬ 
ciative is called an associative algebra. 

All associative algebras form a complete subcategory 
ALG-ASS of the category ALG. (A subcategory B of a cate¬ 
gory C is said to be a complete subcategory if for any objects 
B , B 6 B every morphism of C is in B.) 

^Every subalgebra of an associative algebra is itself asso¬ 


ciative. , . ..... , 

Associative algebras having an identity (i.e. an element 

e such that ae =ea = a for any element a \ A) will be called 
unital aleebras. They form a complete category ALGo-ASS 
of the category ALG-ASS. , , , 

An example of a unital algebra is the matrix algebra K(«). 
An element a of a unital algebra A is said to be invertible 
if in A there is an element ar^ such that aa~^ — a~^a = e. 
The set G (A) of oil invertible elements of A is obviously 

a multiplicative group. . . ui •* j i r 

It is clear that the element a is invertible it and only it so 

is the linear operator La, i-e., when A is finite-dimensional, 

For it follows that/or a finite-dimensional algebra A 

the set G (A) ^ f^oooe, a smooth manifold 

(of dimension n = dim A)- i, o- 

Thus G (A) is both a group and a smooth manifold. Since 

multiplication in this group is bilinear, it is clearly smooth 
and hence (Proposition 1 of Lecture 1) G (A) is a Lie group. 
We find'for this Lie group a vector space 1 {G (A))- 
To this end recall that for any finite-dimensional vector 
space T (considered as a smooth manifold) and any point 
i; g T* the tangent space T» (5^) is naturally identified 
with T- the identifying isomorphism 



(T) 


associates with every vector a a tangent vector at point 
# = 0 to a curve t >-*■ v ta. Therefore, in particular, 
T (A) = A- On the other hand, since G (A) is open in A, 
we have Te (G (A)) = Te (A)- Consequently, (here we use 
the interpretation of the vector space 1 (G) as a tangent 
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space Te (G)): 

(11) t {G U)) = Jl. 

It is interesting to interpret equation (11) within the 
framework of the other two interpretations of the space ( (G). 

Let be a finite-dimensional vector space and let 
be a linear operator. Since A is obviously 
a smooth mapping of a smooth manifold f" into itself, its 
differential {dA)^ : To {T) ► Tau (^) is defined for any 

point y 6 ^ • By definition this differential turns the tan¬ 
gent vector to the curve t ^ v ta into the tangent vector 
to the curve t ^ A {v tci) = Av + tAa, This means that 
by virtue of identifications {f") — T' and Tav (^) = 
(T) the differential {dA)jj coincides with the operator 
Thus a differential of a linear operator is the linear operator 
itself- 

In particular, we see that (dLa)e = for any element 
a ^ A- 

On the other hand, by virtue of the same identifications any 
vector field X on G (*^) is nothing but some smooth mapping 
G Jk- The condition of left-invariance (1) for a vector 

field treated in this way is, by virtue of the remark just 
made, of the form 

(12) = La-tXabi where a, b ^G{Jh) 

from which, for h — e^ \i follows that X^ = L^Xg, i.e. that 
the field is of the form a ab, where b Xg ^ Jt- Since 
any such field clearly satisfies condition (12), we see, on 
changing somewhat the notation, that all left-invariant vec¬ 
tor fields G (^)-^ Ji on a Lie group G {A) ore of the form 
x^xa, X ^G (A), where a is an element of A* 

Discussion of equation (11) within the framework of the 
third interpretation of vectors of ( {G (A))i i*e. their 
interpretation as one-parameter subgroups, requires some 
breaking of the ground. 

The norm given in an algebra A (over a field [R) is said 
lo be multiplicative if 

lUMKIUll • IIMI 

for any elements a, b ^ A- 
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Lemma !• finite-dimensional algebra Jl over the 

field [R there is n multiplicative norm. 

Proof. Given a basis e^, e^ in jt, the formula 


(13) 


II a II = max (| |. • • -, I I ), 


where coordinates of an element a in the 

basis e ^n» will obviously define some norm in We 

show that with an appropriate choice of the basis e^, , . ,, 
norm (13) is multiplicative. 

Suppose first that the basis is arbitrary and that 




^ 7> ^ — 1» • • •) n. 


Then for any elements a = d^ei and h = h^et we have 

II ab II - II II = max |c* a‘fe^'| 


n 


< 2 max|c^.|-max |aP|-max |6«|=C.||a||.l|6||, 
i,j=l h p q 

where C = max |c?.|. Hence for the norm 

i, i. k 

II a II = X max (| a^, • • •, I a" I), 
where X>C (this norm is norm (13) corresponding to the 

basis en • • - 

i.e. this norm is multiplicative. □ 

Notice that in Lemma 1 the algebra ^ is not assumed to 

be associative. 

This remark will be used later on, and for the time being 
we apply Lemma 1 to a finite-dimensional associative unit 
(with an identity e) algebra For any element a 6 ^ we 
consider an infinite series 


(14) 


e-{-ta-\ - 2 —h . . . + -t- 


With respect to a multiplicative norm this series is absolutely 
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convergent, i.e. the number series 

lkll + IMaii + ||-^||H- 

is convergent (since it is majorized to the series for 
However, the standard proof (usually given for series with 
numerical terms but preserved for series with vector terms as 
well) shows that any absolutely convergent series converges 
(in the norm and hence also coordinatewise, which in a finite- 
dimensional vector space is equivalent). Consequently, 
series (14) converges. 

The sum of series (14) is denoted by e^^ and an ^-valued 
function t e^^ is called an exponential function in an alge¬ 
bra A- (Of course, the letter e here has nothing to do with 
the identity e in the algebra A-) 

In particular, for ^ = [R {n) we obtain a matrix exponen¬ 
tial function t e^^, A 6 [R(w). 

For ^-valued functions t a {t) it is possible to repro¬ 
duce practically all the constructions of elementary analy¬ 
sis. For example, the derived function t a' (t) is defined 
by the formula 

(15) a'(i) ^ lim 

M-yQ 

and if the function t a (t) is sufficiently smooth, then 

(16) a {t) = a (to) + (t — to) a (to) 0 (t — t^f. 

It is also possible to regard every function t a (t) as 
a curve in a smooth manifold A and hence to speak of its 

tangent vector at point t, which, by virtue of the 

general isomorphism (10), can be thought of as a vector 
in A- 

It turns out that these two approaches coincide, i.e. 

a' (t) = for any t. 

Indeed, by formula (15) the tangent vector to ^ a (i) at 
point t = to coincides with the tangent vector to t 
^ {io) + (^ — ^o) (to) which by virtue of isomorphism 
(10) is thus identified with the vector a' (to)* □ 

In practice, however, definition (15) is undoubtedly more 
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convenient, since it yields at once all usual formulas of 
differentiation calculus (for instance the formula of differ¬ 
entiation of the product {a {t)b {t))' = a (t) b 
a {i) b' (t)) provided all the necessary precautions result¬ 
ing from a possible noncommutativity of multiplication in 
algebra A are observed (because of this, say, the formula 
for the derived function t ar^ (t) assumes the form 

(a~^ {t)y — —a'~^ (t) a' {t) (t)). 

If, however, the values of an ^-valued function t a {t) 
commute, i.e. a (i) a {s) = a {s) a (^) for any f and s, then no 
reservations are necessary. Therefore, in particular, for any 
polynomial 

/ («X^) = "h "h • • • 4” 


and any ^-valued function a\-^a{t) with commutative 
values there is a formula 


(17) ±fia(t)) = r{a{t))a'{t), 


where 

/' (X) = CLi 2a2 + . . . + maynX^-'^. 

This formula remains valid also when / (X) is the sum of an 
infinite power series 


(18) / (X) — ^0 4” 4^ • • • 4” 4” • • •> 

since in this case the necessary interchange of two passages 
to the limit is obviously valid (if it is assumed, of course, 
that II a (i) II is in the circle of convergence of series (18)). 

For series made up of -valued functions the usual rules 
for their termwise differentiation are also valid. In parti¬ 
cular, series (14) admits a termwise differentiation. Therefore 


dt 


= ... 4” 


(m-1)! 



tn-ioTi-i 

{n~i)\ 



= ae 


ta 


Thus, an exponential function t 


de^^ 


ta 


e^^ has the property that 


(19) 

for any t. 


dt 


=-~ ae 
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It follows that the solution of the A-valued differential 
equation 

( 20 ) 

subject to the initial condition 

^(0) — c 

is expressed by the formula 

X (^) = e^^c. 

In fact^ according to formula (17) 

(0 == {e^^)'c = ae^^c = ax (t) 

and X (0) = c. On the other hand, for the vector x {t) equa¬ 
tion (20) reduces to a system of linear differential equations 
with constant coefficients; therefore the solution x (t) exists 
and is unique. □ 

Now it is easy to see that for any s and t 

( 21 ) + 

Indeed, for every fixed s the function t x {t) — 
satisfies equation (20) with the initial condition x (0) = 
Therefore x {t) = e^^e^^, □ 

It follows from relation (21) in particular, that the 
function t »—► e^^ is a function with commutative values. 
Hence (see formula (17)) for any power series (18) there is 
a formula 

( 22 ) 4 / 

(if, of course, the series for / {e^^) is absolutely convergent). 

Now let us return to the vector space ( {G) with G ~ 

G {ji). 

One-parameter subgroups of the group G (^) are nothing 
but smooth ^-valued functions x x (t) satisfying the 
relation 

(23) X {s t) = X (s) X (t), s, ^ g [R. 

The general solution of this functional equation can now be 
easily found. Indeed, on differentiating (23) with respect to s 
and then putting 5 = 0 we obtain for x (t) the already known 

^-0450 
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differential equation (20) with a = x (0). In view of the 
initial condition x {0) = e we, therefore, get x (t) = 
Since hy formula (21) this solution satisfies (23), this proves 
that any one-parameter subgroup of G {ji) is of the form 

Denoting a one-parameter subgroup t by we 

thus obtain a bijective correspondence a between the 

elements of an algebra and one-parameter subgroups of 
a Lie group G (A)- This is precisely correspondence (11) in 
the third interpretation. 
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Matrix Lie groups admitting the Cayley construction •A general¬ 
ization of the Cayley construction. Groups possessing In- 
images* Lie algebras. Examples of Lie algebras •Lie algebras 
of vector fields. The Lie algebra of a Lie group'An example: 
the Lie algebra of a group of invertible elements of an associative 
algebra •Locally isomorphic Lie groups •Local Lie groups •Lie 
functor on the category of local Lie groups 


The results obtained at the end of the preceding lecture also 
apply to the full linear group GL {n) = G ([R (w)) as well. 
In particular, we see that one-parameter subgroups of GL {n) 
are the matrix exponential functions t e^^ and only these 
functions. 

Definition 1. A subgroup G of GL (n) is said to be a matrix 
Lie group if: 

(a) a smoothness is introduced on G with respect to which it 
is a Lie group; 

(b) the embedding t : G GL (n) is smooth (and hence 
it is a homomorphism of Lie groups). 

Every one-parameter subgroup of the group G is automat¬ 
ically a one-parameter subgroup of GL (n) and so is of the 
form t This defines an injective mapping ( (G)-> 

( (GL (n)) = iR (n) which (see Proposition 5, Lecture 2) 
is nothing but the mapping ( (t). Thus, for any matrix Lie 
group the vector space 3 = t (G) is naturally identified with 
some subspace of the vector space R (w). 

Any group admitting the Cayley construction (see Lec¬ 
ture 1) is an example of a matrix Lie group, say a group 
{a) of all /-orthogonal matrices. By definition a matrix 
one-parameter subgroup f is a one-parameter subgroup 


4 * 
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of Oj (n) if and only if for any f ^ (R, 


Differentiating this relation with respect to t and setting 
^ = 0 we get 

AU + JA =0. 


This relation implies by definition that 4 is a /-skew- 
symmetric matrix. Conversely the mapping is 

found to be a one-parameter subgroup of Oj (n) for any 
/-skew-symmetric matrix A. 

To establish it we use the matrix analogue of the well- 
known elementary formula 


e 


a 



We show that (with 1 replaced by e) this formula is valid in 
any finite-dimensional associative algebra Jh. Indeed, since 

1 / ^ \ m (m — 1) ... (m — Aj + I) 1 ^1 

\ k ] rn-m* ... A:! A;! 


k multipliers 

for any multiplicative norm 



oo 


fe =0 


1 

mh 


(D)‘‘ 


oo 



h=0 


= ^11 all 



1^11 

m / * 


and therefore 


lim 

m-*oo 




Since 

(i □ 
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We see that for any t 


/e<^ = / lim 

m-oo V 'ml 


lim/ (^4-—)” 

m-^oo V « / 



since Jf (A) = / for any polynomial / (A) of the 

matrix A . Therefore 

SO indeed, g Oj (n). 

This proves that for a group Oj (n) the vector space of all 
J-skew-symmetric matrices is a subspace \ {Oj (w)) of 
space [R (n). 

Comparing this statement with the result obtained in Exam¬ 
ple 7, Lecture 1, we see that the subspace I {Oj (n)) coincides 
with the Cayley image of Oj (n). This turns out to be a gen¬ 
eral fact: 

Proposition 1. // a matrix group Gcz GL (w) admits the 
Cayley construction {and so is a matrix Lie group), then the 
corresponding vector space ( {G) coincides with the Cayley 
image G^ of G. 

Proof. Let A g t (G), i.e. let the mapping t be 

a one-parameter subgroup of the group G- Since the set G® of 
nonexceptional matrices in G is a neighbourhood of the 
identity E of G, there is e > 0 such that for | ^ | < e the 
matrix e^^ is nonexceptional and therefore its Cayley image 

{etA)v^ - (£ - (£ g G# 

is defined. Since G^ is a vector space, it follows that the 
matrix 


d 


dt 




— lim 




t 


also belongs to G'^. But on the other hand 


dt 
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and therefore 

—IT’ i=o 2 
Consequently, A £ G^. 

This proves that t {G)cz G# and hence ( (G) = G^ 
since the vector spaces t (G) and G^ are of the same dimen¬ 
sion (equal to dim G). □ 

It follows from Proposition 1, according to the examples 
analyzed in Lecture 1, that the space i (G) for the orthogon¬ 
al group 0 {n) {or equivalently for the group SO (w)) consists 
of skew-symmetric n X n matrices^ for the real symplectic 
group Sp (m, [R) of matrices of the form 



where B and C are symmetric m X m matrices and A is an 
arbitrary matrix; 

for the orthogonal symplectic group Sp (m) fl 0 {2m) of 
matrices of the form 



where A is a skew-symmetric matrix and C a symmetric matrix; 
for the unitary group U {n) of skew-Hermitian matrices; 
for the group Up (m) of matrices of the form 



where B and C are Hermitian m X m matrices and A is an 
arbitrary matrix; 

for the symplectic group Sp {m) of matrices of the form 



where A is a skew-Hermitian matrix and B is a symmetric 
m X m matrix. □ 

The statement that a group admitting the Cayley con¬ 
struction is a matrix Lie group is not strictly related to the 
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Cayley mapping A and can be substantially genera¬ 

lized. 

As above, it will be convenient to identify with 
the space iR (n) of all square n X n matrices. 

Proposition 2, A subgroup G of the group GL {n) is a matrix 

Lie group if there is a diffeomorphism f: V-^ V of some 
neighbourhood V of the identity matrix in GL (w) onto an open 

o 

set V of K {n) that has the property that the set f (Gfl 

o 

is the intersection of V and some vector subspace G'^ of the 
space K {n): 

/ (G n F) = G# n F. 

Proof. Let m = dim G* and let cp: G^-> be an 
isomorphism of the space G^ onto the space Also let 

U = G V and U = (G^fl F). Then U is an open set 
in R”* and the mapping = (p o / onto C/ is a bijective 

o 

mapping U-^ U. In other words, the pair {U, h) is^a chart 
on G. 

Now let A be an arbitrary matrix in G and let U= 
Li A {U) and h^^ — ho Then the pair {17^, is 

also a chart on G. Since 4 all sets of the form 

cover G. Furthermore, if Ua[\ Ub¥^ 0, then onh^ {Ua fl 
Ub) the mapping ° will be a restriction of the 
diffeomorphism 

h o Lb o Tja ® h^^ o f o Lb-^^a ° ® 

and hence it will itself be a diffeomorphism. Consequently, 
charts {Ua^ hA) makeup an atlas. This defines on G a smooth¬ 
ness with respect to which G is obviously a matrix Lie 
group. □ 

A case of a group admitting the Cayley construction arises 
when V is the set of all nonexceptional matrices in G and 

/: V F is a Cayley mapping (and consequently the vector 
space G# is the Cayley image of G). 

Proposition 1 is also carried over to the general case being 

considered if we require that f: V-^ V be an analytic 
diffeomorphism, i.e. that the following conditions be'satisfied: 

(a) there is a number"i? and a matrix norm || || such that 
II ^ — E \\ <C R for any matrix A ^ V; 



56 


Semester Y 


(b) there exists a series 

/ (z) = a# + fli (z — 1) 4- . . . + (z — I)™ + ... 
convergent for | z — 1 \ <C R such that for any matrix 

A ev 

f {A) — a^E + ai (4 + . . . 

(in view of condition (a) this equation makes sense); 

(c) the number = f (1) is other than zero. 
Proposition 3. If for a subgroup G of a group GL (n) there is 

o 

an analytic diffeomorphism f: V which satisfies the 

conditions of Proposition 2, then the vector space ( {G) corre¬ 
sponding to that group coincides with the vector space G^ specified 
in Proposition 2. 

Proof, (cf. the proof of Proposition 1). Let t »—► e^^ be an 
arbitrary one-parameter subgroup of a group G and let 8 >0 
be a number such that for | ^ | < 8 the matrix e^^ belongs 

to V. Then e^^ V and hence / (e^^) 6 fl 

Therefore —— 6 and> in particular, 


df (e^^) 
dt 


t=0 


eG 


It 


But according to formula (22) of Lecture 2 

df (e'^) 


dt 


t=0 


= f (e^^) Ae^^ = a^A, 


t=o 


since 


/' (z) = fli + 2a2 (z — 1 ) + • • • + man (z — l)”"^ + • • • 

and hence /' (E) = a^E. Consequently^ a^A 6 G^ and there¬ 
fore A ^G^, for under the hypothesis a^=^ 0. 

This proves that \ {G)cz G^. Therefore \ (G) = G^, 
since these vector spaces are of the same dimension, n 

To construct the diffeomorphism / in explicit form, we 
consider the matrix series 


\nA = {A-E)-±{A-E)^+... + (A-E) 


m 


4" • • • «• 


which converges when \\ A ■— E \\ d i (where || || is a matrix 
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multiplicative norm^ say the norm || A || = w*max Uij). 

i, 3 

A trivial calculation repeating the familiar calculation 
for number series shows that — A when \\ A — E \\<i 

1 (i.e. when the matrix In A is defined). 

It is interesting that on the contrary the equation In = 
A may fail to hold even when the matrix In is defined 
(in the sense that for the matrix B = the series In B 
converges). Indeed> if 



then a straightforward calculation shows that 

/cos 9 — sin9\ 

^ \sin6 cos 9/ 

and therefore for 9 = 23x we get = E. Consequently the 
matrix In is defined and equals zero, not A. 

A similar statement is also valid for complex numbers. 
For example, if — 1, then In = 0. The proof is 



clear. The condition \ — 1 1 < 1 defines in the plane of 

the complex variable z = x + a countable system of 
regions resulting from one another by 2ni shifting, and 
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• JX 

within \ y \ <i Y ' corresponding region is bounded by 

the curve e^= 2 cos y (see the figure). On the other hand, 
a formal transformation of the series In into the series z 
is meaningful, like any transformation of series, only in 
the corresponding circle of convergence, which in the given 
case is the maximal circle with centre at 2 o = 0 and con¬ 
tained in the region under consideration. Since the radius of 
that circle is equal to In 2, we can be sure that In == z 
only if I 2 I < In 2. 

It is now clear that the same formal transformations will 
do for the series In as well and consequently the equation 
\ne^ — A obviously holds for \\ A 1| < In 2. 

This proves that the mapping In: A-^ln A realizes a diffeo- 

o 

morphism of some neighbourhood V of the identity matrix 

o 

in the group GL (n) onto a certain neighbourhood V of the 
zero matrix in the vector space !R (n) (with the inverse 
diffeomorphism exp: A e^). 

We shall say that a subgroup G g GL {n) possesses an In- 
image if there is a vector subspace in HI {n) such that 

In (G n F) - Gb n V, 

By Proposition 2 such a subgroup is a matrix Lie group and 
by Proposition 3 the vector space G^ coincides with the 
vector space g = ( (G). 

Unlike the Cayley construction, this construction allows 
us to prove at once that the groups SL (w) and SU {n) of 
unimodular matrices are matrix Lie groups. Indeed, it is 
known that det e^ = where Tr A is Jthe trace of the 

matrix A (the sum of its diagonal elements). Therefore the 
condition that the matrix e^ be unimodular is equivalent 
to the linear condition Tr 4 = 0 on the matrix A, □ 

|(It is easy to see that it suffices to prove the equation 
det — ^Tr A only for matrices having a Jordan or at least 
triangular form. But for such a matrix A the matrix e^ 
is also triangular, and its diagonal elements are of the 
form e^^ , , , e^^, where a^, . . ., are diagonal elements 

of the matrix A, Therefore det e^^ = e^^ . . == 

• •ctn^Tr 



Lecture 3 


59 


But the main advantage of the In-construction over the 
Cayley construction is that it is universal. 

Proposition 4. Every matrix Lie group G possesses an 
\n-image. 

Proof. According to the foregoing the only candidate for 
the role of the vector space is the vector space I (G), 
We show that it indeed has the necessary property. 

o 

Suppose as before that V and V are neighbourhoods (of 
the identity and zero matrices, respectively) such that the 

e 

function A »—► In A defines a diffeomorphism In: V-^V 

o 

with the inverse diffeomorphism exp: 7. Then for any 

matrix A 6 I (G^) fl V there is an inclusion e^ ^G [] V 
(as e^^ 6 G for any t). Since In this proves that 

t (G) n Fcr In (G fl V). 

Conversely, let 5 g G f] Then a matrix A = In 5 g 7 
is defined. Consider on GL {n) the corresponding left-invari¬ 
ant vector field Y: P ^ PA. The restriction X =Y \q 
of the field 7 to G is obviously a smooth left-invariant vector 
field on G (an element of the vector space I (G)) which is 
i-connected with the field 7, where i: G-> GL {n) is an 
embedding. According to Proposition 4, Lecture 2, this 
means that 1 (i) X—Y. Consequently, by virtue of our gener¬ 
al identifications the field X is identified with the matrix A. 

Hence A {G). This proves that In (G fl 7)c: 1 (G) fl 7. 

Thus In (G n 7) = 1 (G) 7, which proves Proposi¬ 

tion 4. □ 

So a matrix group is a Lie group if and only if it possesses 
an \n-image. The passage to an In-image may be said to 
linearize the group, which substantially simplifies its study. 
Since the space t (G) (coinciding for matrix groups with the 
In-image) is defined for any Lie groups, it is natural to expect 
that the Lie functor 1: G^~>^ (G) plays in the theory of 
arbitrary Lie groups a role similar to that of the functor 
In in the theory of matrix Lie groups. It turns out to be 
really the case, and this fact is the basis of the entire Lie 
group theory. It is on the whole to the discussion of all these 
questions that our course will be devoted. 
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Definition 2. An algebra 9 is said to be a Lie algebra, if 
multiplication is anticommutative in it, i.e. 

xy = — yx 

for any elements y 6 8 and in addition for any elements 
X, y, z ^ y we have 

(1) {xy) z + (yz) X + {zx) y = 0, 

the so-called Jacobi identity. 

It is customary to denote Lie algebras by small Gothic 
letters. 

For any element a of a Lie algebra 9 the mappings La 
and Ra differ only in sign (La = — Ra)- For Lie algebras 
it is customary to denote the mapping La by ad a. 

Just as associative algebras, all Lie algebras form a com¬ 
plete subcategory of the category ALG. 

We shall denote this subcategory by ALG-LIE. 

Of particular importance to us will be finite-dimensional 
Lie algebras over the field K. They form a category we 
shall denote by ALG/-LIE. 

Notice that every subalgebra of a Lie algebra is itself 
a Lie algebra. 

A wealth of examples of Lie algebras can be obtained using 
the following general construction. 

Let c/i be an associative algebra. 

For any two elements x, y, ^ we define their commuta¬ 
tor [x, y] (also called their Lie bracket) by the formula 

[x, y] = xy — yx. 

It is clear that [x, y] = — [y, x]. In addition 
[[x, y], z] + [[y, z] x] -f Hz, x], y] 

= (xy — yx) z — z (xy — yx) -f (yz — zy)x — x{yz—zy) 

(zx — xz) y — y (zx — xz) 0 

for any x, y, z ^ • This means that relative to the operation 

X, y ^ \x, y] (which is obviously linear in both arguments) 
the vector space is a Lie algebra. That algebra 
will be called a commutator Lie algebra of the associative 
algebra Jt and denoted by [jh]- 
Since any homomorphism of associative algebras is obvi¬ 
ously a homomorphism of the corresponding commutator 
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algebras, the correspondence ^ f^] is some functor from 

the category ALG-ASS into the category ALG-LIE. 

It is also often convenient to denote by [x, y] a product 
in an arbitrary Lie algebra (which is not generally speaking 
a commutator Lie algebra of any associative algebra). 

In this notation, the mapping ad a: 9 for any 

Lie algebra g will be defined by the formula 

(ad a) X = [a, x], a, ^6 0 * 

An example of a commutator Lie algebra is the commu¬ 
tator Lie algebra [End 5^1 of the associative algebra EndF' 
of all endomorphisms (linear operators) of a vector space 5 ^. 
When T* is an algebra itself (not necessarily associative), 
the algebra [End^] has the vector subspace D {T) of all 
differentiations of the algebra T* i.e. of linear mappings 
D: such that 

D (xy) = Dx»y + x •Dy 

for any elements x, y • A straightforward calculation 
shows that for any jDi, ^3) {T*) the commutator [Z)i, 
Dg] = ^ 1^2 — ^ 2^1 belongs to 3) iffT), i.e. that the vector 
space is a subalgebra of the Lie algebra [End TT), 

For any algebra TT the vector space 3) (ffT) is thus a Lie algebra 
relative to the operation Dj, 

Suppose now that q is an arbitrary Lie algebra (in which 
multiplication is denoted by [x^ y]). 

The Jacobi identity (1) can be rewritten using anticom¬ 
mutativity in any of the folio %ving two forms: 

la, [x, y]] = [[a, x,], y] + [x [a, y]], a, x, y ^ 

lla, b], x] = la, [ 6 , x]] — [b, [a, x]], a, b, x ^ q. 

The first of the identities is equivalent to the statement that 
for any element a g 9 the mapping 

(ad a) X = [a, x], ^ 6 0 » 

is a differentiation of a Lie algebra 9 and the second to the 
statement that the resulting mapping a ad a 0 / ^ into 
3 ( 9 ) is a homomorphism. 

Differentiations of the form ad a are called interior differen¬ 
tiations of the Lie algebra 9 . We thus see that the collection 
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ad 9 of all interior differentiations of a Lie algebra ^ is 
a Lie algebra] which is a homomorphic image of the algebra 9 . 

In the theory of smooth manifolds Lie algebras (over the 
field (R) arise as algebras of vector fields. 

Let Af be a smooth manifold and let a {M) be a vector 
space of vector fields over M. Recall that every field X g 
a (M) may be considered as a differentiation on M (a linear 
differential operator), i.e. as some rule associating with every 
open set [/c= M a differentiation on the algebra ^{U) 
of smooth functions on U and having the property that 
for any open set 7c: U and any function / 6 ^ {U) we have 
Xy if] v) — i^uf) Iv Therefore for any two fields X, 7 g 
a (M) and any open set Ucz. M a differentiation lX^, 
Yjj] of the algebra ^ (U) is defined. Since, as can be easily 
seen, for every open set 7c: f/ and any function / 6 ^ (U) 

[Xy> Yy) (/ |y) == Yij] f) |y. 


differentiations [Xu, Yu^ make up some vector field. 

Definition 3. A vector field on M, which associates the 
differentiation [Xtj, Yu] of the algebra ^ (U) with every 
open set Ucz M, is called the Lie bracket of fields X, Y and 
denoted by [X, Y]. Thus by definition 


[X, Y]u = [Xu, Yul 

It is obvious that a vector space a{M) is a Lie algebra 
relative to the operation X, 7 1 —► 1X7]. That algebra is called 
the Lie algebra of vector fields on a manifold M. In general 
that algebra is infinite-dimensional. 

A straightforward calculation shows that in every chart 
(f/, . . ., x"^) the components [X, 71S i = n, of 

the field [X, 7] are expressed in terms of the components X^ 
and 7\ i = 1, , . n, of the fields X and 7 by the formula 




YY = Xi— — 
dxO 


dX^ 
dxo ’ 


i, 7 = 1 , ,,n. 


Indeed 

[X, 7]^=:[X, 7]7-X(7.r^)-7(X.x^') 

dxJ dx3 
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It is as easy to show that if for some smooth mapping O: ik/-> 
N the fields X and Y on the manifold M are ^-connected 
respectively with the fields X' and Y' on the manifold N, then 
the field [X, Y] is also ^-connected with the field \X\ Y']- 
Indeed, the O-connectedness of X, Y and X', Y' implies 
that for any function / (defined and smooth in some open 
subset of the manifold N) 

X (/oO) - X'/oO and y (/ o O) = Y'f o O. 

But then 

[X, y] (/oO) = X (y (/oO)) - y (x (/o(D)) 

= x(y7o(D)-y (x'/oO) 

= X' (y 7 )o(D - y' (X 7 )o(D 
= (X', y') /o(D 

and hence the fields ]X, y] [X', y'] are also O-connected. □ 

In particular, we see that for any diffeomorphism O: 

X 

(D*[X, y] = [(D*x, (D*y], 

where X and Y are arbitrary vector fields on X. 

For left-invariant vector fields on a Lie group G it imme¬ 
diately follows that the Lie bracket iX, Y] of two left-invari¬ 
ant vector fields X and Y is also a left-invariant vector field. 
This means that a vector space 9 = t (G) of left-invariant 
vector fields is a subalgebra of the Lie algebra a (G) of all 
fields and is therefore a Lie algebra itself. 

Definition 4. A Lie algebra 9 == 1 (G) over the field R 
is called a Lie algebra of a Lie group G. 

Note that we have constructed the Lie bracket [X, y] on 
the vector space ( (G) using the first interpretation of this 
space. No straightforward construction of this bracket within 
the framework of the second interpretation (( (G) = Te (G)) 
exists. How to construct the Lie bracket using the third 
interpretation (i.e. with elements of the space ( (G) inter¬ 
preted as one-parameter subgroups) will be shown later. 

As we know, any homomorphism O: G-> ^ of Lie groups 
induces some linear mapping ( (O) : ( (G)-> t {H), with 
the field ( (0)X ^ I (H) being O-connected, for any 
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field X g ( (G), with the field X. This mapping therefore is 
a homomorphism of Lie algebras. 

Thus the Lie functor ( ; GR-DIFF-> LIN/ (^) is in 
fact a functor 

1 : GR-DIFF-> ALG/-LIE 

from the category of Lie groups into the category ALGf-LIE 
of finite-dimensional Lie algebras over the field K (more 
precisely the functor GR-DIFF-^ LIN/(Ol) is a composi¬ 
tion of the functor GR-DIFF-> ALG/-LIE and the forgetful 
functor ALG/-LIE-> LIN/(!R).). 

We calculate the Lie bracket for matrix Lie groups. Since 
for any matrix Lie group G the algebra t (G) is obviously 
a subalgebra of the algebra ( (GL (w) = (w), it suffices 

to calculate the bracket only in the algebra (n). 

We perform calculation at once for a group of the form 
G (ji), where ^ is a finite-dimensional associative algebra. 

As was established in Lecture 2, the vector space t (G) 
for the group G = G {jt) is naturally identified with the 
vector space Jk, Moreover, in this identification the left- 
invariant vector field on G{A) corresponds to the element 
the field being in the form x\-^xa, x^G{ji), 
which is considered as a mapping 

Let ei, . . be a basis of an algebra and let just as 
in Lecture 2 

7 > ^ Tl) 


k 

where ^ R. The coordinates x^, , . x'^ of the elements 

of the algebra Ji relative to the basis are local 

coordinates at any point a: with the basis 

i^/jc tangent space Tjc {G (A)) corresponding to 

the basis under identification T^: {G (A)) == A» 

Hence, with vector fields on G (A) identified with the 

a 

mappings G{A)-^Ay the vector field X = has 

the corresponding mapping x 
Since xa = Cj^x^a^ei for x = x^Cj, a = it follows 



Lecture 3 


65 


that in the basis 


dx^ ’ 


d 


dx^ 


the left-invariant vector 


field X: X ^ xa corresponding to the element a ^ has 
the coordinates 



For any left-invariant vector fields X and F on G (^), 
therefore, the coordinates [X, Yl^ of their Lie bracket will 
be expressed by the formula 


[X, YY = X^ 


dYl yfe dXl 
dx^ dx^ 


= CijX^a^ • Ckmb'^ — CijX^b^ • cimd^ 

= cL {AjX^a^) 6” — elm iAjxW) a"*, 


where a and b are the elements of Jt corresponding to the 
fields X and Y. But this formula implies that the numbers 
[X, YY are the coordinates of a point xa-b — xb-a — 
X {ab — ba) and that hence the field [X, ^Y] has the corre¬ 
sponding element ah — 6a = [a, b]. This proves that by 
virtue of identification I {G {jt)) = Ji the commutator Lie 
algebra [jl\ of the associative algebra Jh is a Lie algebra of 
a Lie group G {Jt). 

In particular, a Lie algebra {n) of the Lie group GL (n) 
is the commutator algebra [01 (w)] of the matrix algebra lll(n). 

But for an arbitrary matrix group G the Lie algebra 
t (G) is the corresponding subalgebra of the Lie algebra 
IR (ra)l = (re). 

Our further aim is to study in detail the Lie functor I 
and, in particular, to find out to what extent and how this 
functor can be inverted, i.e. to what extent a Lie group G can 
be reconstructed from its Lie algebra g = t (G). 

It has already been noticed in the preceding lecture that 
t (G) = I (Gg), where Gg is a component of the identity 
of a group G. In stricter terms that equation states that the 
homomorphism of embedding Gg-> G induces an isomor¬ 
phism I (Gg) « I (G) of vector spaces. But since a homomor¬ 
phism of Lie groups induces a homomorphism of Lie algebras 
the isomorphism t (Gg) » t (G) is an isomorphism of Lie 
algebras as well. In other words, the equation I (Gg) = t (G) 
holds for Lie algebras. 

5-0450 
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It is expedient therefore to pose the question of inverti- 
bility of the functor I : GR-DIFF-> ALG/-LIE only for 
connected Lie groups. 

A complete subcategory of GR-DIFF generated by con¬ 
nected Lie groups will be denoted by GRq-DIFF. The restric¬ 
tion of the Lie functor to that subcategory will also be 
called a Lie junctor. According to the foregoing there is 
a commutative diagram of functors 


GR-DIFF 



CRq-DIFF 


iALGy^-lLIE 


where the right-inclined arrows are Lie functors and the 
left vertical arrow is the functor of the “component of the 
identity” which associates the identity component with every 
Lie group. That diagram is a formal representation of the 
equation \{Ge) = t {G) in functor terms. 

Will a Lie functor be invertible on the category GR^-DIFF 
i.e. more precisely, will groups with isomorphic Lie algebras 
be isomorphic? The answer turns out to be no. | 

Consider, for example, an additive group R. of real num- I 

bers and a multiplicative group of complex numbers I 

equal to unity in absolute value. Both groups have a one¬ 
dimensional Lie algebra. But by virtue of anticommutativi¬ 
ty multiplication in any one-dimensional Lie algebra (over 
the field R) is trivial (the product of any two elements is 
zero). Hence Lie algebras of the groups R and Iso¬ 

morphic, whereas the groups themselves are not (one of them 
is compact and the other is not). 

The reason why Lie algebras in that example coincide 
is clear: the groups R and are locally (in the neighbour¬ 
hood of the identity) “constructed identically”. 

This suggests that the relation of “local isomorphism” 
should be introduced for connected Lie groups, assuming 
groups G and H to be locally isomorphic if some neighbourhood 
U of the identity of G can be diffeomorphically mapped 
onto some neighbourhood V of the identity of H so that the 
product xy of any two elements x and y from U should turn 
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into the product xy of the corresponding elements x^Sindy 
if xy belongs to U. It is obvious that Lie algebras of two local¬ 
ly isomorphic Lie groups are isomorphic and it may be hoped 
(at least the above example does not contradict this) that 
conversely Lie groups with isomorphic Lie algebras are locally 
isomorphic. It turns out that this is indeed the case. A major 
aim of this book will be to prove this basic fact. We proceed 
to prove this in the next lecture but the proof will be finally 
concluded only in Lecture 9. 

However, the notion of local isomorphism of “global” 
Lie groups does not seem very convenient from a general 
methodological stand. Experience in constructing mathe¬ 
matical theories suggests that such a mixture of global^and 
local aspects should lead to awkward formulations^and 
unjustified complications of proofs. We must always try 
from the outset to separate clearly local from global ques¬ 
tions. 

For a particular case of Lie groups these general consider¬ 
ations justify introducing a new mathematical concept of 
a local Lie group which is a formalization of a neighbourhood 
of the identity in a Lie group together with the multi¬ 
plication available in that neighbourhood. 

Definition 5, A smooth manifold G is said to be a local 
Lie group if: 

(i) some element e called the identity element (or identity) 
is singled out in it; 

(ii) the neighbourhood U cz G X G oi the element (^, e) 
and the neighbourhood UqCZ G of e are singled out; 

(iii) a smooth mapping 

(3) U-^G 

called multiplication and a smooth mapping 

(4) U,-^G 

called the operation of taking the inverse element are given; 
the image of a point (a:, y) ^ U under mapping (3) is denoted 
by xy and the image of a point x ^ Uq under mapping (4) 
by x-^.; 

(iv) e-^ = e, 

(v) if {x, e) 6 then xe — x\ if (g, x) 6 £/» then ex = x\ 


5 * 
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(vi) if {x, y) ^ Uj {y, z) ^ U, {xy, z) and (x, yz) ^ £/, 
then 

{xy) z X {yz)\ 

(vii) ii (x, y) ^ Ur y ^ Uq and (xy, y"^) 6 C/, then 

{xy)y'^^ = X, 

and similarly if {x, y) ^ U, x ^ Uq and xy) 6 £/, then 

(xy) = y. 

In short, G is a local Lie group if for two elements x and y 
close enough to the identity e the product xy and an inverse 
element smoothly dependent on a;, y are defined, with 
all group axioms holding each time whenever the objects 
participating in those axioms are defined. 

A guideline example of a local Lie group is an arbitrary 
neighbourhood of the identity in an arbitrary Lie group. 

In spite of the fact that Definition 5 is apparently natural 
it is really unsatisfactory, for it does not reflect all the 
aspects of the intuitive notion we mean to formalize. 
Indeed, it is natural to assume that the two distinct neigh¬ 
bourhoods of identity in a given Lie group lead to the same 
local Lie group, whereas by Definition 5 these local groups 
will be distinct. 

To put the matter straight, we notice that any open set H 
of a local Lie group G that contains the identity e is straight¬ 
forwardly a local Lie group. Every such a local group is 
called a part of the local group G. Two local Lie groups are 
said to be equivalent if some of their parts coincide. The 
class of equivalent local Lie groups is called a germ of local 
Lie groups (cf. the definition of germs of smooth functions 
in the theory of smooth manifolds.) 

Germs of local Lie groups are precisely an adequate 
formalization of the intuitive notion of a Lie group consid¬ 
ered locally. A consistent use of germs, however, makes the 
presentation cumbersome. In practice a simpler manner of 
presentation (that we shall also follow) has been developed 
when, while speaking of local Lie groups, we in fact tacitly 
imply their germs. The passages to equivalent local groups 
required in the course of the discussion are either not men¬ 
tioned at all or referred to only in some most “acute” cases. 
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It is strongly recommended that the reader should himself 
convert all further discussions to a stricter presentation, 
clearly distinguishing local Lie groups and their germs. 

Definition 6. A homomorphism of a local Lie group G 
into a local Lie group H is sl smooth mapping O of some 
neighbourhood V of the identity of G into H such that 

O (xy) = Ox*Oy 

whenever the elements O {xy) and are defined. If Gi 

and Hi are parts of G and H and if O (F fl Hi, then O 

defines some homomorphism of the local Lie group Gi into 
the local Lie group which is called a part of the homomor¬ 
phism O. Two homomorphisms are said to be equivalent 
if they have a part in common. The class of equivalent 
homomorphisms is called a germ of homomorphisms (or 
a homomorphism of the germs). 

All the local Lie groups and their homomorphisms (more 
precisely the germs of local Lie groups and their homomor¬ 
phisms) naturally form a certain category which will be 
denoted by GR-LOC. 

The operation of the passage to an arbitrary neighbour¬ 
hood of the identity obviously defines some functor 

GR-DIFF-> GR-LOC 

(and also the functor GRo-DlFF-)- GR-LOC) from the cate¬ 
gory GR-DIFF of all Lie groups (from the category GRq-DIFF 
of all connected Lie groups) into the category GR-LOC of 
local Lie groups. That functor will be called a localization 
functor. The image of a Lie group G under the localization 
functor will sometimes be denoted by Giqq, 

Lie groups are locally isomorphic if their localizations are 
isomorphic (as objects of the category GR-LOC). 

The left-invariant vector fields and their Lie brackets are 
defined for local Lie groups in an obvious way. The collec¬ 
tion { (G) of all left-invariant vector fields on a local Lie 
group G is a Lie algebra called the Lie algebra of a local 
^>1'^ group G. Just as for Lie groups, elements of the Lie alge- 
l^ra X (G) are identified in a natural way with tangent vectors 
^ € Te(G) and with one-parameter subgroups (or rather 
’With one-parameter local subgroups, but this term is uncom¬ 
mon) of the local group G. 
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The resulting functor 

T: GR-LOC-> ALG^-LIE 

will also be called a Lie functor. 

Together with the Lie functors introduced above this 
functor enters the commutative diagram 



in which the left vertical arrow represents the functor which 
associates the identity component with an arbitrary Lie 
group, arrows 1 and 2 represent localization functors and 
arrows 5, 4 and 5 Lie functors. 

We see that the functor GR-DIFF-> ALG/-LIE which is 
of primary interest to us breaks down into a composition of 
three functors: a functor GR-DIFF-^ GRq-DIFF, a local¬ 
ization functor GRq-DIFF-^ GR-LOC and a Lie functor 
GR-LOG-^ ALG/-LIE for local Lie groups. Thus the study 
of the functor GR-DIFF-> ALGy-LIE reduces to the study 
of these three functors. The study of each of them requires 
peculiar methods and is virtually totally independent of the 
study of the others. Thus we have completely achieved our 
goal of separating local and global aspects. The local part 
of the problem is concentrated in the functor GR-LOC-> 
ALG/-LIE and the global part in the functors GR- 
DIFF-> GRo-DIFF and GRo-DIFF-> GR-LOC. 

The functor GR-DIFF-^ GRq-DIFF we have already 
considered in Lecture 1. As was proved there, any Lie 
group G is an extension of its component of the identity 
H = Ge hy means of a discrete group. Conversely, every 
extension G of a connected Lie group H by means of a dis¬ 
crete group is obviously a Lie group with G^ — H. In Oi first 
approximation this is sufficient to satisfactorily describe the 
functor GR-DIFF-> GRo-DIFF. The functor GRo-DIFF-j^ 
GR-LOC will be described in Lecture 10 and now we turn 
to the functor GR-LOCALG/-LIE. 
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The exponent of a linear differential operator* A formula for 
the values of smooth functions in the normal neighbourhood of 
the identity of a Lie group* A formula for the values of smooth 
functions on the product of two elements* The Campbell-Haus- 
dorffseriesandDynkinpolynomials* The convergence of a Camp- 
bell-Hausdorff series* The reconstruction of a local Lie group 
from its Lie algebra*Operations in the Lie algebra of a Lie 
group and one-parameter subgroups*Differentials of internal 
automorphisms. The differential of an exponential mapping* Ca¬ 
nonical coordinates* The uniqueness of the structure of a Lie 
group*Groups without small subgroups and Hilbert's fifth 
problem 


Let M be any smooth manifold. In contrast to the foregoing 
we now assume that M is an analytic (class C“) manifold. 
Since every vector field X on M may be regarded as a linear 
differential operator acting on smooth functions, by analogy 
with the matrix case we may consider a linear operator 



e^ = E + XA^ 




2 ! 




oo 


n\ 


s 

n=0 


n! 


where E is the identity operator and X” designates an 
^-fold iteration of an operator X. 

Of course, at this point we must define what is to be 
understood by the sum of an infinite series (1). In principle, 
to this end it is necessary to introduce into the space Q{M) 
a topology (say given by some norm). For simplicity, how¬ 
ever, we prefer a roundabout way here and will treat the 
convergence of series (4) in a “weak” sense. Namely, we define 
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the result e^f of applying the operator to a function 
/ 6 © (M) by the formula 


(2) e^f = f + Xf + 


X^f 


, X«/ , _ A-/ 

+ nl ”1 ~ ^ m! ’ 


X«/ 


n=0 


where X”/ = X (X”"*V)» assume that this operator 
applies only to such functions for which series (2) (now 
a functional one) has a nonempty domain of convergence 
(which is taken to be the domain of the function e^f). 

The operator will no longer be a differential operator. 
Namely, as shown later, it is generally induced by some 
diffeomorphism O: M-> M, i.e. is of the form / i-> /oO, 
This only requires that integral curves t (pa (t) of the 
field X should be “long enough”, viz. they should 
be defined for | 1^1, and that the domain W (/) of the 
function / should be “large enough”, viz. that there should be 
points a (J) such that cp^ (t) ^ W (f) for ] ^ 1. 

Then the function f will be defined for all such points a 
and expressed by the formula 

(3) {e^t) {a) = f (cpa (1)). 

Indeed, consider a function 

F{t) = f (<p„ (t)). 

Under the hypothesis, the function is defined and analytic 
for I ^ 1. It therefore can be expanded into a Taylor 

series 


Fit)=2 


n=0 


convergent for | ^ 1. On the other hand, since the curve 

t (pa (0 is an integral curve of the field X, we have 

This means that the function F* {t) serves as the function 
F (t) for the function X/, from which an obvious induction 
yields that the function F^^^ (t) serves as the function F (t) 
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for the function X”/, i.e. that 

F(") (t) = (X"/) ((Pa (0). 

Therefore 

pm (0) = (X"/) ((Pa (0)) = (X”f) (a), 

and hence 

7? (i) = 2 iW („) = (e(^/) (a). 

n=0 n=0 

To complete the proof it remains to put t = 1. Q 

We shall apply the general formula (3) to left-invariant 
vector fields X on an analytic (or local) Lie group G and to 
functions / defined and analytic in some neighbourhood of 
the identity e of the group G. We take the identity e to be 
the point a. On denoting the point cp^ (1) by exp X we 
rewrite (3) as follows for this case: 

(4) / (exp X) = (e^f) (e). 

[t is in this form that (3) will he used. 

The corresponding one-parameter subgroup t is the 

integral curve if i-> cpe (0 ^or a left-invariant vector field X. 
Therefore exp X = P (1), and formula (4) holds for any 
functions / whose domain contains a segment ^ p (i), 
I ^ ^ 1 of that subgroup. 

By definition exp is a mapping of a vector space ^ = 
= t (G) into the group G such that exp 0 = It obviously 
has the of naturalness, i.e. for any homomorphism 

^ : G-^ H of Lie groups there exists a commutative dia¬ 
gram 


1(G) - 
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It follows immediately from the theorem on the smooth 
dependence of solutions of differential equations on the 
initial data that the mapping exp: t {G)-^G is smooth. 

Statement A. The mapping 

exp: \{G)-^G 

is a diffeomorphism at the point 0 . 

We prove this statement later on. 

o 

Definition 1. A neighbourhood U of the null vector 0 6 9 
is said to be normal if: 

(a) it has the property of being starlike, i.e. along with 
some vector X it contains all vectors of the form tX for 

Ul<i; 

o 

(b) the mapping exp transforms U diffeomorphically onto 
some neighbourhood U of the identity of the group G, 

The neighbourhood U wull also be called a normal neigh¬ 
bourhood. 

According to Statement A there are arbitrarily small (con¬ 
tained in any preassigned neighbourhood) normal neighbour¬ 
hoods (both of the vector 0 6 9 and the identity e ^ G), 

By construction exp X = p (1), where P is a one-parameter 
subgroup which is an integral curve of the held X, But it is 
clear that for a held aX, where a ^ the curve p (at) 
is the integral curve which of course is also a one-parameter 
subgroup. It follows that exp (aX) = P (a) or, with a de¬ 
noted by t, that 

exp {tX) = p (^). 

This formula implies that P*. t-^exp{tX), i.e. that one- 
parameter subgroups P of the group G are the images of the 
line segments t \-^ tX when the exponent is mapped. 

It follows from condition (a) of Definition 1 that the 
condition on the domain of a function /, which is necessary 
(and sufficient) for formula (4) to be valid, is satisfied 
a fortiori if this domain is some normal neighbourhood U 
of the point e. Since any point in U is of the form exp X, 

o 

where X ^ U, formula (4) defines the function f on the entire 
neighbourhood U, 

With this in mind, we apply (4) to calculate the values 
/ {ab) of / on the product ab of two elements a = exp X and 
b = exp y (assuming that ab ^ U). 
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For a given element a ^ U the formula fa {h) — / {ah) 
defines (on some neighbourhood of the point e, contained 
in U which we may assume normal) a smooth function fa- 
By (4) if fe = exp F, then /„ (b) = {e^ /„) (e). 

On the other hand, since fa is nothing but a composition 
/ o La oi Si left shift b ab and the function /, hy 
virtue of left invariance of the field Y a formula 

Yfa ==Yf O La = {Yf)a 

holds. But then Y'^fa = {Y^f)a for ^oy n'^0 and therefore 

e^fa = (^^/)a. 

Consequently, if a = exp X, then (we again apply for¬ 
mula (4)) 

fa (b) = (e^fa) (e) = {e^f) (a) = {e^eyf){e). 

Since fa (b) = f (exp X • exp Y*) this proves that 
(5) / (exp Z-exp Y) = {e^eyf)(e) 

for any X and Y in the corresponding normal neighbourhood 
of the zero of an algebra 9 . 

By definition (we neglect the question of convergence for 
the present) 

00 00 00 

±Y>)= 2 ^X’Y’. 

p=0 (?=0 p, Q=0 

On substituting this series in the logarithmic series 

h=i 

we obtain (considering that the operators X and Y do not 
in general commute) a formal series 

00 00 

=21=^ ( 2 

k=i p, 

P+q>0 

— V ... 

— 2j k ^ Pj! 9il ••• ’ 

ft=i 



76 


Semester V 


where in the internal sum the summation is taken over all 
possible collections (pi, . . g^) of integral non¬ 

negative numbers subject to the conditions 

(6) /^i + > 0? • • •» Pft + > 0. 

On putting 


n 


( 7 ) 


Zn (a:, i/) = 2 ^ 2 


ivy'll 


x'^ky^h 


ft=l 


Pi! gi! ... Pft! 9fc! 


where in the internal sum along with condition (6) the ex¬ 
ponents /)j, . . ., Ph, Qi, . . ., Qk satisfy the condition 


( 8 ) 


Pi "I" 




-4- n, -4- -t- 


we rewrite the series] In (e^e^) as follows: 

(9) In (e^e^) = 2 z„ (X, Y). 

n=l 

This formal series is called a Campbell-Hausdorff series. 

From an algebraic standpoint, {x, y) is nothing but a 
polynomial in noncommuting, in general, variables x and 
y. We discuss this kind of polynomials in greater detail 
therefore. 

Let X and y be some symbols and let K be any field. The 
ordinary polynomials in x and y over the field K are ob¬ 
tained from X, y and elements of K by applying the operations 
of addition and multiplication any number of times. Con¬ 
structed in a similar way are also noncommutative polyno¬ 
mials in X and y over K, the only difference being in that 
their multiplication is not assumed to be commutative (but as 
before kf = fk for any polynomial / and any number k £ K). 
They all form a unital algebra which will be denoted by 
K {Xy y), (A more formal definition of that algebra will 
be given in the next lecture.) 

In the commutator algebra [K {x, y)] of the algebra 
K (x, y) Lie polynomials in x and y obtained from x and y 
by addition, multiplication by the elements of the field K 
and by the Lie operation a, fc [a, h] = ab — ba are de- 
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fined in a natural way. It is clear that they make up a subal¬ 
gebra of the Lie algebra [K {x, y)] which contains the ele¬ 
ments Xy y and is contained in any other such subalgebra 
(i.e., to put it in general algebraic terms, generated by the 
elements x and y). We shall denote that subalgebra by 
i {x, y). 

Every Lie polynomial t(a;, is at the same time 
a polynomial in K {x, y) (it is sufficient to remove all 
Lie brackets by the rule fa, b] — ab — ba). In this capa¬ 
city we shall denote the polynomial u by iu. Formally, the 
mapping 

i: i{x, z/) -> K y), u la, 

is defined to be a linear mapping having the property that 
i fa, 6] = la* lb — ife* la for any elements a, 6 6 t (x, y)> 
It is injective by definition. 

If the field K has characteristic 0, then formula (7) de¬ 
fines some element {x, y) in K (a;, y). 

Statement B. There is a Lie polynomial {Xi y) such 
that 

I Jn (a;, y) = Zn (a y)- 

Here the symbol ^ reads “deh” (it is a form of the Arabic 
letter “dal”). 

We prove B later on. 

Examples. 

Let w = 1. It is obvious that 

% {x, y) = a; + z/, 

and therefore 


{x, y) = X -V y 

(so that the Lie bracket is not involved in the construction 
of the polynomial (a;, y)). 

Let n — 2. For ft = 1 the internal sum in formula (7) 
contains three terms Vga:^, xy and and for fc = 2 it 

contains four terms a:^, xy^ yx and Hence 

/ \ I 1 
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and therefore 

Similarly it can be checked that 

Z3 (^. ^^y + ^y^ 

I 1 2 1 1 

' Tj ^ ^ ~ T ~ T 

Here one can no longer see directly what sort of polynomial 
is ^3 {Xy y) (and in general whether it exists). After some 
tests, however, one can see that 

1 1 

With increasing n calculations become more and more 
complicated. Nevertheless it turns out to be possible to 
give for polynomials {x^ y) an explicit formula similar 
to formula (7) for the polynomial {x, y), E. B. Dynkin was 
the first to indicate this formula. Therefore we call (a:, n) 
Dynkin polynomials. 

Notice that (a:, n) is a homogeneous polynomial of de¬ 
gree n in X and y, i.e. 

J n (te, ty) = J „ (x, y) 

for any t. 

Since for vector fields (linear differential operators) the 
operation X, y i--> [X, Yl is also expressed by the formu¬ 
la [X, yl = XY — yX, it follows from statement B that 
for any operators X,Y ^ I (G) every operator (X, Y) belongs 
to the algebra ( {G), So too does the operator In (e^e'^), 
if, of course, it is meaningful, i.e. if series ( 9 ) converges. 
We discuss therefore the question of convergence of that 
series or, to be more precise, the series 

( 10 ) (X, Y) + ^,{X, Y) + . . , + (X, y) + ... 

composed of Lie polynomials (X, Y) in X and Y, 

All terms of series (10) are in a finite-dimensional vector 
space ^ = i (G) and therefore its convergence could in gener¬ 
al be investigated by considering in 9 an arbitrary (for exam¬ 
ple, Euclidean) norm. 
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However, the necessary estimates require rather detailed 
information about the structure of polynomials {x, y), 
which will be given only in the next lecture. So for the pres¬ 
ent we must be content with a roundabout way and return 
to series (9) the structure of whose terms is known but in 
going to which the advantage of finite-dimensionality is lost. 

In accordance with our general treatment of convergence 
of operator series we shall understand the convergence of 
series (9) in a “weak” but somewhat stronger sense than above. 
Namely, we shall assume that the operator In {e^e^) de¬ 
fined by series (9) is applicable to a function / 6 © (G) if the 
functional series 


(11) (X, Y) f + z, {X, Y) f + . . . + z, {X, Y) f + . . . 

converges in the domain of that function. The sum g of the 
series will be assumed to be the result of applying In 
to /. 

Thus by this definition W {g) = W (/) (whereas earlier 
W{g)<^W (/)). 

Assuming that some norm || || is given in 9 we now show 
that there exists a number 60 > 0 such that for || X || <C 60 
and II y 11 < 60 the operator In {e^e^) is applicable to any 
function f (G), Since every element of G in the domain 
of / has a coordinate neighbourhood U with a compact clo¬ 
sure U, which is contained in this domain, it suffices to 
prove that for any coordinate neighbourhood U with a com¬ 
pact closure U the operator In {e^e^) is defined on the vector 
space^(U) of all functions smooth on U, 

To this end we notice that since the set U is compact, 
for any function f ^ ^ (U) a number 


II /|| = max (l/l, 


9f 

dx^ ’ 


• • ? 


dx^ 




is defined, where x^, . . ., a;” are the local coordinates in U 
(for, to be more precise, in a somewhat larger neighbourhood 

containing the closure U of U), Of course, the number || / || 
depends on the choice of the coordinates x^, . . ., x^, but 
this does not play any role in what follows. It can be 
checked in an obvious way that the functional / || / || thus 




80 


Semester V 


df 


and 


constructed is a norm on ^ (U). Since Xf = ^ . 

' ^ Ox ^ 

II X'^ II for all i, for- every field X with || X || < 6 

there is an estimate 


II X/ II < 6 II / II. 

It can be derived from this by an obvious induction that 
if II X II < 6 and || y || <; 6, then for any exponents Pi, . . 
Pkj • • M Qk there is an estimate 

lix^iy^i... x^fey^A/iKd^ll/ll, 

where ^ = Pi + ... + Pa + + ••• + Qk- This means that 

series (11) is majorized (after being divided by || / ||) by the 
series In (e^e^), with X and Y being replaced by a number 6 
and the coefficients replaced by their absolute values, i.e. 
it is majorized by the series obtained from the series 


oo 


(12) 

2 (*-!)" 


n=l 

by replacing z by 

T 


71=0 


Since (12) converges for \z —1|<;1, this majorizing series 
will converge for —1|<1» i.e. for 6<^^. Hence 

for 6 <series (11) will uniformly converge in U to 

some smooth function, i.e. the operator ln(^^^^) will be 
applicable to the function /. □ 

Since series (10) differs from series (9) only in notation 
(by definition (X, y) = for any fields X, 

y € this proves that for H a; 1| < 6o» II T* || < 6^, where 
1 2 

6(, = —series (10) converges in the same “weak” sense. 

But it is known that for the operator series whose terms belong 
to a finite-dimensional vector space the “weak” convergence 
coincides with the usual “strong” convergence. Hence for : 
11 X II < 6o and ll F H < 6© series (10) converges (in the usual 
sense). 
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Remark 1. Regardless of the reference to the general theo¬ 
rem on the coincidence of “strong” and “weak” convergences, 
we can prove the convergence of series (10) by considering 
an arbitrary system of local coordinates dii the 

point ^ of a group G. For / = 1, . . n, series (11) 

turns into a series made up of components (X, Yy = 
(X, Yy of vector fields ^^(X, Y). Consequently, 
this series converges. Therefore so does the series made up of 

their values^^i (X, Y)l at e, i.e. of the coordinates ^in the 

basis • • •» of vectors J,, (X, 7)^). This means 

that the vector series 


(13) (Xj, y)e + ^2 ^)e + • • • f ^)e "T • •• 

converges. Let ^(X, Y)f> be its sum and let ^(X, Y) be a 
left-invariant vector field assuming at e the value ^(X, Y)^, 
For any element a ^ G the series 

(X, Y)a {X, Y)a + • • • + Y)a 4- . . . 

made up of the values which take the terms of series (10) 
at the point e is obtained from series (13) by applying a 
linear operator dL^, and therefore it converges to the vector 
{dLa (^(^» Y)e) = ^(X, Y)„. This precisely means that 
series (10) converges to ^(X, Y). 

It is proved by calculus that if a function is expanded into 
a convergent power series, then that series is unique. It follows 
in particular that if the series for In z is substituted into 
the series for then after collecting the like terms a series z 
results. In other words, the equation holds not only 

for functions but also for formal series. It remains valid there¬ 
fore also if z is replaced in it by say a series for . 
This means that if z is replaced in the series for by se¬ 
ries (10) a series for is obtained. Since all the series here 
converge, this proves that 

(14) == e^e^. 


e^e 


This formula holds for any elements X, Y of the algebra X (G) 
for which || X || <C and || Y 1| <C where is a sufficient¬ 
ly small number (according to the above investigation any 

§0 will do). 


6-0450 
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We now return to formula (5). It holds for any X and Y 

o 

in some normal neighbourhood U of zero of an algebra 9 — 
( (G) which have the property that exp X-exp 

o 

Y — exp U. In particular, there is a 61 such that for any 
positive 6 < 61 formula (5) holds for || X | <5 and || Y || <; 
6 . Assuming, in addition, that 6 <C 60 formula (5) can be 
rewritten as follows: 

/ (exp X-exp Y) = {e^f {e), where Z = ^(X, Y). 

Now notice that the element Z of ( (G) is obviously contin¬ 
uously dependent on its elements X and Y, so that in par¬ 
ticular Z 0 when X 0 and Y 0. Therefore, with a 
sufficiently small 6 the field Z satisfies formula (4) by which 

{e^f) (e) = / (exp Z). 

Thus if II X II <C 6 and || Y || < 6 , where 6 > 0 is suffi¬ 
ciently small, then 

f (exp X • exp Y) = f (exp Z) 

for every smooth function f defined at the points exp X • 
•exp Y and exp Z. In particular, it is true when / is one of 
the coordinates . . ., a;” at e. Thus all the coordinates 
. . ., x'^ assume equal values at exp X-exp Y and exp Z, 
which is possible only when 

exp X-exp Y = exp Z. 

To sum up, we obtain the following theorem, which was 
the main goal of all the preceding arguments. 

Theorem 1. The identity element e of an analytic {or local) 
Lie group has a neighbourhood U which possesses the following 
properties: 

(a) there is a 6 ';> 0 such that every point of U can he uni¬ 
quely represented as exp X, where X 6 I (G) and || X || <* 6 ; 

(b) for any two points exp X and exp Y of U in ( (G) there 
exists an element Z such that 

(15) exp X-exp Y = exp Z; 

(c) that element Z is the sum ^(X, Y) of series (10) whose 
terms are Dynkin polynomials (X, Y1 in X and Y. □ 

The theorem implies that a (local) Lie group G has a part 
in which multiplication is uniquely reconstructed (hy for- 
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mula (15)) from the Lie algebra ( (G). Consequently, two 
(analytic) local Lie groups with isomorphic Lie algebras are 
isomorphic (more precisely, their germs are isomorphic). 
In that sense we may say that the Lie functor 

L: GR-LOCALG/-LIE 

is Invertible to within an isomorphism. 

A more precise statement will be obtained in Lecture 6. 

Using Theorem 1 it is easy to solve the problem we have 
put off above of interpreting the operations of the algebra 
g = 1 (G) in terms of one-parameter subgroups. 

If a basis . . ., is arbitrarily chosen in the vector 
space 9, then for any normal neighbourhood U of the identity 
of the group G the composition of a diffeomorphism exp’^: 

o o 

U U with a restriction to U of the corresponding coor¬ 
dinate isomorphism will be a diffeomorphism of U 

onto some open set of the space Ol^, i.e. the pair (U, h) 
will be a chart on the Lie group G. The corresponding local 
coordinates are called normal coordinates. Thus if a == 
exp X and X-x^e-^ + . . then the numbers . . ., 

are the normal coordinates of a point a ^ U. 

A one-parameter subgroup t ^ exp (tX) corresponding 
to an element X ^ g (i.e., if X is interpreted as a left-in¬ 
variant vector field, an integral curve of that field passing for 
I ^ = 0 through the point and, if X is interpreted as a vector 
of the tangent space Tg (G), a one-parameter subgroup having 
a tangent vector X for t = 0) will be denoted by 
Proposition 1. For any X 6 9 and any k ^ K an element 
6 9 (interpreted as the element of space Tg (G)) is a tangent 
vector to a curve for t = 0 

(16) t ^ (kt). 

For any X, Y 6 9 the element X + Y 6 9 is (m the same in¬ 
terpretation) a tangent vector to a curve for t ~ 0 

(17) t Pjr (t) Py (t) 

nnd the element [X, Y] ^ 9 is a tangent vector to a curve for 
t = 0 

(18) « Px (f OPr (V" t) P;c (1^ t)-^ Pr iVt)-^- 
6 * 
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Proof. The first statement is obvious since curve (16), i.e. 
the curve t ^ exp {ktX), is nothing but a one-parameter 
subgroup Pftx- 

To prove the second statement notice that since 
tY) = {X, Y) and (X, 7) = X + Y, we have 

J(^X, tY)=t{X-]-Y) + 0 (i^), 

where 0 (t^) stands for the terms of degree ^2 in t. Curve (17) 
therefore is of the form 


t exp (^ (X + y) -f- 0 {t^)) 


and hence, in normal coordinates (defined by an arbitrary 
basis of the Lie algebra g) it is given by the functions 

{t) = t (X^ + Y^) + 0 (t^). 


Consequently, for ^ = 0 its tangent vector has coordinates 


dx^ (t) 
dt 


i=0 


=x^ + y^ 


and hence coincides with the vector X -j- Y. 

Similarly, since 

(exp X)‘(exp y)«(exp X)"^*(exp Y)"^ 

= exp X‘exp y*exp (—X)'exp (—Y) 

= exp (J(X, Y)) exp (J(— X, —Y) 

= exp J(J(X, 7), J(-X, -Y)) 

and 

J (J (X, Y), J (-X, -7))- J (X, 7)+ J (-X, 
, 1 


2 


[J(^. Y), J(-X, -7)1+... 


Y) 


= {(X + 7) +4-l^> 

+.|(_Z_7)+4-[-X, -7]+...} 

+4-[X + 7+..., _X-7+...]+... = ^[X, 7) 

+-i-[X, 7J+4-IX, -7J+4-I7, -X]+... 

= [X, Y] + ...» 




Lecture 4 


85 


curve (18) is of the form 

t ex^ilYt X, Yt y]+0{t^^^)) = exp(t[X, Y] + 0{t^'^)) 


and is hence, in normal coordinates, given by the functions 
(19) (t) = t [X, YV + 0 (^3/2), j = 1, . . ., Az. 

Consequently, 


dx^ (<) 
dx 




and hence a tangent vector to curve (18) for ^ = 0 is the 
vector [X, Y], □ 

Remark 2. Note that while curve (16) is a one-parameter 
subgroup curves (17) and (18) are not. Moreover, curve (18) 
is defined only for ^ ^ 0, so that we cannot speak about its 
tangent vector for ^ = 0. Therefore we must give an ad hoc 
definition of a tangent vector to curve (18) for ^ = 0. We 
shall take as that vector the limit for ^ 0 of tangent vec¬ 

tors to curve (18) for ^ > 0. It follows from formulas (19) 
that this limit exists and is [X, Y], 

Remark 3. It is also useful to have in mind that in formu¬ 
las (17) and (18) one-parameter subgroups P y smd Py can be 
replaced by arbitrary curves a^* t (0 and ay: t »—► 

ay (t) for t = 0 passing through the point e and having 
tangent vectors X and Y. Indeed, with | t | sufficiently 

small, vectors oLx (t) == exp”^ a^ (t) and ay (^) = exp"^X 
ay (t) are defined in ^ and for these vectors we have 

ax (t) = tX + 0 (^2), ay (t) = tY + 0 {t^) 
and hence 

^(a^ (t), ay (^)) = t {X Y) 0 {t^)» 

Therefore for f = 0 a tangent vector to, say, a curve 


O ® / v v 

ax {t) oty (^) = exp ^ {ax (t), oty {t)) 
is the vector X -h Y- 


Theorem 1 also allows one to calculate the differential 
of an arbitrary interior automorphism. 

For every element a of a Lie group G the differential 
(^^a)e == t (Ofl) of the corresponding interior automorphism 
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X axa~^, x is denoted by Ad (a). This auto¬ 

morphism is a linear invertible mapping 

Ad (a): gg 

of the vector space g = ((G) onto itself. Since = La o 
Ha-iy we have (in the interpretation g = Tg (^)) 

Ad (a) = (dL-l)a-io (dRa-i)e- 

It is clear that the mapping 

Ad: a ^ Ad (a) 

is a homomorphism of a Lie group G into the Lie group Aut g 
of all nonsingular linear operators of the vector space 3 . 
That homomorphism is called an adjoint representation of G. 

The differential (d Ad)^ = ( (Ad) of the homomorphism 
Ad at point ^ is a linear mapping of the vector space g — 
( (G) into the vector space End g = ( (Aut g) of all li¬ 
near operators of g. On the other hand, we know from Lec¬ 
ture 3 that for any Lie algebra 3 there is a linear mapping 
ad: g End g acting by the formula 

ad X: y [X, Fl, X, Y e g- 

Proposition 2, We have 

( (Ad) — ad. 

Proof (cf. the proof of Proposition 1). Since 

Y), -Z)= J + Y]+..^, -x) 

= y+-|-[X, yi4 4-t^> 

= y+[x, y]+ 

where the dots designate terms of at least the third degree 
in X and Y, we have 

(exp X) (exp Y) (exp X)“^ = exp ^ (^ (X, Y), —X) 

= exp (Y + y] + . . .) 

and hence 

(Py {t)) = (exp (sX)) (exp (tY)) (exp (sX))-i 

= exp (^y 4 - St [X, y] ..)) 
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where the dots designate terms of at least the third degree 
in s and t. Consequently, the normal coordinates of the vector 




d^Y (t) 


u 


) |(=, 


are 


{tY^st [X, y]^+...) —+ 

where the last dots designate terms of at least the second de¬ 
gree in s and hence 


(c?OPj^(s))c^ = ^ 5'^]+*** 


Since 


(d Ad)eX = {d Ad), (^lj^[^J=:±Ad{f>^{s)) 


U=o 


= ]im Ad(P;c(^))-Ad(.) (^%(.))«—g ^ 


s-^0 


s -»-0 


it follows that 


((c? Ad)eX) y = lim 

s-^O 


1 


= lim([X, y]-f...) = [X, yi = (adX)y. □ 

s -^0 


Corollary. For any element we have 

Ad (exp X) — e^^ 

Proof. The formulas 

t »—► Ad {t exp X) and ^ h-> ad x 

give one-parameter subgroups of the Lie group Aut 9 which 
have the same tangent vector for ^ = 0 

{d Ad)eX = ad X 

and hence coincide for all t, □ 
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Another example of using Theorem 1 arises from consider¬ 
ing in the Lie algebra g — t (G) a smooth curve t ^ X (t). 
For any s g [R the mapping t exp {sX (t)) is some curve 
in G passing for i — 0 through a point a (s) = exp (sZ), 
where Z = Z (0). Let 

be a tangent vector to that curve at a (5). On translating 
that vector by means of the differential (d^a(s)"i)a(«) the 
point e we obtain a vector 3 = Tg (G) 

B (5) = (s). 

The mapping s fi (s) is a smooth curve in 3 and hence 
for any s its tangent vector B' {s) is defined. It turns out 
that 

(2) 5' is) = Ad (a {s)) Y, 

where Y = Z' (0). Indeed, by definition of the action of 
the differential of a smooth mapping upon the tangent vec¬ 
tors to the curves 



=4- (®^p (*))) ®*p (“ ,=o 

and hence according to Remark 3 

B{s + As) — B (s) = ((exp (sX (t)) exp (— sX))~* 
X (exp ((s + As) X (t)) exp (— (s + As) X)) | (=o 

= 4 (®^p ®^P (~ 

X exp ((s + As) X (t)) exp (— (s + As) X)) I (=o 
= -^ (a (s) exp (AsX (i)) a (s + As)"*) 

CLv 

d 

= {dLais) ° dBau+\s)-<) -Jf (exp (AsX («))) . 
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Therefore 


B> (s) ^ lini 


As-*-0 


{dLais) ° ^^a(s)“0 

As -^^0 


d_ 

dt 


(exp {^sX (t))) 


t=o 


As 


-jr (exp (^sX (t))) 
— Ad {a (s)) lim - 

As-i-O 


<=0 


As 


and hence for equation ( 20 ) to be proved it suffices to prove 
that 


lim 

As->0 


(exp (AsX(t))) 
As 



But it is obvious, since in normal coordinates corresponding 
to a basis of the vector space 9 the point 

exp (AsX (i)) has coordinates AsX^ {t), where (t) are the 
coordinates of a vector X (t) in the basis and 

hence the vector 


lim 

As-»-0 


(exp (AsX {t)) 
As 


has in the basis ei, coordinates 1^1^® 

same coordinates as the vector X' (0) = Y. □ 

The linear operator Ad (a ( 5 )) involved in formula (20) 
can be rewritten as follows: 


Ad (a (s)) = Ad (exp (sX)) = 

^E + sadX+ . ..-f - 

Tlf • 


Integrating this operator identity with respect to s be¬ 
tween 0 and 1 we obtain an identity 


1 

j Ad (a (s)) ds = 


^ad X__^ 


adX 


9 
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X _ £ 

where by —— is meant the sum of an operator series 




I (adX)” ■ 

■' (n + 1)! ■' 




obtained from the power series for the function —-— by 

substituting the operator ad X for z. For the vector B (1), 
it follows from formula (20) that 


1 

5(1)= ( B' (s)ds = 


adX 


Since by definition 


5(l) = (di?„(,)-.)a(i)4expZ(0 


t=0 


(dB exp (-X))cxp a: "jT (0 


;=o 


(exp X (t) exp (— X)) 


i=0 


this proves that 


^ (exp X (t) exp (— X)) =- 


adX_ 

adX 


Going over to normal coordinates we immediately see 
that for the vector Z (t) ^ ^ satisfying the relation exp X (t) X 
exp (—X) — exp Z (t), we have 


which yields 




ad X_p 


au ^ 

Going back to exp Z (t) and assuming X (t) = X + tY 
we see that we have proved 

Proposition 3. For any elements X, Y 69 have 

t _ad X IP » 


exp (X -f iF) exp (— X) = exp (t 


gadX_E 

adX 


F + 6>(i2)). 
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For every element Z 6 3 the differential {d exp);^ at 
point Z of a smooth mapping exp: 3 G is, by virtue of 
identification Tx (d) = 9 ^ a linear mapping 9 Ta (G), 
where a = exp Z. Its composition with the mapping {dRa)e^: 
Ta (^) “ Te (G) = 3 therefore is a mapping from 3 into 3 . 

Corollary An expression 

X _ p 

o (d exp);c = —^ , a -= exp X 


holds. 


Proof. Let Y Since - 


;=o 


= y, we have 


{{dRa% o {d exp);, y = A (exp {X + tY) exp (- Z)) 


0 


dt \ 


Y + 0{f^) 

ad X n=0 


adX 


y. □ 


Corollary 2. The mapping exp: ^ G is a diffeomorphism 
at point X ^ ^ if and only if not a single characteristic root 
of the operator ad Z is of the form 2mni. 

Proof. A mapping exp is a diffeomorphism at point Z if 
and only if its differential {d exp)^ at that point is an iso¬ 
morphism and the operator ad Z has characteristic roots of 
the form 2mjii, if and only if the operator e^^ ^ and 


^adX_ £ 

hence the operator - —» is singular. □ 

We stress that we have only proved all these results modulo 
statements A and B. Our immediate goal therefore should 
be to prove these statements. 


We first prove statement A, and do so in a somewhat more 
general form. 

Suppose a linear space 3 = t (G) is decomposed into a 
direct sum 

( 21 ) ^ 

of two subspaces and ^. We define a mapping 
(22) (D: 3 
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assuming for any X g 9 

O (X) = exp A • exp B, 

where A ^ and fi 6 ^ are components of a vector X 6 9 
in decomposition (21). Clearly that mapping is smooth and 
sends the zero 0 6 ( (G) to the identity e ^ G. We find the 
differential 


{d^)o- To (3) Je (G) 

of the mapping at the point 0 . 

Let 



To (3) 


be a natural isomorphism sending a vector X 6 d to a tangent 
vector to a curve t tX dX point 0. The mapping O sends 
that curve to a curve 


(23) t exp i4*exp tB = exp ^(^4, tB) 

and hence its differential (d(l))o sends the vector I (X) to 
a tangent vector to curve (23) at point e. This means that 
for any function f ^ Og (G) 

^ df (exp ^ (M, tB)) 

and hence (see formula (4)) 


dt 


/=0 


[((d(D)o o 1 ) (X)] / 


d(e'^ (e) 


dt 




But 


— (t^), 


and therefore 


, , J ((A, tB) 

d (g**^ _ /) (r) 

dt 


^^^ = {(A^,-B)f){e) = {Xf){e)^-XJ. 


Consequently, 


((d(D)o 0 1) {X) = X„ 
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i.e. 

(rf(I>)o o Z = i, 

where i is an isomorphism X of the vector space 

^ ( (G) onto the vector space Te (G). 

Since i and I are isomorphisms, it follows that the map¬ 
ping (cZ(I))o is also an isomorphism. By virtue of the theorem 
on etale (locally diffeomorphic) mappings this proves the 
following proposition: 

Proposition 4. Mapping (22) is a diffeomorphism aZ 0 6 9* □ 

For q = ^ (and ^ 0) we obtain statement A which 

is thus completely proved. 

By Proposition 4 the point 0^9 has an arbitrary small 

o 

starlike neighbourhood U on which mapping (22) is its dif- 
feomorphism onto some neighbourhood U of the identity 
6 ^ G, 

Definition 2, Neighbourhoods U and C7 having this prop¬ 
erty are called canonical neighbourhoods (of the points 0^9 
and e respectively) corresponding to a given direct sum 
( 21 ). 

By choosing arbitrary bases in subspaces and we 
obtain some basis of g. The composition of a diffeomor- 

^ o 

phismO"^: U U and a restriction to U of the correspond¬ 
ing coordinate isomorphism ^ iR” is a diffeomorphism 
of U onto some open set of the space i.e. a pair (t/, h) 
is some chart on G. 

Charts of this form are called canonical charts corre- 
spending to decomposition (21) and the corresponding local 
coordinates 00 ^ ^ 00 ^1^0 called canonical coordinates. 

It is clear that these definitions (together with Proposi¬ 
tion 4) are all automatically carried over to the case of the 
decomposition 

9 1 ^ ^ t:/h m 

of a vector space ^ into a direct sum of any number of sub¬ 
spaces. 

If in (21) A — ^ and ^ = 0, i.e. if in decomposition (24) 
m = I, then canonical neighbourhoods coincide with nor¬ 
mal neighbourhoods in the sense of Definition 1 and canonical 
coordinates coincide with normal coordinates. 
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Anotherextremecasearisesfor/n = Az, when spaces 
Jtm are all one-dimensional (i.e. when decomposition (24) 
is defined by the choice in 9 of some basis). The correspond¬ 
ing canonical coordinates are called canonical coordinates 
of the second kind (whereas normal coordinates are the ca¬ 
nonical coordinates of the first kind). 

Notice that canonical coordinates of the first and the 
second kind are given by an arbitrary basis of the vector 
space 3 . 

Using canonical coordinates we can easily prove the 
following important proposition: 

Proposition 5. Any continuous homomorphism O: i/G 
of Lie groups [i.e. their homomorphism as that of topological 
groups) is a smooth mapping {their homomorphism as that of 
Lie groups). 

Proof. Let a ^ H and g 6 00 ( 0 ) {G)- We have to prove 
that the function g o ( 1 ) defined in the neighbourhood of 
a point a is a smooth function at that point, i.e. it belongs 
to Oa (H). But since O is a homomorphism 

O = L(i,a o O o La* 

Therefore, since the mapping La and the function f = g o 
L^a smooth, it suffices to prove that for any function 
f ^ Oe (^) the function / o (I) is smooth in the neighbourhood 
of the identity e ^ H, i.e. that the mapping O is smooth at e. 

Consider first the case where H is the additive group lH 
of real numbers. Let C/ be a normal neighbourhood (a canon¬ 
ical group of the first kind) of the identity ^ in a group G 
and let . . ., be the corresponding normal coordinates. 
Suppose further e > 0 is a number such that O {t) 6 U, 
when 1 ^ 1 < 8. If 0 < i < 8 and 0 < j r | < 5 , where r and s 
are integers, then 

On the other hand, since the coordinates . . ., are 
normal, for any i = i, . . ., n oi any element a 6 t/ and 
any s such that a® 6 U, we have 

x^ (a*) = sx^ (a) 
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(it suffices to notice that if a = exp A, then a* = exp (5^4)). 
Consequently, 

(ajioO)) =r.(a:‘o(D) (y) 

and 

oO) (t) --=s*(x^ oO) 

Therefore 

Since the mapping O is continuous, a similar equation 

(x^ o O) (at) = a^ (x^ o (X>) (t) 

is true also for any real a, | a | < 1. This means that func¬ 
tions x^ o (I> are linear. Thus 0 is given in local coordinates 
by linear and hence analytic functions. Therefore it is smooth. 

Now let jff be an arbitrary group. Choose an arbitrary 
basis y^, . . ., in its Lie algebra 1^. Then for any I = 
1, . . ., n the mapping (exp ^y^) will be a con¬ 

tinuous and hence, according to the foregoing, smooth homo¬ 
morphism H G, i.e. a one-parameter subgroup of a group 
G. There are, therefore, elements X^, . . ., in a Lie al¬ 
gebra 9 of G such that 

O (exp ^y^) = exp tXi 

for any i = 1, . . ., n. Since O is a homomorphism, it fol¬ 
lows that for any numbers P 6 [R 

O (exp t^Yi . . . exp t^Yn) = exp t^Xi . . . exp i^X^. 




It is clear that the element exp t^Xi . . . exp t^X^ of G 
depends smoothly on . . ., t^, i.e. its local coordinates 
x^ (in an arbitrary chart) are smooth functions 
(t), , . x^ (t) oi t = (t^, . • t^)» But by definition 

numbers ...» are (in some neighbourhood of the 

identity of the group H) nothing but canonical coordinates 
of the second kind defined by a given basis of the algebra f). 
Therefore functions x^ (t), . . ., (t) are the functions 

giving a mapping O in local coordinates and 

. . ., x'^. Since these functions are smooth, O is 


smooth. □ 
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Corollary. If two Lie groups are isomorphic as topological 
groups, then they are isomorphic as Lie groups, □ 

Hence, it follows that if it is possible to introduce on a topo¬ 
logical group a smoothness compatible with the topology so 
that the group should become a Lie group, then this can be 
done only in one way. 

This means that the forgetful functor 

GR-DIFF GR-TOP 

sends distinct Lie groups to distinct topological groups. 
We may thus assume that this functor realizes an embedding 
of the category GR-DIFF in the category GR-TOP. In other 
words, the category GR-DIFF of Lie groups may be re¬ 
garded as a subcategory of the category GR-TOP of all 
topological groups. Then Proposition 5 will mean that the 
subcategory is complete. 

The question now naturally arises as to whether it is 
possible to characterize the subcategory GR-DIFF within 
the category GR-TOP by general topological conditions 
without considering smoothness, i.e. whether it is possible to 
characterize within the category GR-TOP the topological 
groups G admitting a Lie group structure. 

One necessary condition is obvious: a topological group 
G admitting a Lie group structure must necessarily be Haus- 
dorff and locally compact. We introduce the following def¬ 
inition to formulate a finer necessary condition: 

Definition 3. A topological group G is said to be a group 
without small subgroups if its identity e has a neighbourhood 
containing no subgroups H {e]. 

It turns out that this property is necessary for a Lie group 
structure to be introduced in G. 

Proposition 6 . Every Lie group G {more precisely, every 
topological group G^q^ obtained from G by ignoring smooth¬ 
ness) is a group without small subgroups. 

Proof. Introduce a Euclidean metric on a vector space 
Te (G) = 9 . Then for a sufficiently small 6 > 0 a sphere 
of radius 6 with centre at point 0 is a normal neighbour¬ 
hood of that point and hence its image under mapping the 
exp is a normal neighbourhood of the identity in G..Let U 
be a normal neighbourhood similarly constructed from the 
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number 8/2. It is clear that for any nonzero vector A ^ ^ 
whose length is less than 6/2 there exists^an integer m such 
that the length^of the vector mA is greater than 6/2 and 
less than 6. This means that for any element a = exp A 
of U other than unity there is m such that = exp mA does 
not belong to U, Therefore U cannot contain any subgroup 
H ^ {e}. □ 

It should be noted that together with the local compactness 
condition the absence of small subgroups is already suf¬ 
ficient for us to be able to introduce on a Hausdorff group G 
a Lie group structure (unique, according to the foregoing). 

Theorem (Gleason and Yamabe). A topological Hausdorff 
group is a Lie group if and only if it is locally compact and 
has no small subgroups. 

The proof of the Gleason-Yamabe theorem is too cumber¬ 
some for us to present it here. 

Another necessary condition for a topological group to 
be a Lie group is that it should be locally flat, i.e. that it 
should be a topological manifold. The question as to wheth¬ 
er this necessary condition is sufficient constitutes the 
content of what is known as Hilbert's fifth problem (as formu¬ 
lated at present). A thorough study of the structure of topo¬ 
logical groups with small subgroups showed (Montgomery, 
Zippin, Iwasawa, Gleason, Yamabe) that no locally flat 
group can have small subgroups. In conjunction with the 
Gleason-Yamabe theorem this immediately yields a positive 
solution of Hilbert’s problem: any locally flat group is a Lie 
group. 

For details see [61 and [81. 
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Free associative algebras• Free Lie algebras • The basic lemma- 
The universal enveloping algebra- The embedding of a Lie 
algebra into its universal enveloping algebra - Proof of the 
fact that the algebra t {X) is free-The Poincare-Birkhoff- 
Witt theorem- Tensor products of vector spaces and of algebras* 
Hopf algebras 


To prove statement B of Lecture 4, which is of purely alge¬ 
braic character, we shall develop the corresponding forma¬ 
lism in a somewhat greater generality and detail than is im¬ 
mediately necessary, since this will allow us to present, 
without loss of time, a number of interesting and important 
constructions that are useful in many other questions of 
Lie algebra theory as well. 

Let A be an arbitrary category^of algebras (over a given 
field^K to be assumed arbitrary in this lecture). According 
to^the general concept of what a “free object” is (which will 
be^fully clarified only on the basis of the general-categorical 
notion of a conjugate functor) an algebra of A, with a 
subset X chosen in it, is said to be a free algebra of the cate¬ 
gory A with a set of free generators X if for any algebra ^ 
of A every mapping X ^ is uniquely extended to some 
homomorphism 3^ Jh* 

For example, a free algebra in the category of associative, 
commutative and unital algebras is the algebra of polyno^ 
mials K [X] in unknowns ranging over a set X. Similarly, in 
the category ALGq-ASS of associative (but, generally speak¬ 
ing noncommutative) unital algebras a free algebra is the 
algebra of polynomials in noncommuting unknowns from X. 


Lecture 5 


99 


We shall denote that algebra by K (X), and, for a finite set 

X {^l» • • •? ^ fiy ^ (^1? • • •? • 

For the only case of interest to us, where the set X^con- 

sists of two elements x, y, every element of the algebra 
K (^7 y) can be uniquely represented as a linear combination 
with coefficients from K of expressions of the form 

( 1 ) 

called monomials in x and y. Here. . ., p^, are arbi¬ 
trary nonnegative integers which are all, with a possible 
exception of the “extreme” numbers pi and other than 
zero. If Pi = 0, then the term xp^ is left out and if q^ — 0, 

then y^^ is. The number w = Pi + + . . . Pfe + is 

called the degree of monomial (1). 

An empty monomial (with /c = 0) identifiable with the iden¬ 
tity 1 of the field K is allowed. Its degree is zero. 

The fact that monomials (1) make up a basis of K {x, y) 
uniquely defines in K {x, y) the operations of addition and 
multiplication by numbers in K. As to multiplication, it is 
sufficient to define it with respect to distrihutivity only 

for monomials (1). If monomials xP^y^^ . . . x^^y^^ and 

x^^y^^ . . . x^^y^^ are such that 0 and 0 or on the 
contrary q^^ = 0 and = 0, then their product is the mo¬ 
nomial 

(2) ... x^^y^^x^^y^^ ... x^^y^^ 

resulting from adjoining the second monomial to the first 

(when qi^ — 0 and = 0 the terms and x^^ are naturally 
^eft out). But if of the two exponents qk and one and only 
one is zero, then the monomial obtained from expression (2) 
(which in that case is not a monomial) is taken to be the 

product of monomials by replacing x^^ ifh xri^ by X^h+^^ 

Qk = ^ and by replacing y^^x^iy^^ by for = 0. 

A direct check shows that this multiplication is associative, 
as required. Its identity is the empty monomial 1. 

If now {a:, y) is a mapping of the set {x, y} into 

some associative unital algebra then on associating with 

any monomial (1) an element aP^b^^ . . . a^^b^^ of where 

7 * 




100 


Semester V 


$ 


a and b are images'of the generators x and and extend¬ 

ing this correspondence with respect to linearity to arhi- i 
trary polynomials we obtain, as a direct easy check shows, 
a homomorphism K {x, y) which sends x and y to a 
and 6, i.e. extends the given mapping {x, yi)~^Jh* Since 
an arbitrary extending homomorphism must send monomial 

(1) to an element no other extending * 

homomorphism can exist. This proves that the algebra K{x,y) 
is a free algebra of the category ALGq-ASS with free generators x ^ 

and y. 

The algebra K {X) with any X can be described simi¬ 
larly. The fact that K (Z) is free for any X is proved by - 

obvious, self-evident changes for X = {x^ y}. 

Free algebras of the category ALG-LIE (they are called ' 
free Lie algebras) are significantly more difficult to construct. 

The simplest way is apparently to consider in the Lie algebra 
[K (X)] adjoined to a polynomial algebra K (Z) a sub¬ 
algebra t{Z) generated by a set Z, i.e. the smallest sub- ^ 
algebra containing that set. Just as in the case Z = {x, y} 

(see Lecture 4) the elements of the Lie algebra t (Z) are 
the Lie polynomials in the elements of Z, i.e. all possible ^ 
expressions that can be obtained starting from these elements 
by the operations of addition, multiplication by numbers 
and the Lie operation [a, b] = ab — ba (all these elements 
lie of course in t (Z) and at the same time are a subalgebra 
of the algebra [K (Z)]). Unfortunately, there are no simple 
canonical representations (similar to representation of the 
elements of K <Z) as linear combinations of monomials) 
for the elements of the algebra t (Z), which significantly 
complicates the study of t (Z>. 

As in Lecture 4, i will denote the embedding t (Z)-> ^ 

K <Z), i.e., more precisely, a mapping transforming a Lie 
polynomial i g t (Z) to a polynomial ui in K (Z) ob- ^ 
tained upon removing all Lie brackets by the formula [a, b] = 

= ab — ba. 

Proposition 1. An algebra \ {X) is a free Lie algebra with 
a set of free generators Z. 

The proof of this proposition is very complicated. We ( 
begin from afar by proving one lemma relating to any Lie 
algebras. 
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Let g be a Lie algebra (over a field K) and let 

(3) X = {Xi, iei} 

be some basis of it (as a vector space). It is not assumed that 9 
is finite-dimensional, therefore the index set I considered 
to be well-ordered is in general infinite. (That there is a basis 
in a vector space is proved without difficulty using Zorn’s 
lemma, since the set of all subspaces of the vector space that 
have a basis is easily seen to be inductive, and at the same 
time any proper subspace having a basis may be included, 
by adding one vector, in a larger subspace that also has a 
basis). 

Next let TTI be a vector space whose basis consists of ele¬ 
ments whose indices are all possible monotonic (i.e. such 
that ^ ^2 ^ ^ ^ 7 i) sequences a = (ij, ig, . . ., in) oi 

elements of the set /. | 

For every sequence a = (ij, . . ., J^) we will denote the 
number n of its terms by | a |. We count among monotonic 
sequences also the empty sequence 0 for which | 0 | = 0 . 

The product of the elements a, b of o^Lie algebra 3 will 
be denoted by [a, b]. 

Lemma 1. We can associate any element a 6 9 and any 
element v with some element av 6 so that the follow¬ 
ing conditions hold: 

(a) the element av is linearly dependent on a and v\ 

(b) for any elements a, b ^ $ and any element v 6 

[a, b]v — a {bv) — b {av)\ 

(c) if a = (jj, . . ., in) and i < then 

where ia = (i, . . ., in)* 

Proof. By virtue of condition (a) it suffices to construct 
elements of the form XiZ^. We do this by induction on | a | 
and i. To carry out this induction it is convenient to require 
that the lemma should, in addition, satisfy the following 
condition: 

(d) if XiZ^ = I Pfe I < I a I -f 1 /or aZ/ /c. 

For a = 0 and any i we set by definition 
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Suppose elements Xjz^^ have already been constructed for 
all 7 and all P with | P < | oc | and for / < i when | p | = j 
I a |. Assuming a = i^p, we define an element XiZ^ by 
the formula 

_( zia if 

Xu(XiZfi) + lxi, Xu]Zfi if i>ii. 

By condition (d) and the induction hypothesis this defini¬ 
tion is correct. It is clear that for an element Xtz^^ thus con- | 
structed conditions (c) and (d) hold. 

Thus all elements hence (by linearity) all ele¬ 
ments aVj a 6 6 are constructed. It remains to 

check condition (b). It is clear that it suffices to do it only 
for a = Xi, 6 = Xj, v = z^. Thus we have to prove that , 

for any i, j and any monotonic sequences a = . . ., 

(4) Xf ^a* 

With i = j this equation is obviously satisfied. In addition, 
if it is satisfied for a pair (f, 7 ), then it is satisfied for a pair ^ 
( 7 , i) as well. We may assume, therefore, without loss of 
generality that i > j. 

We carry out induction on I a ]. If a = 0 (and i > 7 ), 
then by definition 

{XtZ0) + \xi, X)\ Z0. 

Consequently, when a = 0 equation (4) is true. 

Assuming now that (4) holds for all a with | a | 1 

we shall consider a sequence a = (ii, ...» i^) with | a [ = , 

n. For the formulas to be symmetric we assume = k | 
and P = (^ 2 * • • •» in)' 

If 7 ^ ft, then by definition * 

SO that in this case equation (4) is true. 

Let J > ft. By the induction assumption equation (4) ' 

is true for a = p (and any i and j). Therefore 

\xi^ Xj\ Zq^ = [^j, Xj\ (Xfii ^p) 

— ^p) ^P 

= Xu {Xi (XjZp)) — Xu {xj (XiZ^)) + llxi, Xjlxu] Zp, I 
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and hence (4) may be written as follows: 

(Xj — Xj {Xi (XkZfi)) + Xk {Xj {XiZj) 

Xji (Xi {XjZ^^ = [[^j, Xj\^ .T/il Zp, 

We denote this equation by (i, k). 

Now notice that equations (/, k, i) and {k, i, /) obtained 
from (i, 7 , k) by cyclic permutation of indices may be taken 
to be proved. Indeed, in rewriting the indices / »-► i/Zc >-► /, 
i >-► k the equation (/, A:, i) becomes (i, /, with i > / 
and ] <ik and under these assumptions it is already proved. 
Similarly, in rewriting the indices k j, i /, ] k the 
equation (k, i, j) also becomes (with only all the signs chan¬ 
ged) an equation (Z, /, k) with i > / and j < k. 

On the other hand, by adding (;, A:, i) and (A:, i, /) to¬ 
gether we obtain on the left just the left-hand side of (i, ;, k) 
with an opposite sign. As to the right-hand side of the sum 
It is 

([[iTj, Xi^ “1“ Xi\^ Xj\) Zp 

which, by virtue of the Jacobi identity, equals the right- 
hand side of (Z, 7 *, k) taken with an opposite sign. Consequen¬ 
tly, since ( 7 , fc, i) and (A;, i, 7 ) are true so is (i, 7 , k). 

This completes the proof of Lemma 1. □ 

Recall that a vector space T* is said to be a module over 
an associative algebra Jb (or simply ^-module) if for any 
element a ^ Jh and any element i; £ ^ an element av £ T/'' 
is defined which is linearly dependent on a and v and if for 
any elements a, fc 6 ^ 4 , v 6 T* 

(5) (ab) v = a (bv). 

The fact that the element av is linearly dependent on v 
implies that the mapping i; >-► ai; nf the space T* into itself 
is linear. Denoting the mapping by 0 (a) we thus obtain some 
mapping 0 of the algebra T* into the algebra End f" of all 
linear mappings (endomorphisms) of T into itself. The fact 
that av is linearly dependent on a implies that 0 is linear 
and relation (5) implies that 0 is a homomorphism of alge¬ 
bras. Conversely, an arbitrary homomorphism of algebras 
A End TT defines on the structure of a module over 
A for which ay = 0 (a) 
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Similarly a vector space TT is said to be a module over 
a Lie algebra ^ if a certain homomorphism 6 : g [End T] 
of the Lie algebra g into the Lie algebra [End 5 ^] is given. 
In terms of elements this means that for any element a g g 
and any element i; g ^ an element av = Q (a) v is defined^ 
which is linearly dependent on a and with 

[a> b] = a (bu) — b (av) 

for any elements a, b ^ ^ and Comparing these 

requirements and conditions (a) and (b) of Lemma 1 we see 
that the lemma implies that we may introduce into the vector 
space f"i the structure of a module over g such that for any 
monotonic sequence a = i^, . . in) cind any i ^ i^ 


It is in this formulation that this lemma will be used. 

Now let^ be some associative unital algebra and let i: 9 
[^] be a homomorphism of a Lie algebra 9 into a commu¬ 
tator Lie algebra of 

Definition 1, A homomorphism i: 9 [^1 is said to 
have the property of being universal and ^ (considered to¬ 
gether with that homomorphism) to be the universal envel¬ 
oping algebra of a’^Lie algebra 9 if for any associative unital 
algebra Ji and any homomorphism cp: 9 ->- [^] there exists 
a unique homomorphism 'ip: ^ ^4 for which the diagram 



ifl: 


is commutative. 

We shall write i]) = ^cp. 

Notice that if ^ ^ and cp = i, then is an identity 

homomorphism id: ^ 

For a Lie algebra ( (X > the algebra K (X) (relative to the 
embedding i: \ (X>-)-[K {X>]) is the universal enveloping 
algebra. Indeed, let (p: t be a homomorphism 
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of ( {X) into a commutator algebra [^] of some associative 
unital algebra Since K (X > is free, the mapping cp | : X 
^ can be uniquely extended to some homomorphism 
'll): K (X>It is only necessary to show that oj) o i = cp, 
i.e. that ^ = cp. But by construction -ij) = cp on X. 

In addition, if cpa = -ipa and cpfc = -ipfe, where a, fc £ (<X), 
then cp (a + fc) = 'll) (a + fc), cp (ka) = yp (kb) (for both map¬ 
pings cp and 'll) are linear) and cp [a, b] = [cpa, cpfc] = cpa* 
(pfc — (pfc*(pa = y^a^y^b — 'i^6‘\l)a = -ip (afc — ba) = yp [a, fc]. 
Therefore cp = ip on all Lie polynomials in X, i.e. on the 
whole of i(X>. □ 

If 4: g [^1] and igi 9 “> [^2! ^re two homomorphisms 
having the property of being universal, then homomorphisms 
p = ^ii2: a = arising by 

virtue of universality of ii and 4 respectively, are defined: 





For the composition a o p a commutative diagram 





% 



shows that a o p == But, as noticed above, ^14 = id^ 

where id is an identity mapping ^1. Therefore 

o o p == id. We can similarly show that the composition 
p o a is an identity mapping Consequently, the 

homomorphisms p and a are reciprocal isomorphisms. This 
proves that for any two universal enveloping algebras 
and ^2 ^ Lie algebra 9 there exists an isomorphism p: -> 

^2 P ® 4 = h- 
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In this sense a universal enveloping algebra ^ of a given 
Lie algebra is unique. 

To prove its existence we again choose in 3 an arbitrary 
basis (3) and consider the algebra of noncommutative poly¬ 
nomials K iX). The algebra 3 (considered as a vector space) 
is identified naturally with a subspace Ki <X> of K iX) 
consisting of homogeneous polynomials of the first degree. 
Thus for any elements x, y ^ q three elements (clearly dis¬ 
tinct for X ^ 0 and y z^O) will be defined in the algebra 
K iX): an element [x^, y] ^ Ki iX), a homogeneous first- 
degree polynomial, and elements xy and yx, homogeneous 
second-degree polynomials. Let'll be an ideal of K<X> 
generated by all polynomials of the form xy — yx — [x, y] 
and let ^ = K{X)/f be the corresponding quotient al¬ 
gebra. Also let i: 3^ be a restriction to 3 = Ki(X) 
of the canonical epimorphism K Then for any 

elements x, y ^ $ in 

i [x^ y] — i {xy — yx) = ix*iy — iy>ix = [ix, ly]. 

The equation shows that i is a homomorphism of Lie algebras 

Now let Ji be an associative unital algebra and let cp: 3 
[^] be an arbitrary homomorphism. A restriction of cp 
to X is uniquely extended to some homomorphism 

-ipiK {X)-^ji. Both mappings cp and i]) are linear and 
coincide on the basis X of thej vector space 3 = KiiX). 

Therefore cp = on 3 and hence for any elements x, y ^ ^ 

y])= ‘^x^'y^y — •\i)y•^^x — ij) [x, y] 

= (pa;*cpy — ^y^(px — (p lx, y] 

= [^)X, cpy] — cp [x, y] = 0. 

Consequently, xj) {^) = 0 and therefore xp induces some ho¬ 
momorphism xp: ^ jI which obviously has the property 
that cp o I = x|k This means that the homomorphism i has 
the property of being universal. 

This proves that for any Lie algebra 3 there is a universal 
enveloping algebra ^L. 

Remark 1. It is easily seen that the constructed algebra ^ 
is independent of the choice of basis ( 3 ) of a Lie algebra 3 
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and therefore the correspondence ^ ^ is some functor 
ALG-LIE ALGo-ASS. This functor has the property 
that for any associative algebra ^ the set Horn (9, Ijl]) 
of all homomorphisms is in a natural bijective 

correspondence with the set Horn (^, ji) of all homomor¬ 
phisms ^ A- 

Horn (g, [jl]) ^ Horn (?/, jl). 

In terms of category theory this means that the functor 
9 is conjugate from the left to the commutator functor 

As applied to the algebra 3 = End the property of 
being universal for a homomorphism i: 9 >-► ['Ul implies 
that any module f" over a Lie algebra 9 has a unique structure 
of a ^-module continuing its structure of a ^-module, i,e. 
such that 

XV = {\>x\v 

for any elements ^ 6 9 v . Indeed, the structure of 
a 9-module on TT is given by the homomorphism 9 
[End?^] and the structure of a ^-module is given by 
the homomorphism ^ -> [End □ 

By virtue of Lemma 1 this implies that on the vector space 
there exists a ^-module structure in which 

(6) (l^i) “ ^ia 

for any monotonic sequence a = (ij, . • .> in) and any i ^ ii. 
In particular 

(la;^ Z0 = Zi. ^ 

The last formula immediately yields the following prop¬ 
osition: 

Proposition 2 . For any Lie algebra 9 the mapping i: 9 
[%] is injective, so that the algebra 9 can be identified with 
some subalgebra of a commutator algebra VU]- 

Proof. Let x be an element of a Lie algebra 9 such that 

vx — 0 and let x — expansion of that element 

with respect to basis ( 3 ). Then 

^^1 X j Cf {\tXi) Z0 ( ^i^i) ^0 ^0 ^^0 

which is possible (since the elements z^ make up a part of 
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the basis of the vector space TTj) only when Ci = 0 for all I. 
Consequently ^ = 0 . □ 

Proposition 2 explains the attribute “enveloping” for the 
algebra 

In what follows we shall assume the mapping i to be an 
embedding and in particular an element of the form ix, 
a; 6 9 will be denoted simply by x. 

Now Proposition 2 easily yields Proposition 1 . 

Proof of Proposition 1 • Let (p: X g be a mapping of 
a set X into an arbitrary Lie algebra g and let i: g 
be an embedding of the algebra g into its universal enve¬ 
loping algebra Since K<X> is a free algebra of the cate¬ 
gory ALG©-ASS, there exists a homomorphism-ij): K <X>-> 
coinciding on X with a composite mapping i o cp: X 
. This homomorphism transforms every element of 
l(X>, i.e. every Lie polynomial in elements x^X into 
a Lie polynomial in the corresponding elements (i o (p) ^ 
of a subalgebra i (g) and hence into some element of that 

subalgebra. This means that 'il)(i(X))cz i (g). Since by 
Proposition 2 the mapping i: g i (g) is bijective, it 

follows that 'll) induces a mapping yp: ( (X>-)-g such that 

t o 'll) = 'll) on ( (X>. To complete the proof it remains to 
notice that il) is obviously a homomorphism of Lie algebras 
and coincides on X with a given mapping cp. □ 

Proposition 2 is equivalent to the assertion that elements 
Xi = iXi of tL are linearly independent. In this form it allows 
an important generalization which plays an essential role 
in the proof of statement B of the preceding lecture (it should 
also be noticed that in fact we do not need Proposition 1 
to prove statement B; we have proved it only because it is 
of interest in its own right). To formulate this generalization 
consider for any monotonic sequence a = {ii, ig* • • •» ^n) 
of the elements of the set I an element 

( 7 ) ^ 

of ^ (it is assumed for a = 0 that X0 = l)» In what fol¬ 
lows, for ease of formulations, we shall call elements of 
the form ( 7 ) special elements of ^ (with respect to basis ( 3 ) 

of 8). 
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Proposition 3. Special elements of a universal enveloping 
algebra % are linearly independent. 

Proof. Formula (6) yields by an obvious induction that 

for any monotonic sequence a. After that it remains to repeat 
the already familiar argument: if = 0, then 

which is possible only if = 0 for any a. □ 

Proposition 3 can be made more precise: 

Proposition 4. Special elements form a basis of an al- 
gerba ^ {considered as a vector space). 

Before proving this proposition we make some prelimi¬ 
nary remarks. 

Of course, elements are defined for any (not neces¬ 
sarily monotonic) sequences a == (ii, . . of elements of 
the set I (but the word “special” will be used for these ele¬ 
ments only if the sequence a is monotonic). 

For any sequence a = {i^, . . in) ot elements of I we 
denote by d (a) the number of disorders it has, i.e. pairs 
(fe, Z), 1 ^ fe, Z ^ 71 , such that k <i I and The se¬ 

quence a is monotonic if and only if d{a) — 0 . In partic¬ 
ular d{ 0 ) = 0. 

An easy induction on | a | and d{a) now shows that any 
element of the form x^ is a linear combination of special ele¬ 
ments. 

For d{a) = 0 this assertion is indeed true. Assuming that 
it has already been proved for all elements of the form Xf^ 
with I P I < I I or with | P | = | oc | and d(P) < d{a) 
consider an element Xa, with d{a) > 0 . It is clear that the 
sequence a has a pair of adjacent indices (Z, j) that form a 
disorder, i.e. such that Z >/. The element x^, can therefore 
be written as follows: 

where a' and a" are some sequences (possibly empty) of 
indices. But by definition of a commutator 

XiXj = XjXi + 
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and therefore 




= X 


a 


tXjXiXo^t 


•^a** 


In 9 the element [xi, Xj] is expanded with respect to basis (3), 
i.e. we have an equation of the form 

\Xi^ Xj\ = 4 ” ^kt^kt 4 " • • •> 

where only a finite number of coefficients . . . are 

nonzero. Hence 

•^a “ ^ “I” “f" • • •> 

where 

^Po “ x^fXjXiX^m and x^^ = x^txj^x^m for 

5 = 1 , 

Since d (Po) = d (a) — 1 and | P | = | a | — 1 for 5 > 0 , 
the elements x^^ and x^^ can be expressed by the induction 

assumption in terms of special elements. Hence so can the 
element x^. □ 

On the other hand, it immediately follows from the above 
construction of^a universal enveloping algebra ^ that ^ 
is generated {asa unital algebra) by all elements of i.e., more 
precisely^ elements of the form ix^ where x However, 
this assertion easily follows directly from Definition 1 . 
Indeed, let 5^ be a subalgebra of % generated by all ele¬ 
ments of 9 (and the identity 1) and let /: T ^ be a homo¬ 
morphism of embedding. Since 19 c= the homomorphism i 
induces a homomorphism i': 9->[5^] (satisfying the rela¬ 
tion; o i' = i). Let k = 4 ti'. Then, as directly follows from 
the commutative diagram 



the composition / o A: is a mapping = id. Consequently 
the homomorphism 7 is an epimorphism. Hence = 41 . □ 
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Proof of Proposition 4 . According to Proposition 3 it 
is sufficient to prove that any element of ^ is a linear com¬ 
bination of special elements. But since elements in 9 gen¬ 
erate an algebra any element of that algebra is a poly¬ 
nomial in elements Xt of basis ( 3 ), i.e. it is a linear com¬ 
bination of monomials of the form Xcc (with an arbitrary a). 
This proves Proposition 4 , since, as proved above, every 
element of the form Xa is a linear combination of special ele¬ 
ments. 

Proposition 4 is. usually referred to as the Poincare-Birk- 
hoff-Witt theorem. However, this name is also given to Prop¬ 
ositions 2 and 3 . 

We shall need Proposition 4 only in application to the 
algebra f {X) and its universal enveloping algebra K {X) 
(so that strictly speaking we could have done without the 
notion of enveloping algebra; but no significant simplifica¬ 
tions would have resulted). 

The next step in the proof of statement B is to characte¬ 
rize in a different^ more efficient way the elements of ( {X), 
To do this we shall need one general construction. 

Let Jt and ^ be two vector spaces and let {xi} and {yj} 
be some bases of them. Consider all possible formal products 
of the form xty^ and a vector space % whose basis they are. 
Every element of ?? is a formal linear combination of the 
form 

S kij 6 K, 

with only a finite number of coefficients kij other than zero. 
Compared and whose elements are formal sums of the form 

(8) S ajVh 

where aj ^ Jt,, and in which linear operations are defined 
in the obvious way (^^' is a direct sum of vector spaces iso¬ 
morphic to whose number equals that of the elements of 
Notice that is independent of the choice of the basis 
(that basis is not involved in its construction). If aj = 

are expansions of elements with respect to 

then we associate the element ^kijXtyjoi^ with element (8) 
of ^This obviously establishes an isomorphismof onto^?. 
On identifying by means of that isomorphism^' and ® we 
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thus see that % is also independent of the choice of the basis 
In addition, the identification makes meaningful (and 
valid) the equation 

Similarly % is identified with a vector space whose ele¬ 
ments are of the form 


where bi , This proves that ^ is independent of the choice 
of basis {yj} and at the same time makes meaningful the 
equation 

S = 'Zi^i (S 

We thus see that^? is independent (by virtue of the above 
identifications) of the choice of bases in ji and ^, i.e. it is 
defined by and only. It is called a tensor product of 
vector spaces A and ^ and is denoted by ^ ® ^. 

Remark 1 • The elements Xtyt oi A ® ^ are usually de¬ 
noted by Xi ® yj and accordingly the element S is 

written as S ® Uj- More generally, for any two ele¬ 
ments a = 2 == 2 hUJ we denote an element 

2 ^ih^i ® z/i by a ® fe. It is clear that 

(ai + ag) 0 & == % ® fc 4- ® 

a 0 (fci -f fcg) = ^ ® ^1 + ^ ® &2» 

and 

k {a b) ^ {ka) 0 = a 0 (kb) 

for any elements a, %, ag 6 b2 6 and ft 6 K. 

Conversely, it is not hard to see that the vector space gener¬ 
ated by the symbols a 0 fc subject to these relations is natu¬ 
rally isomorphic to the vector space A ® ^ • Thus we ob¬ 
tain an invariant construction (using no bases) of ^ 0 
We shall not need that construction and therefore we are not 
going to dwell on it in greater detail. 

Remark 2 . One can obtain another invariant characteriza¬ 
tion of the vector space 0 ^ (at least for the case where 
A and ^ are both finite-dimensional vector spaces) if one 
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considers a vector space Sf) of mixed bilinear functionals 

y B y) (see II, 5 ), with the first independent variable 
ranging over and the second over ^. It turns out that 
^ ® is conjugate to SS, the corresponding pairing being 
uniquely defined by the relation {a ® b, B) = B {a, b). 
This remark will not be used either. 

In the case where and ^ are algebras, multiplication 
is defined in ^ ® such that 

(a 0 fc) {x ® y) = {ax) 0 (by) 

for any a, x ^ b, y , Under that multiplication 0 
^ is an algebra. This is called a tensor product of algebras 
and denoted by the same symbol Jk ® ^. 

If Jl and 3 $ are associative and unital algebras, then so 
is ^ 0 (Notice that for a Lie algebra a similar state¬ 
ment is false.) The identity of ^ 0 ^ is obviously the ele¬ 
ment 10 1. 

In our simplified notation (with 0 omitted) multiplica¬ 
tion in ^ 0 ^ is given as follows: 

(S (S ^pq^pyg) “ f^ijlpq i^i^p) iUjUg)* 

In the only case of interest to us where Jl = K {X) and 
= K <F>, the algebra 0 ^ is] nothing but the algebra 
of polynomials in the generators of X and Y subject to the 
requirement that every generator in X commutates with 
every generator in y. We shall denote that algebra by K (X, 
y>. Thus 

K (X, y> = K <X> 0 K (Y) 
for any X and Y. 

Multiplication in an arbitrary algebra Jk is nothing but 
some linear mapping 

ji: Jk ® Jk A 

(the image of an element a ® b ^ A ® under that map¬ 
ping is a product ab). By the category-theoretic duality 
(consisting in inverting all the arrows) the dual object is an 
arbitrary linear mapping 

( 9 ) 8 : A^ A ® A- 

8-0450 
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The vector space A for which some mapping of the form ( 9 ) 
is given is called a coalgebra and mapping ( 9 ) is a comultipli¬ 
cation (the term diagonal mapping is also used). 

Definition 2 . An associative unital algebra ^ is said to 
be a Hopf algebra if it is at the same time a coalgebra (i.e. 
if a comultiplication is given for it)^ with 

(a) comultiplication ( 9 ) being a homomorphism of unital 
algebras; 

(b) a linear subspace given in A such that A = 
K 1 ® and for any element x ^ A* 

(10) = 1 ® a: + ^ ® 1 + 2 ® 

where Xiiji 6 If 

bx = l®x-\-x®l, 

then the element x ^ A* is said to be primitive. 

Notice that according to (a) 61 = 1 ® 1 . 

In terms of the general theory of coalgebras condition (b) 
means that an element 1 6 is the coidentity of comulti¬ 
plication 6. 

The mappings x x ® i and x^ i ® x are monomor- 
phisms of A into A ® A. We shall denote an element x ® 
1 by x' and i ® x hy x” . In this notation formula ( 10 ) 
becomes 

(11) bx = x' + a:" + S 

where Xi^ Vi ^ A^ and the primitivity condition becomes 

bx = X x". 

According to the above remark, if ^ = K(X>, serving 
as the algebra ^ ® ^ is the algebra K (Z', X">, where X' 
and X" are two disjoint specimens of a set Z. If in particu¬ 
lar ^ = K <:r, y) (it is in fact this case that is of interest 
to us), then A ® A = K{x\ y'\ x'\ y"), where x' and 
y' commute with x" and y". 

We introduce a comultiplication into the algebra K <Z>, 
requiring that all generators x ^ X should be primitive, 
i.e. that for any element x ^ X there should be a formula 

6 a; = a;' + x'\ 
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Since KiX) is a free algebra, that condition uniquely de¬ 
fines a comultiplication 

( 12 ) 1 6: K(X>-> K (Z', X") 

which is a homomorphism of algebras, i.e. satisfies condi¬ 
tion (a) in the definition of a Hopf algebra. 

As to condition (b), as the linear subspace we take 
the subalgebra K (X)* of the algebra K iX) which consists 
of all polynomials without a free term (the polynomials being 
linear combinations of monomials =7^1) or, obviously equiv¬ 
alently, which is the span of all special (relative to some 
basis of the algebra I {X >) elements corresponding to 
nonempty monotonic sequences a. It is clear that then con¬ 
dition (b) (in the form ( 11 )) holds. Thus we have given in 
K iX) the structure of a Hopf algebra. 

That structure can be introduced using general consider¬ 
ations in a universal enveloping algebra ^ of an arbitrary 
Lie algebra gj as well as in K iX), Indeed, since in ^ ® ^ 
elements with a different number of primes commute the 
mapping 

X x -{■ x'\ ^ 6 

is a homomorphism of g into a commutator algebra 0 
^]. It is therefore extended to some homomorphism of 
algebras 

( 13 ) 6 : ® U. 

It is now clear that if is taken to be the subspace of the 
algebra Tt, which consists of linear combinations of prod¬ 
ucts of elements from g, then ^ is a Hopf algebra with 
comultiplication 6. Thus a universal enveloping algebra ^ 
of an arbitrary Lie algebra g is naturally a Hopf algebra. 
Notice that if ^ = K(X>, comultiplication ( 13 ) coin¬ 
cides with comultiplication (12), since both comultiplica¬ 
tions act equally on generators from X, 
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The Friedrichs theorem'The proof of Statement B of lecture 
A •The Dynkin theorem •The linear part of a Campbell-Haus- 
dorff series •The convergence of a Camphell-Hausdorff series • 
Lie group algebras • The equivalence of the categories of local Lie 
groups and of Lie group algebras •Isomorphism of the catego¬ 
ries of Lie group algebras and of Lie algebras• Lie's third theo¬ 
rem 


According to the construction presented at the end of the 
preceding lecture all elements of a Lie algebra 9 are primitive 
elements of a universal enveloping algebra The converse 
turns out to be true as well: 

Proposition 1 . For any Lie algebra 9 all primitive elements 
of an enveloping Hopf algebra ^ are exhausted by elements 
from 9. 

Proof. Suppose as in the preceding lecture that X — 
[Xi, i 6 is a basis of a Lie algebra g and that {x^] 
is a basis of an enveloping algebra ^ which consists of spe¬ 
cial (relative to X) elements x^. Calculate the image 
of a special element x^ under comultiplication 

6: U. 

If a = 0 , i.e. Xa = 1 , there is no problem: 61 = 1 . Nor 
is there any problem if | a | = 1, i.e. when a consists of 
a single element i 6 -f? since an element Xi, being an element 
of 9, is primitive and therefore 8 xi = x'i -{■ x^. Thus it is 
only necessary to consider the case of | a >1. 

In general, a sequence a may have equal elements. Let 
7i < 72 < • • • < 7m be all nonrecurrent elements of that 
sequence and let = k^ (a) be the number of elements in a 
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equal to 7*3, 5 = 1 , . . m. Thus A:, ^ 1 , /ci + . . . -j- = 

a I and 


x„=xA . 

CC 7 

•'1 


T 771 

tA/ • < 


Since bxj = a;} + a;], we have 

Removing the brackets in this polynomial and writing out 
only the terms that either contain no differently primed 
elements or are linear in elements of the form a:|, we obtain 
for 8 xa (taking into account the commutation of elements 
with a different number of primes) expressions of the form 

8 x„ = a:. 1 ... X, "»+ x.. i ... x, «» 


•'I •'m •'i 

,7 'fe .-1 

4 - k^x^ 1 X - ^ ^ ' 


’m 




•'m 

'ft. 


+ k^x^^x^^ * . ,. x'\^*Xj 


•^1 


// 


-?1 ■?2 


« *h 'k 'h -‘I " . 


'm 


’m 


where in view of the condition | a j 
one another. Setting 


.ft. -1 „ft 


Xa = XA X.^ , , , X.^, . . Xa 


1 no term can cancel 


• 4 / •*«A/ • • • • «A/ • 


■?1 ^2 


'm 


we can write that formula in the following compact form: 

(1) 6^0^ — Xq^ -f" Xd -j- ki (oc) X(x^X.^ -j" • • • ~f" A^m (^) “!“•••» 

|a| > 1. 


Consider now an element 

Cl = S 

Oi =^0 

of a vector space 

Set a = % + ^2» where 

^OL^OL and (I2 

|al=l la|>l 
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The element % is in 9 and therefore it is primitive. Hence a 
is primitive if and only if so is In particular, if ag = 0 , 
then a is primitive. 

Let a <^=^0 and let /i < . . . < /m be all distinct elements 
of all possible sequences a such that appears in with 
a nonzero coefficient Ca- For all such x formula ( 1 ) remains 
valid ^ assuming that (a) = 0 and x^c^ = 1 for each sub¬ 
script 5 = 1 > . . ., m, such that the element fg does not 
appear in a. Therefore 

6 a 2 = S (^a f (a) + 

|a|>l 

kjj^ (oc) • * • ) 

==a2 + a; + ( S K{a)c^x')x] + 

Ial>l ^ 1 

• • • ■' 1 ~ ( i (^) • • • 

|al>l 

and hence if ag is primitive^ then for any 5 = 1 , . . .^ m 
in we have 

25 ^8 (^) ^a^ot_ “ 

la|>l ® 

In this equation the terms corresponding to different se¬ 
quences a do not cancel since = x^ only for 

while if oLg = and kg (a) 0 , kg (P) ^ 0 , then a = p. 

Hence if is primitive, then kg (a) = 0 for any sequence 

a (involved in the expansion of the element ag) and any s, 
i.e. (since it is assumed that 0 ) kg (a) = 0 . Therefore 
I a I = 0, which contradicts the condition | a | >1. 

Consequently, every element ag 0 is obviously imprim- 
itive. Hence so is a. 

This proves that a g is primitive if and only if ag = 0 , 
i.e. if a = ai and hence a g 9. 

This completes the proof of Proposition 1 . □ 

Corollary (Friedrichs’ theorem). An element of the algebra 
of polynomials K (X > is a Lie polynomial over X {i.e. more 
precisely is of the form la, where a (X}) if and only if that 
element is primitive. □ 
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We are now in a position to prove statement B of Lecture 
4 . Recall that that statement refers to polynomials 



n 


y) 


s 

k=i 


k 


s 


Pi ^1 Pfe 
Pi* ^1* • • • Ph\ ^ft* 


of the algebra K (.r> y) where the internal sum is summed 
up over all sets of integral nonnegative numbers pi, . . .> 

Ph^ (Ik such that Pi + . . . + Pk + Qi + • • • 

qk = n and Pi + >0 for any i = 1, . . n (the 
field K will now be assumed to be a field of characteristic 0). 
These polynomials are homogeneous, degree n components of 
a formal series In (e^e^) in two noncommuting variables x 
and y that results from substituting the product 


of series 


oo 

= 21 
p, a=o 


xPy^ 
pi q\ 



for z in the formal series 


oo 


yq 


'"=3 ,, 


q=0 


lnz= 2 


k 


(z—1)^. 


Statement B says that every polynomial {x^ y) is in the 
algebra \{x, p), i.e. by the Friedrichs theorem is a primi¬ 
tive element of the Hopf algebra K (a;, y) (satisfies the 
relation {x^ y) = {x\ y') + z^ (x\ y")). 

Conceptually the most natural way of proving that state¬ 
ment is to extend the algebra K {x>, y) to the algebra 
y)) of formal series in noncommuting variables a:, y 
and to repeat for that algebra everything we have done 
in the preceding lecture, i.e. the introduction of a subalgebra 
1 y)) of the commutator Lie algebra [K ({x> y))] generated 

by the elements x^ y (the latter algebra consists of series, all 
of whose homogeneous components are Lie polynomials in 
t {x, y)) and the proof that the series in i {{x, y)) are 
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exactly the primitive elements of the algebra with respect 
to a multiplication 6 such that 8 x = x' x" and by 
y' + y"- As soon as this is done> statement B (equiva¬ 
lent to the statement that the series In (e^e^) is in the algebra 
1 y))^ 1*6. is a primitive element of K {{x, y))) is proved 

by an obvious calculation: • 

( 3 ) 6 In (e^e^) — In = In 

= In {e^'e^'ey'ey") = In {e^'ey'e^"ey'') 

= In {e^'ey')+ln (e^"ey") 

==ln {e^eyy + ln {e^e^y. 

(This calculation uses an obvious fact that if elements ^ 
andr] commute^ then = e^e'^ and In (^r|) = In g + InTi.) 

But in fact there is no need in going over to IK {{x, y)). 
Indeed, if we wish to prove the formula bz^ (x, y) ~ {x', 

y') + y") we can repeat manipulation ( 3 ), consider¬ 

ing not the formal series but only some sufficiently long 
(depending on n) parts of them and keeping watch on terms 
of degree It is clear that the entire whole manipulation 
(which is now realized within K ({x, y))) is fully preserved. 
Thus statement B may at last be considered to be proved. 

The above proof of statement B yields no explicit formula 
for Lie polynomials (^» y) whose existence it asserts. 
We therefore supplement it now by deriving an explicit 
formula of that kind. 

Suppose^ as in the preceding lecture, that K* {x, y> is a 
subalgebra of K {x, y) consisting of all polynomials without 
a free term. We define a mapping 

a: K* {x, y) i {x, y) 

in terms of the following conditions; 

(a) the mapping a is linear; 

[ (b) ax = X and ay = y; 

(c) for any monomial a ^ i 

a {ax) = [aa, x], a {ay) = [oa, y]. 

It is clear that these conditions uniquely define a mapping a. 

Definition 1 . Elements of the algebra l{x, y) that are 
of the form aa where a is a monomial, are called Lie mono¬ 
mials. 
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According to the definition: 

(i) elements x and i/ are Lie monomials; 

(ii) a u is a Lie monomial, then so are [u, x] and [u, y]. 
It is clear that the span of all Lie monomials coincides 

with the image Im a = a (K* {x, y)) of the mapping a. 

In explicit form a Lie monomial oa corresponding to a mo¬ 
nomial a ~ x'P^y^^ . . . x^^y^^ is defined as follows 

( 4 ) Od [••• [^, x^^ ... x \, y\<i • • • i 


times 


times 


x]. 


x]. 



p^ times q^ times 


In particular we see that oa = 0 if either Pi > 1 or = 0 
and > 1 (recall that according to our definition of a mo¬ 
nomial all exponents Pi, p^, are positive, with 

the possible exception of pi and q^,) 

It follows immediately from ( 4 ) that for any Lie monomial 
u = aa the polynomial m is a homogeneous element o/ K te, p >, 
i.e. a linear combination of monomials of the same degree 
n ^ 1 . That degree (equal obviously to that of the monomial 
a) will be called the degree of the Lie monomial u. 

Lemma 1 • For any Lie monomials u and v the element [a, v] 
belongs to the vector space Im a. 

Proof. We proceed by induction on degree n of the ele¬ 
ment V, If n = 1 , i.e. if i; = a: or i; = p, then [w, v] is by 
definition a Lie monomial and is therefore in Im a. Let 
a >1. Then v = [w, x] or v = [w, y] where a; is a Lie 
monomial of degree n — 1 . Assume for definiteness that 
V = [w, x] (the case v = [a;, y] is quite similar). Then 
[a, v] = [a, [w, xW and therefore by the Jacobi identity 

[a, v] = [[a, w], x] — [[a, x], w\. 


But under the induction hypothesis [a, w] is in Im a and 
so is [[u, w], x], i.e. it is a linear combination of Lie mono¬ 
mials. The element [[a, x], w] is also a linear combination of 
Lie monomials. Therefore [w, v] 6 Im a. □ 
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Corollary. Any element of \{x, y) is a linear combination 
of Lie monomials. In other words 

Im (T = t {x, y). ^ 

Proof. It follows immediately from Lemma 1 that the 
vector space Im a is a subalgebra of i {x, y). Since x, y ^ 
Im a and t (:r, y) is generated by elements x and y, that 
vector space must coincide with (te, y)- [3 
We now define some antihomomorphism of K{x,y) into 
the algebra Endjin (1 te, y}) of linear mappings of 1 te, y) 
into itself, i.e. a linear mapping 

0 : Kix, Endim (Ite, 

that satisfies the relation Q(ab) = 0(fc)o0 (a) for any ele¬ 
ments a, fc 6 !K te, y). Since K (^, y) is generated by the 
elements x and y, such an antihomomorphism is uniquely 
defined by its values 0a; and Qy on those elements, and since 
the generators x and y are free generators, the mappings 0a; 
and Qy can be chosen quite arbitrarily. We define them as 
follows: 

( 0 a;) V = [v, x], (Qy) u == [v, y], 

where v is an arbitrary element of t (a;, y). 

Thus by that definition if u = x or u = y^ then the map¬ 
ping Q (u): iix, y)-^l{x, y) is an internal differen¬ 
tiation ad (—w) = —ad u of {(a;, y) (see Lecture 3 ). It 
turns out that the equation Qu = —ad (or more exactly 
0 (iw) = —ad u) is true for every element u of I {x, y). 
Lemma 2 . For any elements u, u ^l{x, y) we have 

( 5 ) ( 01 /) V ~ [v, u] 

where 0 = 0 o i. 

Proof. By the corollary to Lemma 1 it suffices to prove 
equation ( 5 ) only for the case where j/ is a Lie monomial. 
We proceed by induction on degree n of the element u. 
It n = I, then u = x or u = y and ( 5 ) holds by definition. 
Let Az > 1 . Then u = [w, x] or u — [w, y] where w is r 
Lie monomial of degree n — 1 . Suppose for definiteness 
that u = [w^ x]. Since 

0 (w^ a;) = 0 (bx) — 0 (xb) — 0 a ;*06 — Qb^Qx, 
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where b = iw;, according to the induction hypothesis and 
the Jacobi identity, we have 

( 01 /) z; = (0 [w, x]) V == (0a;) (0fc) v — (0fc) (0a;) v 
= (0a;) (0a;) v — (0a;) (0a;) v 

= (0a;) [a, w] — (0a;) [v,x] = [{v,w\,x]—[[v,x],w\ 

= [a, [a;, a;]] = [v, u], □ 

Lemma 3, For any elements a, fc g K* (a;, ij) 

(6) a (afc) = (0fe) (aa). 

Proof. We may assume without loss of generality that b 
is a monomial. We proceed by induction on its degree n. 
\in = 1, i.e. if fc = a; or 6 = z/, then (6) follows immediately 
from the definitions. Let n >1. Then b = cx ov b = cy, 
where c is a monomial of degree n — i. Suppose for definite¬ 
ness that b = cx. Since 

a {ab) — a {acx) = [a (ac), x] = (0a;) (a (ac)), 

according to the induction hypothesis, we have 

(T {ab) = (0a;) (0c) (aa) = 0 (co;) (aa) = (0fc) (aa). □ 

Lemma 4. A restriction o = o o i of the mapping a to 
{ {x, y) cz K* (a;, y) is a differentiation of \ (x, y), i.e. 
for any elements a, v ^ i {x^ y) 

o [a, v] = [aa, u] + [a, aa]. 

Proof. Let la = a and w = b. Then in view of Lemmas 3 
and 2 

a [a, u] = a (ab) — a (ba) = (Qb) (aa) — (0a) (ob) 

= [aa, b] — [ob, a] = [aa, b] + [a, ob] 

= [aa, v] -f- [a, aaj. □ 

Now we are in a position to prove our main proposition. 

Proposition 2 (Dynkin’s theorem). A homogeneous poly¬ 
nomial a g K (a;, y) of degree n'^i is in \ {x, y) {i,e. 
is of the form la, where a g ( {x, y)) if and only if 

(7) i (aa) = na. 
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Proof. If (7) holds, then 

a = where6 t <a;, I/). 

0 

Conversely, let a = iu, where u ^ i {x, y). We may assume 
without loss of generality that u is sl Lie monomial. We pro¬ 
ceed by induction on degree n of u. If az = 1, then u = x 
or u — ij and (7) holds. Let aa > 1 and suppose for definite¬ 
ness that u = [v, x] where i; is a Lie monomial of degree 
Ai — 1. Then according to Lemma 4 and the induction hypo¬ 
thesis 


i {oa) — i (aw) = la [w, x] 

= i ([aw, x] + 

= [law, :rl + i 
= (ai — 1) i [w, x] -f- i [w, x] 

= (A^ ■— 1) iw + iw = (ai — 1) a + a = na. □ 

Proposition 2 implies that if a = iw, then 

oa 

u = -. 

n 


By statement B the condition a = iw holds for a (x, y) 
and u = (^> y)- Consequently 


Jn(x. y) = °-2^ 


i.e. (see formula (2)) 



n 


n (•^» y) 2 


h=l 


( —1)^-^ Y 

k ^ 
(p)(q) 


o 


• Pkl (lh\ ' 


where the summation in the internal sum is taken over all 
integral nonnegative exponents pi, gi, . . ., such that 

Pi + ^1 >0, . . Pft + gfe >0 

and 


Pi + + • • • + Pft + 

This is the formula we wanted to obtain. 
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For a Lie formal series 

oo 

(9) J (a:, I/) -= S J n (a:, y) 

n=l 


after the regrouping of the terms we get 

(10) :»(x,!,)=! 2 ^^ p.+,.+.‘.+p.+,. 

ft=l (P). (5) 

[/l/l . • • (pPft/ft] 
Pil 9il • • • PftI 9ftl ’ 

where for the sake of vivid presentation a . . . 

x^hy^h) is replaced by [x'Piy^^ . . . 

That series is called a Campbell-Hausdorff series in the 
Dynkin form. 

Series (10) is inconvenient for practical calculations since 
it contains many ungrouped like terms. The difficulty of 
grouping those terms is well illustrated by an example of 
calculating a part of series (10) linear in x. 

A Lie monomial [x'P^y^^ . . . x^^y^^ ] is linear in x (and 
nonzero) if and only if either Pi = 1, /?2 = 0, . . = 0 

(and it is only that monomial that is of the form [xy^] where 

n = Qi + . . . + Qm) or Pi = 0, Pa = pg == 0, . ^ 

Pm = 0, Qi = i (and then it is of the form [yxy^ ^], 
where n — 1 = ^2 + • • • ~l“ ^m)» with ^ 0> ga ^ • • •» 

gm ^ 1 llio former case and ga ^ 0> gg ^ 1 , . . 

gm ^ 1 iii the latter. Since Iga:p””'^l = — [xy^\ we 

thus see, somewhat changing the notation^ that the part of 

^(o:, y) linear in x (we denote it by (a:> g)) can be ex¬ 
pressed as follows: 


j/)= S -Ml 


m-1 


m=l 


n=m-1 


1 

n-\-i 


^ ^ ffl! 92! • • • 9 m ! ^ 9 i! 92I • • • 9 m-il ) ’ 

where the summation in 2 is taken over all the sets of in¬ 
tegers gi, q^, • • •', Qm such that 

?i > 0, > 1, . . gm > 1 and gi H- g 2 -V . • • + qm=n 
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and the summation in 2 is taken over integers 
<lm-i such that 

Q.1 0.2 i-’ • • •» Om^i 1 

and 

^1 + ^2 4" • • • + ^m-i = ^ — 1. 

When m = I there is no sum 2 ''- 
To calculate the coefficients of {x, y) we make use of 
the standard method of generating functions. Let A (t) 
be a series obtained from (x, y) by replacing [xy^] by 
Since 



we have 
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1 

t 



tdt — 


t 


1 

t 


f 

] 


0 


(t - {e* — i)) dt 


te^ 
— 1 


oo 


>-< — I 


=s 


B 


n 


n\ 


n=0 


i-tr, 


where are the so-called Bernoulli numbers. 

Since [xij'^] = (—ad yY'x, this proves that 

oo 

i/)=S ^ {&AijYx-=-^^x, 

n=0 

i.e. (since the only term of ^ {x, y) containing no x is y)^ 
that 

(11) J (3^. y) = y+ gaay!_i • • •. 

where the dots represent terms of at least second degree 
in X. 

It can be similarly shown that 

(12) J (x, y) = a: + y -f .. •, 

where the dots represent terms of at least second degree in y. 

We now investigate the convergence of series (9) and (10). 
To do this we use Lemma 1 of Lecture 2 which, as was noted, 
applies to any finite-dimensional algebras and in particular 
to an arbitrary finite-dimensional Lie algebra 

Let II II be a multiplicative norm in 9 and let X and Y 
be elements in ^ such that || X || < 6 and || y || < 6 where 
0 < 6 < 1 . 

Since {{x, is a free algebra, there is a unique homo¬ 
morphism \{x^ sending elements x and y to ele¬ 

ments X and y. The image under that homomorphism of 
an element u = u {x, y) of \{x, y) will be denoted by 

u (X, y). 

An obvious induction (using the multiplicity of the norm) 
now shows that if is a Lie monomial of degree n, then 

II (X, y) II < 
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It follows that if w — 2 where are Lie monomials of 
degree then 

II u (X, Y) II < C6", 

where C =2 1 |. In particular we get (see (8)) 


(13) 

where 


II J„(X, Y) ||<i)„6”, 


^n = 4-S4- S 


n ^ k ^ PiUil .. • Pk^ * 
(P), (a) 


The internal sum in the last formula is equal in value to 
the coefficient of in the Maclaurin series of the function 
(^ 2 t — number nDn is therefore equal to the coef- 

n 

ficient of in the Maclaurin series of the function 2 ^ 

— 1)^ or equivalently of the function 


uu 

/(0==S 4- 


k^i 


Hence 


(14) 


3 

Tl=l 0 


Since the series for / {t) obviously converges if \ — 1 Id 

1 and hence if | ^ | < » this proves that series (14) 

In 2 

converges if 8 <C 2 ~ * Since by formula (13) series (14) majo¬ 
rizes to the series 


(15) 


j(x, y)=S ^n(x, Y) 

n—i 


it follows that series (15) converges j/||X||<6o,||F||<6o 
where 6o = • □ 
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Remark 1. The convergence of series (15), with || X || < 
6 o, II y II < 6 o, has already been proved in Lecture 4. 
The only new fact is that now the convergence ][of (15) is 
proved for any (finite-dimensional) Lie algebra 9 whereas in 
Lecture 5 the algebra 9 was assumed to be a Lie algebra of 
some Lie (local) group. 

Suppose again that G is an analytic (or local) Lie group 
and that 9 == I (G) is its Lie algebra. Since the exponential 
mapping exp is a diffeomorphism at a point 0 6 allows 
us to take (using the formula X •¥ = exp (exp X • exp Y)) 
the multiplication we have in G to some neighbourhood of 
zero of the algebra g. Thus the vector space g is turned into 
a local Lie group isomorphic (in the category GR-LOC) to 
the local group G (the isomorphism is realized by the mapping 
exp). 

Thus in addition to linear operations and the Lie opera¬ 
tion X, y [X, y] the vector space g contains yet another 
operation (“multiplication”) relative to which the space g 
is a local Lie group. That operation is connected with the 
operations in the Lie algebra g as follows: 

x.y = J (X, y). 

The constructed object deserves a special definition. 

Definition 2. A Lie group algebra is a finite-dimensional 
space g over (R which is at the same time a Lie algebra (with 
a multiplication [x, y]) and a local Lie group (with a mul¬ 
tiplication xy) in which the product xy is defined if and only 
if the Campbell-Hausdorff series ^ {x, y) converges and in 
that case coincides with its sum: 

^ y)- 

It follows immediately from (11) and (12) that for any 
element X (sufficiently close to zero) of a Lie group algebra g 
differentials {dLx)^ and (di?y)o at the point 0 of the shifts 
Lx- Y ^ ^ (X, y) and i?y: X 1 —► ^ (X> y) are defined as 
follows: 

(dM.- 

Remark 2. We have already proved the second of these 
formulas by another method in Lecture 4 (see Corollary 1 
to Proposition 3, Lecture 4). 

9-0 450 
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The mapping of Lie group algebras is said to be a 

homomorphism if it is their homomorphism as Lie algebras 
(and hence as local Lie groups). 

It is clear that all Lie group algebras and all their horno- 
morphisms form a category. This will be denoted by GRIE. 

According to the foregoing every local Lie group G can 
be associated with some Lie group algebra by carrying over 
with the aid of the exponential mapping exp the multiplica¬ 
tion on G into g. That Lie group algebra will be denoted 
by I' (G)- It Is clear that the correspondence G V (G) 
is some functor 

T: GR-LOC->GRIE. 

This will also be called a Lie functor. 

Consider now the forgetful functor 

I: GRIE GR-LOC 

whose action consists in discarding (forgetting) in every Lie 
group algebra its Lie algebra structure. 

On the face of it, it seems that the functors l' and I are 
mutually inverse. This is not the case, however. Indeed, for 
an arbitrary local Lie group G the local group {I o {') G is not 
a local group G but the local group on a vector space I (G) 
constructed above, which is distinct, in general from the 
local group G, Nevertheless we can see that the last local 
group is naturally isomorphic to the local group G (the cor¬ 
responding isomorphism is the exponential mapping exp). 
In terms of functor theory this means that the functor / o T 
is isomorphic to the identity functor Id of the category GR-LOC: 

/ O 1 ^5:^ Id. 

Similarly the functor l' o / is isomorphic to the identity 
functor Id of the category GRIE: 

o I ^ Id. 

Indeed the functor l' o / associates with a Lie group al¬ 
gebra 9 a group algebra that coincides as a vector space with 
a tangent space To (9)- But we know that there is a natu¬ 
ral isomorphism 


I* d To (9) 
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between the vector spaces ^ and To (d)- We show that I 
is an isomorphism of Lie group algebras. 

By definition the isomorphism I sends an element x ^ ^ 
to the tangent vector to a curve t ^ tx dii the point 0. Since 
{tx)^{sx) = ^ {tx, sx) = (tx, sx) = {t + s) X, that curve is 
a one-parameter subgroup of a local Lie group and there¬ 
fore (see Proposition 1, Lecture 4) for any two elements x>, 
y ^ $ the vector Ux^ ly] is the tangent vector to a curve at 
the point 0 

t iytx) {Yty) (yia:)"* {YtyY^' 

But since (see the proof of Proposition 1, Lecture 4) 

{Y'tx) W'ty) iYixy^ iYiyY=i y]+o{t^^^) 

that curve has at the point 0 the same tangent vector as 
the curve t t [x, y]. Consequently 

Ux^ ly] = I [x, ^1 

so that I is indeed an isomorphism of Lie algebras and hence 
of Lie group algebras. □ 

If functors jF: C D and G: D C where C and D 
are some categories, have the property that the composite 
functors F o G and G o F are isomorphic to the identity 
functors (of D and C respectively), then F and G are said 
to be quasi-inverse. Categories C and D for which there 
are quasi-inverse functors C D and D C are called 
equivalent. 

We have thus proved the following proposition: 
Proposition 3. Categories GR-LOC and GRIE are equiva¬ 
lent. The equivalence is realized by the quasi-inverse func¬ 
tors ( and I. □ 

Discarding in a Lie group algebra the local Lie group struc¬ 
ture we obtain the forgetful functor 

/: GRIEALG/-LIE 

whose composition /of with the Lie functor f: GR- 
LOC GRIE is nothing but the Lie functor^ which is of 
primary interest to us, 

t: GR-LOC-5^ ALGy-LIE 

for local groups. 

9* 
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Proposition 4. For the functor J there is an inverse functor 

J-\ ALGy-LIE->GRIE. 

Proof. Let g be an arbitrary Lie algebra (in which multi¬ 
plication is denoted by [x, y]). If the group algebra 
exists, then as Lie algebra it coincides with the algebra 9 
and multiplication in it is connected with the operations 
in 9 as follows: 

^ {x, y). 

To prove Proposition 3 therefore it suffices to establish 
that for any Lie algebra 3 that formula defines in 9 a multi¬ 
plication which satisfies the axioms of local Lie groups. 
To do this it suffices in turn to prove that: 

(a) there is a neighbourhood of zero U m ^ such that for 

y ^ U the series ^ (x, y) converges; 

(b) the mapping U X U ^ defined by the correspond¬ 
ence a;, y ^ ^ {x, y) together with the mapping x x-^ = 
— X, has the properties enumerated in Definition 1 of 
Lecture 4. 

Statement (a) has already been proved above, and to 
prove (b) first notice that in the algebra of formal series in 
three noncommuting unknowns x^ y, z we have 

(e^e^) e^ = e^ (e^e^) 

(a formula that can be verified by direct manipulation). 
Since the substitution U, y] xy — yx turns the Camp- 
hell-Hausdorff series ^ {x, y) into a series In (e^e^)^ it follows 
immediately that the multiplication a;, y ^ {x, y) is as¬ 
sociative (provided all the necessary series converge). 
Similarly since ^ (0, x) = ^ (x, 0) = 0, the multiplication 
^ y) has the identity 0, and since e^e-^ = 1 the 
inverse element x~^ relative to that multiplication is the 
element — x. 

This completes the proof of Proposition 4. □ 

Since the functor I is the quasi-inverse of 1', the functor 
E = I o J-^ is the quasi-inverse of the Lie functor i = 
J o l', Thus we have attained our main object: we have 
found a functor which, if not the inverse, is the quasi¬ 
inverse of the Lie functor GR-LOCALG^-LIE. 



Lecture 6 


133 


All the results obtained can be summarized in the fol¬ 
lowing final theorem: 

Theorem 1. There is the following commutative diagram of 
functors 



in which the functors J and are inverse and the functors I 
and E and V and I are quasi-inverse to each other, □ 

Corollary. Categories GR-LOC, ALGrLIE and GRIE 
are equivalent, □ 

Theorem 1 was basically known to Sophus Lie. 

Lie presented his results as six theorems: three direct 
theorems and three converses of the theorems. His third 
converse theorem is almost the same as Theorem 1. On these 
rather shaky grounds theorem 1 is sometimes referred to as 
Lie's third theorem. 

We stress that in Theorem 1 local Lie groups are assumed 
to be analytic. The case of local groups belonging to the class 
of smoothness, 2 ^r^oo,will be considered in the 
next lecture. 


Lecture 7 




Local subgroups and subalgebras •Invariant local subgroups 
and ideals •Local factor groups and quotient algebras •Reduc¬ 
ing smooth local groups to analytic ones^Pfaffian systems • 
Subfiberings of tangent bundles • Integrable subfiberings •Graphs 
of a Pfaffian system-1 nvolutory subfiberings •The complete 
univalence of a Lie functor •The involufedness of integrable 
subfiberings •Completely integrable subfiberings 


Theorem 1 of the preceding lecture completely reduces the 
theory of (analytic) local Lie groups to the theory of Lie 
algebras. We illustrate this by using the example of local 
subgroups and local factor groups. 

Definition 1. A local subgroup of a local Lie group G is 
its subset H such that: 

(i) if for elements fc g jET an element ab~^ is defined, 
then 6 H\ 

(ii) there is a neighbourhood U of the identity e ol G such 
that the intersection f/ f] ^ is closed in U {the condition of 
local closure). 

Notice that it is not immediately apparent from this 
definition that the local subgroup H is itself a local Lie 
group (although we shall see below that it is really the case). 

Let g be a Lie algebra and let 1] be some subalgebra 
of it. Using the functor E = / o we can construct from 9 
a local Lie group and from 1) a local Lie group E\). Accord¬ 
ing to the construction, E\) is a subset of E^ and what is 
more, its local subgroup (for if .r, y £ t), then {^1 I/) 6 ^ 
for any n ^ 1 ). 

Now let G be a local Lie group and let 9 = ( (G) be its 
Lie algebra. Under natural isomorphism Eg ^ G every 
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local subgroup of which is of the form E\), where f) is 
a subalgebra of 9 , is associated with some local subgroup of G, 
In some neighbourhood of the identity e that local sub¬ 
group coincides, under the exponential mapping exp, with 
the image exp ^ of t), so that by our convention not to distin¬ 
guish between equivalent local groups we may denote it by 
exp t). 

The local subgroup exp f) of G corresponding to the subal¬ 
gebra f) of ^ 1 (G)^ has the property that in some system 

of normal coordinates ^ y CO (namely in the system 
defined by the basis of ^ whose first m vectors form the basis 
of t)) it is given by linear equations 

(1) = 0, . . = 0. 

Local subgroups having that property will be said to be 
locally flat. Thus for a local subgroup ^c: G to be of the 
form exp f) it is necessary that it should be locally flat. It is 
easy to see, however, that this necessary condition is also 
sufficient, so that a local subgroup H of a local Lie group G 
is associated with some subalgebra of a Lie algebra 9 = t (G) 
(and is therefore, in particular, itself a local Lie group) if and 
only if it is locally flat. Indeed, let f) be a subspace of ^ span¬ 
ned by the first m vectors of the basis defining normal coordi¬ 
nates in which H is given by equations (1). Then for any 
X g f) and any t (with | t | sufficiently small) the point 
Px (0 = exp tX is in H, Therefore if Z, Y" 6 I)» then 

P it)=fix (V't) Pr ( V't) (r i)-‘Pr (/<)“* e H 

and hence the vector 

rV Vl _ (0 

dt t^O 

(see Proposition 2, Lecture 4) is in '\), Consequently I) is a 
subalgebra of To complete the proof it remains to notice 
that the local groups H and E\) are obviously equivalent. □ 

We see in particular that for a locally flat local subgroup H 
a subalgebra l)cz t (G) consists of all elements X ^l(G) for 
which exp tX ^ H for any t (with | t | sufficiently small). 
That subalgebra is naturally identified with a Lie algebra 
t (H) of H (considered as a local Lie group) and will be de¬ 
noted by the same symbol I {H), 
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Thus for any local Lie group G there is a bijective corre¬ 
spondence between the set of all subalgebras of a Lie algebra 
g = t (G) and the set of all locally flat local subgroups of G 
in which a subalgebra 3 has the corresponding local sub¬ 
group exp I) and a local subgroup Hcz G hasthe^correspond- 
ing subalgebra { (H), 

That correspondence will be called the Lie correspondence. 
The remarkable fact^ first proved by E. Cartan, is that 
the condition that local subgroups should be locally flat 
is in fact unnecessary in that statement. 

Proposition 1 (The Cartan theorem). Every local subgroup H 
of a local Lie group G is locally flat and hence the Lie algebra 
3 = { (G) has a subalgebra tj such that 

H = exp Ij, 

In particular H is a local Lie groups 
Proof. Let 1) be the collection of all elements X ^ ^ hav¬ 
ing the property that exp tX for any i (with sufficiently 
small I t I). We prove that t) is a subalgebra of 3 and that 
exp = H. The proof is split into several lemmas. 

Lemma 1. If for an element X 6 3 there is a sequence (Xj) 
converging to X such that for some 6 IR vanishing as i 00 
we have an inclusion 

exp tiXi 6 

then X 6 t)* 

Proof. Since 11 exp (— tiXi) — 11 exp {tiXi)’-^ g H, it 
may be assumed without loss of generality that ti > 0 . 
Let ^ > 0 be a number such that the element exp tX ^G 
is defined and let 

A:. = ^the integral part of-^j. 

Since - \<iki{t)^-^, we have \\mtiki{t) — t and 

f-xx) 

hence 

lim exp {tiki {t) Xi) exp tX. 

t->oo 

But 

exp {tiki (t) Xi) = (exp 6 H 
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and under the hypothesis the local subgroup H is closed. 
Consequently exp tX ^ H and hence X £ t). □ 

Lemma 2. A subset i\cz ^ is a subalgebra. 

Proof. Since exp (sX)) = exp {{ts) X), for any X 6 I) 
and any 5 g (R, there is an inclusion ^X g I) (for we can always 
choose sufficiently small t). 

Let X, F 6 t)- Then exp ^ (^X, tY) = exp tX •tY g H, 
i.e. exp f {X + Y + Zf) ^ H, where Zt = 0 (t). On arbit¬ 
rarily choosing a sequence {fj-} converging to zero, we set 
Xi = X + y + Zf,, The sequence {X^} satisfies (with re- 

spect to the element X + T") all the conditions of Lemma 1 . 
Therefore by that lemma X + ^ 6 I)* 

Similarly, since 

exp tX • exp tY -(exp ^X)"^ (exp tY)-^ 

= exp t^ ([X, Y] +0 (t)) 6 H, 

we have [X, Y] ^ ij, □ 

Now let t be a subspace of a Lie algebra 9 complementary 
to a subalgebra i.e. such that 

(2) d = 1] © t. 

Lemma 3. There is a neighbourhood V of zero in t such that 

exp Y 

for any nonzero element F 6 t. 

Proof. On choosing in t some norm ||t|| (say a Euclidean 
one) consider the set B of all elements Y* 6 t such that 1 ^ 
II y II ^ 2. If Lemma 3 is false, then there is a sequence 
Yi 0 in the algebra 9 such that Yt ^ t and exp Yi ^ H, 
We choose integers nt so that Xi = niYi 6 B (it is clear 
that this is always possible). Since B is compact, it may 
be assumed without loss of generality that {X^} converges. 
Let X be its limit. Since {X^} satisfies all the conditions 
of Lemma 1 (with ti — IMO? th® element X (obviously non¬ 
zero) is in the subalgebra t). But this is impossible, since 
X g t and 1 } fl t = 0. Hence the statement of Lemma 3 
cannot be false. □ 

Lemma In a local Lie group G there is an equation 

H = exp ij. 
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Proof, Since by construction exp l)c= it is only neces¬ 
sary to show that the inverse inclusion holds. It may be 
assumed without loss of generality that the local group G 
is the canonical neighbourhood of the identity, which cor¬ 
responds to decomposition (2) of the algebra 3 (see Defini¬ 
tion 4, Lecture 5). Moreover, we may assume that G is the 
image under the mapping 

Z -f- y exp X -exp y, Z 6 I)» Ycz U 

0 

of the neighbourhood of zero in 3 , the neighbourhood being 
of the form U ® V, where U is some neighbourhood of zero 
in t) and P is a neighbourhood of zero in t stipulated in 
Lemma 3. But under these conditions the inclusion exp t)ZD 
H is obvious since if exp X -exp Y ^ H, then exp Y ^ H 
(since exp X ^ H) and hence y = 0 by Lemma 3. n 
This completes the proof of Proposition 1. □ 

Corollary, The Lie correspondence is a natural bijective 
correspondence between the set of all local Lie subgroups of 
a local Lie group G and the set of all subalgebras of a Lie al¬ 
gebra 9 = { (G). n 

On noticing that with respect to the inclusion both of 
these sets are lattices (structures) it immediately follows 
that the Lie correspondence is an isomorphism of those lattices. 
Definition 2, A local subgroup jET of a local Lie group G 
is said to be invariant or distinguished if aba-'^ ^ H for 
any elements a g G and b ^ H such that the element aba-^ 
is defined. 

Definition 3, A suhalgebra f) of a Lie algebra 3 is said to be 
an ideal if [X, y] 6 I) for any elements Z 6 3 and y 6 !)• 
Proposition 2. In the Lie correspondence the invariant local 
subgroups of a local group G are associated with the ideals of 
a Lie algebra 3 = 1 (G) and the ideals with the invariant local 
subgroups. 

Proof, Let f) be an ideal of 3 = t (G) and let Z 6 and 
y g t). Since [Z, y] ^ t), it immediately follows that (Z, 
y) g f) for any az > 1 and therefore 

^ (Z, y) = z + y*, 

wherey* =Y (Z,y) 6 t) (if» of course, the series 

n>l 

^ (Z, y) converges). Since [Z + y*, —Z] = [Z, y*] ^ 
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f) and hence (^ + 6 for w > 1 , it follows 

that 

J(J(X, Y), -X) = X + Y*-X+^ ^n(X+y*, -X) 

n> 1 

and therefore 

expZ-exp Y'-(exp X)-^ = exp ^ (X, Y), —X) 6 expl^. 

Consequently the local subgroup exp t) is invariant. 

Conversely, let II = exp t) be an invariant local subgroup 
of a local Lie group G. Then for any elements X ^ Y 
and any t (with | t | sufficiently small) there is an inclusion 

exp tX - exp tY '(exp tX)-^ ^ H 

and therefore an inclusion 

exp tX ‘exp tY '(exp iX)"^‘(exp tY)-^ 

= exp r-([X, Y\ + 0{t))^H 

from which by the already familiar reasoning (see the proof 
of Lemma 2 above) we get [Z, Y] 6 I). Hence the subalgebra 
1 {H) is an ideal. □ 

Let JT be a local subgroup of a local Lie group G. We call 
a, fc g G elements comparable modulo H if a^^b ^ H. It is clear 
that on a sufficiently small neighbourhood of the identity 
of G that relation is an equivalence relation whose equiva¬ 
lence classes are cosets aH (more exactly, the intersections 
of those sets with a neighbourhood of the identity). Let 
GIH be the set of the cosets. 

On decomposing the Lie algebra d == 1 (G^) into a direct 
sum g = t) @ f of a Lie algebra t) of a local subgroup H 
and some subspace ! and considering the canonical coordi¬ 
nates defined by the decomposition we at once 

see that the cosets aH g GIH are given in the coordinates 
x^y, . . ., a;” by equations of the form 

(3) 0 :^+^ = a^, . . x'^ = d^~'^ {n = dim G, m = dim H), 

where . . ., a'^~^ are arbitrary real numbers (sufficiently 
small in absolute value). This shows that by associating a 
point {a^, . . ., a””’”) 6 IR”“^ with a coset aH we obtain 
some bijective mapping of the set GlH onto an open subset 
of the space i.e. we obtain a charts Since with a dif- 
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ferent choice of complementary subspace f a compatible chart 
is easily seen to result, this defines on GlH a topology and 
smoothness relative to which it is a smooth manifold 
(diffeomorphic to some open subset of and having there¬ 
fore the dimension n — m). 

If H is an invariant local subgroup, then the formula 
aH*hH = abH correctly defines in the neighbourhood of 
a point H = eH of the manifold G/H a certain multiplica¬ 
tion relative to which it is obviously a local Lie group with 
identity H. 

Definition 4, The constructed local Lie group GlH is called 
a local factor group of a local Lie group G mod an in¬ 
variant local subgroup H, 

Now let t) be an ideal of some Lie algebra Consider a 
factor space 9 /^ whose elements are cosets x x ^ It is 
obvious that the formula 

[x + 1 }, r/ + f)] = [x^ y] + £) 

correctly defines on 9 /^ the operation [, ] relative to which 
that factor space is a Lie algebra. 

Definition 5. A Lie algebra 9 /f) is called a quotient algebra 
of a Lie algebra 9 mod an ideal 

In particular, for any invariant local subgroup ^ of a local 
Lie group G a quotient algebra ( (G)/( {H) of a Lie algebra 
f (G) mod its ideal t (H) is defined. We compare that quo¬ 
tient algebra with the Lie algebra ( (G/H) of a local factor 
group G/H. 

Proposition 3. Lie algebras { (G/H) and ( (G)l{ (H) are 
naturally isomorphic: 

\ (G/H) ^ i (G)/i (H). 

Proof. On applying to ( (G/H) and { (G)/i (H) the functor 
E: ALGy-LIE -> GR-LOG, on the one hand we obtain a local 
Lie group E (( (G/H)) which is naturally isomorphic to the 
local group G/H and on the other hand we obtain a local 
Lie groups* (( (G)l\ (H)). Proposition 3 therefore is equiv¬ 
alent to the statement that we have a natural isomorphism 

G/H ^ E ({ (G)/i (H)). 

It is in this form that we shall prove it. 
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Let ^ = i (G) and ^ { (H), Elements of the local group 

E (( (G)/( {H)) = E ( 9 /[)) are by definition the elements of 
the quotient algebra 9 /^, i.e. cosets X + t) of the algebra 9 
mod the ideal t). We show that the exponential mapping exp: 
9 G maps every such coset onto some coset aH of a local 
group G mod an invariant local subgroup H = exp ij. In¬ 
deed, as we already know, for any elements X 6 9 , F 6 f) 
sufficiently close to zero 

j (Z, F) = X + y*, 

where F* g with 

y* = y+ S Y), 

n>l 

from which it immediately follows that for any fixed X the 
mapping F F* is bijective (in some neighbourhood of 
zero). Hence the mapping 

X + F* exp (X + F*)=exp ^ (X, F) = exp X-expF 

maps every coset X + I) onto the coset exp X*H, 

The constructed mapping of the manifold E ( 9 /^) onto 
the manifold G/H is obviously a diffeomorphism in the iden¬ 
tity. To complete the proof of Proposition 3 therefore it re¬ 
mains to show that it sends product to product. But this 
is obvious since for any elements X^, Xg 6 Fi, Fg 6 ^ 
we have 

{X, + yr).(X2 + n) = j {X, + y^, Za + y*) 

= j (Zi, X,) + y*, 


where F* £ t), and hence 

(Zi + n)-(^2 + Yt)>-*exp J (Zi, X,)-exip Y* 

g aiH'a2H, 

where a-^ = exp Xj, ag = exp Xg. □ 

We summarize the results obtained in the following theo¬ 
rem: 

Theorem 1. For every local Lie group G the Lie correspond¬ 
ence is a natural bijective correspondence between the lattice 
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of all local subgroups of G and the lattice of all subalgebras of 
a Lie algebra g = ( (G). 

Associated in this correspondence with invariant local sub¬ 
groups are ideals of 9 and, conversely, associated with ideals 
are invariant local subgroups. 

The quotient algebra of a Lie algebra I (G) is a Lie algebra 
of every local factor group of G mod the corresponding ideal. □ 

As we have already repeatedly stressed, all the results 

of the last lectures are related to analytic (i.e. class C^) 
local groups. It turns out that we have sustained no loss 
of generality. To give this statement an exact formulation 
we say, with some class of smoothness (with r ^ 2) fixed, 
that local groups which are manifolds of the class are smooth 
local groups and local groups of are analytic local groups. 
The following theorem then holds and shows that in terms 
of the theory of local Lie groups a restriction of the discussion 
to analytic local groups does not in fact decrease generality. 

Theorem 2. Every smooth local group is isomorphic {in 
the category of smooth local groups) to some analytic local 
group. 

The proof of this theorem is based on a property of the 
Lie functor, of interest in its own right, which is just to be 
discussed by us in the first place. 

Let C and D be two categories and let F: C D be a 
functor. For any two objects A, B of C the functor F gives 
some mapping 

More {A, B) MorQ (FA, FB) 

of the set of all morphisms A B of C into the set of all 
morphisms FA FB of D. The functor F is said to be com- 
pletely univalent if for any A and B that mapping is bijective, 
i.e. if for any morphism P: FA FB there is one and only 
one morphism a: A B for which Fa = p. 

It is clear that if F is completely univalent, then the 
objects A and 5 of C are isomorphic if and only if so are the 
objects FA and FB of D. In the following proposition, by 
GR-LOC is meant the category of smooth local Lie groups. 

Proposition 4. The functor GR-LOC ALG/-LIE is com¬ 
pletely univalent. 
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In particular^ local Lie groups are isomorphic if and only 
if so are their Lie algebras. 

This proposition yields Theorem 2 at once. Indeed, let G 
be a smooth local group and d = 1 (G) its Lie algebra. The 
functor E constructed in the preceding lecture associates 
with g some analytic local group E^ whose Lie algebra I (E^) 
is isomorphic to 9 . Therefore that local group is isomorphic 
to G, □ 

Notice that Proposition 4 is trivially true for analytic 
local groups, since any quasi-invertible functor F: C D 
is completely univalent. Indeed, if G: D C is a quasi¬ 
inverse functor, then for any morphism a: A B we have 
a commutative diagram 

A - ^GFA 

GFft 

, t 

B - ^GFB 

in which the horizontal arrows are isomorphisms. Therefore 
if Fa = then 

cx = 8 b o GFa o 8 a = Sb ° GFp o = P- 

Thus if for a morphism y: FA FB there is a morphism 
a: AB such that-Fa = y, then that morphism is unique. 
It is similarly proved that for a morphism a: GS GT^ 
where *?, T are the objects of the category D, there can be 
only one morphism y: S T such that Gy = a. On the 
other hand, for any morphism y: FA FB the morphism 
oc = ° Gy o Ea has the property that GFa = 8 b ® a « Sa = 

Gy, Therefore Fa = 7 . □ 

The proof of Proposition 4 is based on the theory of exact 
differential equations (Pfaffian differential equations). We 
begin by presenting this theory in invariant form using 
no coordinates. 

Let P and Q be two smooth manifolds. 

Definition 6 . A Pfaffian system from P to ^ is the function 

/: (p, q) q) 
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which associates with every point (p, q) ^ P X Q some 
linear mapping 

/ (/>, q)- T;, (P) T, ((?) 

which is smoothly dependent on p and q, 

\i and , , ,, are local coordinates in 

manifolds P and Q respectively, then in the associated coor¬ 
dinates on vector spaces Tp {P) and T q (Q) the mapping 
f {Pi q) will be given hy em n X m matrix whose elements 
are functions of x'^ and y^. The require¬ 

ment that / (p, q) should be smoothly dependent on p 
and q means that the functions are smooth. 

Remark 1. In more invariant terms the concept of Pfaf- 
fian system is defined through that of induced fibering. We 
shall not recall that concept (we shall no longer need it 
anywhere) but only remark that a Pfaffian system in the 
sense of Definition 6 is nothing but the mapping over P X Q 
of the fibering induced from the tangent fibering T (P) 
by the projection P X Q P into the fibering induced from 
the tangent fibering T {Q) by the projection P X Q Q. 
This approach allows one to avoid explaining the require¬ 
ment that mappings / (p, q) should be smoothly dependent 
on p and q. 

Definition 7. An integral of a Pfaffian system / on an open 
set t/ci P is a mapping cp: U Q such that 

/ {u, ^)x) = {d(p)u 

for any point u ^ U. The Pfaffian system / is said to be 
integrable if for every point (po, qo) ^ P X Q there is an 
integral (p: U Q ol f defined on some neighbourhood U 
of the point Po in the manifold P such that cp (po) = go- 
Lemma i. Any two integrals U Q and cp': U' Q 
defined on U and U' of and such that (p (Po) = (Po) 
coincide on some neighbourhood of Pq. 

We shall prove that Lemma below. 

To obtain convenient conditions for the integrability of 
the Pfaffian system (and to prove Lemma 1 at the same 
time) it is appropriate to somewhat generalize the problem. 

Let M be an arbitrary smooth manifold and Jt: T (Af) 

M its tangent fibering. 
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Defmition 8. A vector bundle E M is said to be 
a subfibering of a tangent fibering (or bundle) n: T {M) M 
if Ed T (M), the embedding E (M) is smooth and 
Jti = The subfibering is uniquely defined by giving a 
manifold E, and as a rule we shall identify it with E. The 
fibre (a) of the fibering E over a point a ^ M will be de¬ 
noted by Ea- It is the subspace Ta (Af) (1 ^ of th® tangent 
space Ta (M) whose dimension is the same for all a and 
will be denoted by m. 

For every open set Ud M a vector bundle (U) U 
is defined which has the same fibres as the fibering E, It is 
a subfibering of the tangent bundle T (U) U. We shall 
denote that subfibering by £* and call it a restriction of 
the subfibering E to U. 

By this definition T {M) \u = T (U), 

Let W be an m-dimensional manifold and Wq its point. 
As a rule W will be assumed to be a neighbourhood of Wq 
in some manifold for example), but in principle W 

may be arbitrary. 

Definition 9. A smooth mapping O: W M is said to be 
integral with respect to a subfibering EdT {M) if at any 
point w ^ W its differential 

T.. (W) Ta (M), a = Ow 

is a monomorphism onto a fibre E^ of the subfibering E. 

In accordance with the generally accepted set-theoretic 
notation we shall write O: {W, Wq) (M, Uq) if = Owq, 

Definition 10. A subfibering E of r tangent bundle T (M) 
is said to be integrable if for any point ^ M there is a map¬ 
ping O: {W, Wq) (Af, Uq) which is integral with respect 
to E, 

Lemma 2. If a subfibering E is integrable, then for any 
point aQ^M and any E-integral mappings O: {W, Wq) 

(M, ao) and O': {W', w^) (M, ao) there are neighbour¬ 

hoods V and V' of Wq and Wq and a diffeomorphism p.* F' 7 
in manifolds W and W' such that O' = O © p on 7'. 

We shall prove this lemma later on. 

Let / be a Pfaffian system from PtoQ and let M = P X 
For any point a = (p, q) ^ M, we shall consider a graph 
of the mapping / (p, q): Tp (P) Tp ((?), i.e. a subset E^ 

10-0450 
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of the direct sum 

Ta {M) = Tp {P) © Tg {Q) 

consisting of vectors {A, B), A g Tp {P), B {Q) such 
that 

P = f (p^ q) A. 


Since the mapping f {p, q) is linear, that subset is a subspace. 
We put 


U E,. 

aeM 


The set £* is a subset in T {M) and a restriction E -> 
M to £ of the projection n: T (M) -> M has the property 
such that n~^ (a) = for any point a ^ M. 

If {U X V, h X /u) is a chart on M which is the product 
of charts (f/, k) and (F, k) on P and Q respectively and if 

W=nl^{U XV) = U Ea. 

aeuxv 

the mapping 


W {U X V) X m = dim P 

defined by the formula 

{A, B) (jx (A, B), hA), 

• 

where h: Tp (P) p = nA is a chart corresponding 

to a chart h, will obviously be a bijective mapping. The 
inverse mapping H sends a point (a, x), where a = (p, q) 6 

U X V and x 6 to a vector {h~^x, f (p, q) \h~^x) 
and has therefore the property that for every point a 6 
U X V the mapping x H {a, x) is an isomorphism of 
vector space onto vector space JS'q. 

If {U\ h') is another chart on P and 

H': {U' X V) X = [j Ea 

aeu'xv 

is the corresponding mapping, then (with U fl U' 0) 
for any point a ^ {U X V) [] {U' X V) the composition of 
the mapping xy-^ H {a, x) and the mapping inverse to the 
mapping x t-> H' (a, x) will obviously coincide with the 
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mapping h' o h~^: -> E’” and will hence smoothly 

depend on a. 

This means that (£', M) is a vector bundle. In addi¬ 
tion, it is clear that the embedding £ T {M) is smooth 
and therefore (since by construction = ji 1^;) that mapping 
is a subfibering of the tangent bundle T (M). 

Definition 11. The subfibering constructed is called a 
graph of a Pfaffian system /. 

It is obvious that a mapping cp: f/ ^ is an integral of 
the Pfaffian system / if and only if the mapping (!):[/-> 
P X Q defined by the formula 

(4) Ow = (i/, (pj^), u ^ U 

is integral with respect to the graph E of /. On the other 
hand, X ^isa mapping integral with respect 

to the graph E and = {aw, ypw), where a: IP P, 
'll): W then it is easily seen that for any point Wq 
the differential {da)wQ of a mapping a will be an isomorphism 
and that hence, possibly after going from IP to a smaller 
neighbourhood of the point Wq, the mapping a will itself 
be a diffeomorphism of the manifold W onto some neigh¬ 
bourhood U of the point Uq = aw^. Then the mapping O = 
W o a~^: U P X Q, while continuing to be integral 
with respect to the subfibering E, will be given by 
formula (4) (with cp = ij) o a~^) and will therefore define an 
integral cp of the Pfaffian system /. This proves that the Pfaf- 
fian system from P and Q is integrable if and only if its graph 
is an integrable subfibering of the tangent bundle of the mani¬ 
fold P X Q. 

In addition, we can now prove (assuming Lemma 2 estab¬ 
lished) Lemma 1. 

Proof of Lemma 1. Let cp: (U, Uq) {Q, Qq) and cp': ([/', 
Uq) {Q, Qq) be two integrals of a Pfaffian system / which 
coincide at the point Uq ^ U (] U' and let O: u (u, cpw) 
and O': u\-^{u, cp'u) be the corresponding mappings (4) 
integral with respect to the graph E of that system. By 
Lemma 2 there are neighbourhoods P and P' of Uq and a 
diffeomorphism p.* P' P such that O' = O © p onto P'. 
Projecting onto U we see, in particular, that ^u = u for 
any point u £ P', i.e. that P' = P and P = id. But then 
cp' = (p' o p = cp' onto P' = P, which proves Lemma 1. □ 

10 * 
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Suppose again that is a subfibering of the bundle T (M). 
We shall say that a vector field X ^ a (M) is in E if Xa 6 
for any point a ^M. Clearly, all such fields form a submod¬ 
ule of the ^ (Af)-module a (M), We shall denote that sub- 
module by a (E), 

If the fibering E is trivial (isomorphic to the fibering 
M X then there are vector fields Xm 

on M such that for any point a ^ M vectors (Zi)^, . . 
(Z;w)a form a basis of the space ^E^ and hence Zi, ...» 
Z^ form a basis of the ^ (ilf)-module a (E), i.e. the 
module is free. It follows from the local triviality of E that 
for any subfibering E of the tangent bundle T {M) there is an 
open covering {U] of the manifold Af, such that for every ele¬ 
ment U of that covering the ^ {Uymodule a {E \u) is free. 

Definition 12, A subfibering E is said to be involutory 
if the submodule a (E) is a subalgebra of a Lie algebra a (Af), 
i.e. if [Z, Y] ^ a (E) for any fields [Z, F] 6 a (E). 

Below we shall encounter a situation where the submodule 
a (E) is generated by some (finite-dimensional) subalgebra 9 
of a Lie algebra a (M), i.e. where any element of it is a linear 
combination with coefficient from (M) of fields in ^ (ac¬ 
cording to the standard notation of module theory such a 
submodule will be denoted by (M) g). It is easily seen 
that in this case the condition of involutedness is satisfied, 
i.e. any submodule generated by a subalgebra is itself a sub¬ 
algebra. Indeed, it is obviously sufficient to show that for 
any fields X, Y ^g and any function / 6 ^ (Af) the field 
[/Z, Y] is in ^ (AT) g. But since F is a differentiation, we 
have Y o fX = Yf-X + f-Y o X and therefore 

[/Z, FI = /Z o y _ F o /z = /-(Z o y -- F o Z) — F/-Z 

= /.[Z, F]-F/-Ze^(M)d, 

since [Z, F] 6 3 and Yf ^ ^ (Af). □ 

Proposition 5 (Frobenius theorem). A subfibering E is inte- 
grable if and only if it is involutory. 

Before proving the proposition we apply it to the proof of 
Proposition 4 . 

Proof of Proposition 4. Let G and H be two smooth local 
Lie groups and /: 9 ^ an arbitrary homomorphism of the 

Lie algebra 3 = ( (G) into the Lie algebra = I (H). It is 
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necessary to show that there is a homomorphism cp: G H 
of G into H for which \ (cp) = / and that the homomorphism 
is unique. 

To this end, interpreting / as a mapping Te {G) Tg {H) 
we can define for any two elements a ^G and fc g jy a linear 
mapping / (a, b)\ Ta {G)-^'^h {H) by putting 

(5) /(a. h) = {dLj,)e o / o 

where, as ever, and L5 are the left shifts. Clearly, map¬ 
pings / (a, b) smoothly depend on a and ft, i.e. form some 
Pfaffian system from G to H. 

For any homomorphism cp: G H of local Lie groups 
and any element a 6 G a relation cp o ® holds 

(signifying that cp {ax) = cpacp^r), i.e. a relation cp = 
Z/(pa o (p o Therefore 

(«^<p)a = {dL^a)e » (%)e » 

from which it follows that if / = 1 (cp), i.e. / = (d(p)e, then 

(dq))<, = / (a, (pa), 

i.e. cp is an integral of the Pfaffian system ( 5 ), which has the 
property that cp^ = e. 

Suppose for the Pfaffian system ( 5 ) there is an integral cp 
defined on some neighbourhood of the identity ^ of G and 
such that cp^ = e. Since equivalent local groups are not dis¬ 
tinguished, we may assume without loss of generality that 
cp is defined on the entire local group G. 

For any fixed point a £ G the mapping cp o a: cp {ax) 

defined on some neighbourhood of e satisfies the relation 

d (cp o i'a)ac ~ (c^Cp)cj 3 c o {dLf^x 

{dL^i^dx^e ® ® ° {dLfj^x 

~ (dL^Caa:))^ ° ° {dL^e ~ f (^» Cp {ax)), 

i.e. it is an integral of ( 5 ). Similarly, since 

{dL(p(a) ® cp)^ == {dLff;^d))(px ® (^cp) 3 (. 

{dL(f(^d))(i>x ° {dL(px)e ® ® {dljx)e 

= {dL^d, (pac)e o / ® {dL^e^ 

= / {x, cpacpo:), 
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the mapping ° x cpacp^ is also an integral of (5). 
As both integrals assume for x ~ e the same value (pa, 
by Lemma 1 they coincide in some neighbourhood of e. 
Thus, in that neighbourhood q) {ax) = (pacpor and hence cp 
is a homomorphism of G into H, Since 

(d(p)g = {dh^Q o f o {d,IjQ)e^ = / j 

that homomorphism induces the given homomorphism / 
of Lie algebras. 

This proves that homomorphisms cp: G H ol local Lie 
groups, that induce the given homomorphism f: ^ 
of Lie algebras are precisely the integrals of system (5) for 
which (pe = e. To prove Proposition 4 it then suffices to 
establish that system (5) is integrable, i.e. that so is the 
subfibering E of the tangent bundle J {G X H) which is 
the graph of that system. 

The fibre of that graph over the point {e, e) ^G X H 
is obviously a graph f of /, i.e. a subspace of the space 
Te (G X = Te (G) X Te {H) made up of pairs of 
the form (A, /A), where A e {G)- But over an arbitrary 
point {a,h) ^Gx H the fibre of the graph is obtained by 
acting upon / by a linear operator dL(^a, b) ~ dL^ X dLt,, 

If therefore we consider on G X H left-invariant vector 
fields Xi, . . ., Xm whose values (e, e), . . ., Xm 
at the point {e, e) form a basis of the subspace f, then their 
values Xi (a, 6), . . ., Xm {a^ b) at any point (a, b) 6 
G X H will form a basis of the fibre of the graph E over 
(a, fc). This means that the fields X^, . . ., Xm form a basis 
of the ^ {G X H)-module a (E) (so that this module is free). 

To restate this in more invariant terms, we should notice 
that the subspace f of the Lie algebra t {G X H) cz a {G X 
H), being the graph of a homomorphism of Lie algebras, 
is a subalgebra of that algebra and hence of the entire Lie 
algebra a {G X H). It I (G X H) is interpreted as the alge¬ 
bra of left-invariant vector fields, the basis of the subalge¬ 
bra f will form exactly the fields Xj, . . ., Xm- Therefore 
the submodule of the ^ {G X /f)-module a {G X H), which 
has the basis Xi, . . Xm^ is precisely the submodule 
{G X H)^ generated by the subalgebra f. But it was no¬ 
ticed above that a submodule generated by a subalgebra is 
itself a subalgebra. Thus the submodule a (E) is a subalge- 
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bra of the algebra a {G X H), so that the subfibering E 
is involutory. Hence, by Proposition 5, it is integrable. □ 

It now remains to merely prove Proposition 5 (and Lem¬ 
ma 2). The condition of necessity of this proposition is 
proved without difficulty: 

Proposition Any integrable subfibering E is involutory. 

Proof. Let Uq and O: {W, Wq) (M, Uq) be a mapping 
integral with respect to E. Since at any point w ^ W the 
mapping : Tu; {W) -^Tow {M) is monomorphic, for 

any vector field X ^ a {E) there is a unique field on 
W that satisfies the relation 


i.e. a field O-connected with the field X. For any two fields 
X, F 6 a {E) the fields [Z, Y] and IX^, Y^] are also O-con¬ 
nected, i.e. for them 

[Z, YUu. = (dO), [Z<^, Y^]^. 


Thus [Z, Y]ow 6 Im (dO)^^ = Eow- In particular, [Z, 
F]ao 6 Ea^. Since the point Uq ^ M is arbitrary, this proves 
that [Z, y] 6 Cl (E). Consequently, the subfibering E is 
involutory. □ 

The converse is more delicate to prove. 


Definition 13. A subfibering £* of the tangent bundle T {M) 
is said to be completely integrable if the manifold M has an 
atlas made up of charts (C/, . . ., x'^) such that for any 

point a ^ U the first m vectors (“^) » • • •» ( dx^ )a 

of the basis , •••’(“5 ^) nf the spaceTa (Af) form a 

basis of the spase E^, i.e. in other words such that the 

d d 


vector fields 


dx^ 


dx^ 


on U form a basis of the (U)- 


module a{E\u). 

It is easy to see that any completely integrable subfibering is 
integrable. Indeed let a^^M and a^ ^ ?7, where {U, h) = 
iu, x^, . . ., x'^) is a chart from an atlas specified 
by Definition 13. Suppose next that is a plane = 
x^'^^ (^q), . . ., x^ = x^ (ao) of the space and that 
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W is the intersection f] h ([/) (containing obviously the 
point Wq = h (ao))- Finally let O: -> ikT be a restriction 

to W of the inverse diffeomorphism h~^: h (U) -> U (con¬ 
sidered as a mapping in M). The differential (dO)^, of the 
mapping O at a point w^W sends the standard basis of 


the space T^; (W^) = R"* to vectors 



where a = Ow, and is therefore a monomorphism onto 
the space 

Thus the mapping O: {W, Wq) -> (M, Uq) is a mapping 
integral with respect to E, Since ^ M is an arbitrary 
point, this precisely means that the subhbering E is in- 
tegrable. □ 

Moreover, it can be shown similarly that any completely 
integrable subfibering E has the property stated in Lemma 2, 
i.e. for any two ^'-integral mappings O: (IF, Wq) (M, ao) 
and O': {W', w'^ (M, a^) there are neighbourhoods V 

and V' of the points Wq and w^ and a diffeomorphism P: 
V V in W and TF', such that O' = Oo^ onto V\ Indeed, 
we may assume without loss of generality that O' is the 
above-constructed mapping from the chart {U, 
x^) and that the manifold W is an open subset of the 
space IR”^. Then for any point w = (w^ ) e w 

the vectors (^fO)i^ ( ’ • • • ’ formabasis 


of jE*^, a = Oi^;, and will therefore be linearly expressed in terms 

of vectors {' dx^ )a‘ other hand, if 

x^{w), .,,,x^{w) are the functions giving the mapping O, 
then 


^ ' dw'*' ' dx^f /a 


according to the general rule defining in coordinates the 
action of the differential of a smooth mapping. Hence 

dxj 

= 0 on IF for any i = I, , . m and any j = m + 

1 , . . ., Az, and therefore (w) = const (more precisely 
xi (w) = x^ (ao)) for 7 = AM + 1, . . ., n. This means that 
the composition ^ ~h oO of a mapping O and a coordinate 
diffeomorphism fe is a mapping IF —IF'. Since p is obvious- 
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ly an etale mapping, has a neighbourhood V on which that 
mapping is a diffeomorphism onto some neighbourhood V' 
of iVq. To complete the proof it remains to notice that 
O = o (fe o O) = O o p onto V. n 
By virtue of these remarks, to prove Lemma 2 and the 
remainder of Proposition 5 it is sufficient to establish the 
following proposition: 

Proposition 7 . Any involutory aubftbering E of the tangent 
bundle T {M) is completely integrable. 

Proof. Let Uq be a point of a manifold M and let (f/, h) ~ 
(U, x^) be some chart of M at that point. 

On choosing a smaller neighbourhood, if necessary, we 
may assume that the (l 7 )-module a (E\u) is free, i.e. 
has a basis consisting of m vector fields Zj, . . Xm- 
To simplify the formulas, it may also be assumed that 
(^o) “ (ao) = 0. 

Suppose first that m = 1 . Setting X = Zj, consider the 
components Z^ = Xx^, . . ., Z” = Xx^ of the vector 
field Z in coordinates x^, . . ., x^. Since Z =5*^ 0 in U, 
it may be assumed without loss of generality that Z” =7^ 0 
in U (it suffices, if necessary, to rewrite the coordinates and 
make U smaller). 

As we know, for any point u ^ U there is an integral curve 
Af of Z defined on some interval of the 
axis [R, containing the point 0, and such that (p^ (0) = u. 
It may be assumed (again making U smaller, if necessary) 
that /u is independent of u (/ is the same for all u). 

Now consider in the space IR” = !R”"^ X IR an open 
set W I , "where is the set of all points m? — (^^i^ ... 

6 01 ”"^ for which (ic?, 0 ) ^ h (U), and a mapping 

(D: W X I-^M 


of that set in the manifold M, that is defined by the for¬ 
mula 

O {w, t) = (pii (t), where u = (w, 0). 


In coordinates w^. 


w 


71-1 


t and x^ 


X 


n 


that mapping can be written using functions x^ (m?, t), . . ., 
x^ {w, t) such that 

(6) =^X^{x^{w, t), ..., x^{w, t)), 1 = 1, n, 
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and 

{w, 0) = (w, 0) = (m?, 0) = 0 

are identical for w. In particular, we see that 


=6] and 

dw^ • t—o 



This means together with formulas (6) that at any point of 
the form (w, 0) and, in particular, at the point (0, 0) the 
matrix of the differential of O is, in the coordinates . . ., 
= f and x^, . . ., x^, of the form 

• 0 • 

• • 

0 . . 

1 

. 0 . ..0 . 


and is therefore (since X” ^ 0 ) nonsingular. Hence O 
is etale at the point’ 0 = ( 0 , 0 ) X I and may therefore 
be assumed without loss of generality to be a diffeomorphism 
of the set W X I onto the neighbourhood U, The inverse 
diffeomorphism defines on U coordinates 

uf' that obviously have the property that ' Q^n = X on C/. 

There are thus coordinates . . ., uf^ in some neigh- 

bourhood of the point such that the field generates 

a submodule a {E\u). Since Uq was chosen arbitrarily, this 
proves that J? is a completely integrable subfibering. 

This completes the proof of Proposition 6 for m = 1 . 
(Notice that for m = 1 the condition of involutedness is 
directly satisfied.) 

Now let 771 > 1 . Proceeding by induction, assume that 
Proposition 6 has already been proved for subfiberings 
having fibres of dimension m — 1 and consider an involuto- 
ry subfibering E with fibres of dimension m. 

Lemma 3. On a manifold M , there is a chart {U, x^, ..., x^) 
with a^ ^ U and a basis Xj, . . ., X^ of a module a (i^lc;) 



such that 

(a) 
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= ... = = 0, 

X„a:" = l, i.e. = 

(b) Xipc^ = . . . = = 0, i,e, the -fields . . . 

. . ., Xm^^ can be expressed only in terms of the field 
d d 

dx^ ’ ‘ ’ 

(c) with x^ = 0, the functions X^x^, . . Xm-ix\ rn ^ 

/ ^ Az, of x^, . • identically zero. 

Proof. First suppose {U, Xi^ . . Xjf) is a chart (with 
^0 6 f^) such that the module a {E\u) is free and let Zj,. . 
Xm be a basis of a {E\u). The vector field Xm gen¬ 
erates asubfibering for which m = 1 ; applying to that sub- 
fibering that part of Proposition 7 which was already proved 
we find a chart (denote it again by (C/, x^, . . x^)) 

that satisfies condition (a). 

To satisfy condition (b) we replace the fields Z^, . . 
^m-i by the fields 


Zi — (Zi^c^) Z 


m» 


X 


m* 


It is clear that taken together with Xm they also form a ba¬ 
sis of a (E\u) and (again denoted by Zi, . . Xm^i) 
satisfy condition (b). 

Condition (c) is much more difficult to satisfy. 

Let W cz be the same set as in the first part of the 
proof (w g IF if and only if (w, 0 ) ^ h (U)), Identifying W 
with W X 0 , consider a restriction (p: IF C/ to IF of the 
diffeomorphism inverse to a coordinate diffeomorphism 
h: U h {U) cz il”. For any point w the differential 
{d^)w of the mapping cp is a monomorphic mapping of the 
vector space Tm; (IF) = onto a subspace of the vector 

space Ta {M), a = ^ {w) spann ed by the vectors ) » • • •» 

. On IF therefore there are uniquely defined 
vector fields 


(p-connected with the fields Zj, . . Xm^\ (for which 
we assume conditions (a) and (b) to be satisfied). Denoting 
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the span of vectors for every point 

w hy ((p*-£')m*, we obtain over W the subfibering (p*£' 
of the tangent bundle T {W) which has the property that 
the morphism T (9): T (W) T (M) of vector bundles 
maps it into the subfibering E, 

By construction the vector fields form a 

basis of the ^ (PF)-module a (cp*£'). Since for any point 
w 


we have [y,-, Yj\w 6 and hence [Yt, Yj] 6 ^ ((p*£'). 

This means that (p*E is an involutory subfibering. 

Consequently, by induction on W, there are (possibly 

after making U, and hence W smaller) (curvilinear) coordi- 

d d 

nates ..., such that the vector fields -5—r , .. ., ^ , 

aw^ dw^~^ 

generate a submodule a((p*F). Since the fields Y^, .. YJy^_i 
have the same property, it follows that the fields y^, ..., Y^^^ 

d d 

can be expressed only in terms of , ..., and 

therefore their components Y in the basis 
d d 

1^' •••’ '«</<«• 

It may be assumed without loss of generality that h (U) = 
W X /, where I is some interval of the axis IR, and 
therefore on putting h (u) = {w, x^) we may associate with 
any point u ^ U as its local coordinates the coordinates 

of a point w and the coordinate 6 /. 
In other words we introduce in U new local coordinates 

y” = x^ by taking as coor¬ 
dinate diffeomorphism U h (U) the difieomorphism in¬ 
verse to the diffeomorphism (cp © ft) X id, where k: W W' 
is a diffeomorphism giving in W local coordinates . . ., 
j^n-i rpj^g coordinates have the property 

such that y” = x'^ and are independent of 

x^, so that 


and 



• • •, 


dx'^ 



_ n _ n —i 

dx^ ~ ~ 
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Therefore^^the^lcomponents Xij^, . . Xy'^ of an arbitrary 
vector field X relative to the coordinates y^ can 

be expressed in terms of its components X^ = Xx^,. . 
X” = Xx^ relative to the coordinates x^^ . . x'^ 

by the formulas 

0X3 



In particular, for the held X = X^ (for which under the 
hypothesis = 0, . . X^*~^ = 0, X^ = 1 ) we obtain 

that XmU^ = 0, . . X^y^-^ = 0, X^r/^ = 1, i.e. that 

Xm ~ ^01" the fields it follows 

that Xij/" = . . . = Xjn-iif"' = 0, i.e. that these fields 

can be linearly expressed only in terms of the held , • • • 

^yu-i • This means that in the chart {U, y^, . . y^) 

conditions (a) and (b) still hold. 


In addition, for y^ = 0 , i.e. at a point of the form u = 
(cp (m;), w for a value (Xi)^ of a vector field Xj-, 

j = l, ..., n — 1 we have a formula 


(Xi)a = (dcp),e, Yi 


which expresses the (p-connectedness of the fields Xf and 
Yi. As applied to functions Xty^ that formula shows that 
the value 

{Xiif){u) = (X,)u 

of Xiif dX u ^ U with y'^ [u) = 0 is equal to that of Yty^ 
at the point w. Since Y(y^ = 0 for m ^ j ^ n — 1 , this 

proves that X^i/^|yn=o = 0 for m^j^n — 1 . Thus con¬ 
dition (c) is also satisfied for the chart {U, y^, . . ., y^) 
(with x^, , , ,, x^ replaced by . . ., y'^^), □ 
Proposition 7 now clearly follows from this lemma. 
Let a chart (t/, x^, . . ., x'^) and fields X^, . . ., Xm 
satisfy the hypotheses of Lemma 3 , 
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Consider a Lie bracket [Xm-, Xi], i = m — 1. 

By virtue of involutedness this vector field is in a {E\u) and 
hence there are smooth functions c\, . . cf on U such 
that 

Xf] = c\Xi + • • • + c'^Xm, i = 1, . . m — 1, 
and therefore 

[Xt^, Xf] = c|X^a^^ -f- . . . c^Xjf^x^ 


for any / = 1., . . n, \i j ^ n (which is the only interest¬ 
ing case), then X^x^ ~ 0 . It may be assumed, therefore, 
that the last term at the right is of the form 
On the other hand, by definition oLa Lie bracket 


[X^, X,] = X, {X,x^) - X, (X^a :0 = 


dXix3 

dx^ 


since under the hypothesis X^ = 


d 

dx^ 


This means that for 


any / = 1, . . ., w — 1 (and obviously for / = n) the 
functions 


— X -j^x , • 


t-l XjYi^iX^ 


as functions of ^ = a;” are the solutions of a system of diffe¬ 
rential equations 


dzj 

dt 



m-i? 




But according to condition (c) of Lemma 3 , the functions 
• • •» ^m-i zero for ^ = 0 . Hence they are zero for 
any t. 

This proves that on U the fields X^, . . ., Xm^^ are 

d 0 

expressed in terms of the fields , • • •, ' qx^^ 

hence X^, . . ., Xm are expressed in terms of the fields 

■^r, • • •’ ' dx^ ~ ’ fields therefore form a 

basis of the module a (^'It/). 

To complete the induction step it remains to rewrite the 
coordinates x^ and x'^. 

This completes the proof of Proposition 6 together with 
Proposition 5 and Lemma 2 . □ 

Corollary. A subfibering of a tangent bundle is integrable 
if and only if it is completely integrable, □ 
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Now we proceed to study the localization functor 
GRq-DIFF GR-LOG. The investigation of this functor 
is based on an entirely different range of ideas and methods 
connected in the main with the so-called “covering spaces”. 
The generally accepted presentation of the theory of cover¬ 
ing spaces using the notion of “homotopic paths” has been 
explained many a time in textbooks and monographs, both 
regardless of applications to Lie group theory (see [ 13 ] 
chap. 5 , for example) and in connection with that theory 
(see [8], chap. 9 , for example). We shall present another, 
more elementary presentation of the theory, which was 
first proposed, in a somewhat different form, by Claude 
Ghevalley, and uses nothing but the simplest general-topo¬ 
logical constructions. We then apply the results obtained 
to the investigation of the localization functor. 

Deiinition 1 . Let n: X X be a continuous surjective 

mapping of topological space X onto topological space X 
and let U cz X be an open subset of X, We say that U 
is evenly covered by n if the inverse image {U) of the 
set U under n is the union of disjoint open sets, each homeo- 
morphically mapped by n onto U, The mapping jx is said 

to be a covering of Z if X and X are connected and any 
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point of X has a neighbourhood evenly covered by n. The 

space X is called a covering space in that case. 

Sometinaes we have to consider surjective mappings jt: 

X X for which X is connected and any point of X has 
a neighbourhood evenly covered by a mapping n but in 

general X is not connected. Such mappings will be called 
weak coverings. 

If U is evenly covered by a mapping jt, then so is any open 
set V cz U. Hence for any {general weak) mapping n\ X X 
evenly covered open sets U cz X form a base of X. 

Since every point a: 6 Z is in the inverse image of some 
point X ^X, open sets U cz X which Jt homeomorphically 

/N4 

maps onto open sets U cz X form a base of Z, i.e. any open 

set of Z is a union of such sets. 

A continuous mapping Jt: Z-^Zthat has the latter prop¬ 
erty is called a local homeomorphism. Thus any {weak) 
covering is a local homeomorphism. 

Notice that the converse is not true. For example, the 

restriction of a covering n: X X to a subspace Z\{a;o}, 

where Xq 6 •X’ is an arbitrary point (even if that restriction 

is surjective and the subspace Z\ {a:o} is connected) is a local 
homeomorphism which is not a covering. 

Every local homeomorphism is obviously an open map¬ 
ping (i.e. sends open sets into open sets). Any {weak) covering 
therefore is an open mapping. 

In general the representation of the inverse image of an 
evenly covered set C/ c: Z as a union of disjoint open sets 

c/a, each homeomorphically mapped onto C/, is by no 
means unique. But it is so if U is connected, for in that case 

the sets may be characterized as the components of 
connectedness of the set jx"^ {U) (each of them, being homeo- 
morphic to U, is connected, and they are open and dis¬ 
joint sets). 

Many of the important topological properties of a space Z 
are inherited by any of its covering spaces Z. For example. 
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it follows immediately from the fact that the covering ji: X-^X 

is a local homeomorphism that X is locally connected if 
X is. 

Similarly, it is easy to see that if X is Hausdorff, then so 

r\/ 

is each covering space X of it. Indeed, let X2 be distinct 

points of X. If n (^1) = n {X2), then under the hypothesis 

Xi and X2 are in two disjoint open sets. But if n {x^) n {x^^ 

then X being Hausdorff, n {x^) and n (.Tg) have disjoint neigh¬ 
bourhoods und f/g.J The inverse images {U^ and 
{U<^ of the neighbourhoods are precisely the disjoint 

open sets containing and X2- □ 

Let U c= X be an open set evenly covered by a mapping 

n: X X. Consider disjoint open sets cz X on which n 
is homeomorphic and whose union is the set n~^ (U). By 

definition, for any a the homeomorphism a^: U 

inverse to the homeomorphism n \r^ : U^ U is a sec- 

OC 

tion of n over U (more precisely, the section is its composi- 

tion with the embedding -> Z). 

On the other hand, we know that if U is connected, then 
C/cc ^re uniquely defined and that to give any of them it 
is sufficient to indicate in the set some point (since these 
sets are the components of the set (U)). Sections 
are therefore also uniquely defined. This means that if 
we choose in U an arbitrary point Xq, then for any point 

6 (^0) there will be a unique section a^: U X 

of 3x over U for which o (x^x) = Xq. 

Conversely, let C/ be a connected subset of X with the 

property that for any point Xq ^ U and any point x^, 6 

n~^ (Xq) there is a unique section 0^: U X ol n over U 

for which 0^ (^0) ~ Consider a point x of the set {U). 

Let X — n (x). Under the hypothesis there is a unique sec- 

('V' ('V' 

tion a: U X ol n over U such that a {x) = x. Let o (a:o) — 
x^. Then, 0^^ being unique, a — which shows in 


11-0450 
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particular that x ^ Oa (U). Hence (U) is the union of 

Oa (U). If a: 6 (ta. (U) fl (U), then Xa, = Ua, (a^o) = 

— a (Xq) = Oa^ (ocq) ~ Xa^ therefore = Oa^- Hence 
distinct sets (U) do not intersect. Since (U) are 

connected (being homeomorphic to the connected set U), 
this proves that they are the components of the set (U). 

If X is locally connected, then those components must be 
open. Thus, under the assumptions made (U) is decom¬ 
posed as a union of disjoint open sets, each homeomorphical- 
ly mapped onto U. In other words, the set U is evenly co¬ 
vered by the mapping n. 

We have thus proved the following proposition: 

Proposition 1 . // a space X is locally connected, then a con¬ 
nected open set U cz X is evenly covered by a mapping n: 

X X if and only if for any point Xq ^ U and any point 

6 i^o) there is a unique section Ua ^ over U such 

that Qa (^o) ~ ^a- □ 

Corollary. Let U and V he connected open sets of a space X, 
that are evenly covered by a mapping n: X X, If : 

(a) X is locally connected', 

(b) the intersection U {] V is connected, then the set U [] V 
is also evenly covered by n. 

Proof. Let Xq ^ U [j V and 6 (.^o). If suffices to 

prove that there is a section 0 ^* U \J V X of n over 

U [j V such that 0^ (^o) — that the section is 

unique. We may assume without loss of generality that Xq^U . 

Under the hypothesis there is a section a^: U X of 

n over U, such that Oa (:ro)= and that section is unique. 
On choosing in U V di point y^, consider the point 

rs/ r\/ 

y^ = a 4 (^o) 6 Since y^ £ V, there is a unique section 

Oai F-> X of 3X over P, such that (yQ) — yo-Restrictions to 
U {] V oi o'a and a'a are sections over U [] V that send y^ 

to yo- Since f/ fl ^ is connected, it follows that o'a ^ 
on U {] V, Therefore o'a and o'a define on U [] V a con- 
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tiniious mapping ( 7 ^: U [j V X which is obviously a sec- 
tion such that (^o) — 

The existence of the section is established. Its unique¬ 
ness is obvious now. □ 

Proposition 1 (together with the corollary) applies in 

particular to any covering Ji: X Z of a locally connected 
(and connected) space X. 

Under the hypotheses of Proposition 1 the image (U) 
of the set U is under each of the mappings and open 

subset of the set X. As shown by the following proposition, 
that fact is indeed of a very general character: 

Proposition 2 . If X is a locally connected space, then for 

an arbitrary covering n: X X every section of it a: F X 
over any open set F cz X is an open mapping. 

In particular, o (F) is an open set in X and a is a homeo- 
morphism of the set V onto o (V) (with the inverse homeomor- 
phism Ji |o(y))- 

Proof. Since over each open set in F the mapping a is 

also a section, it suffices to prove that o (F) is open in X. 

Let X ^ o (F) and let a: g F be a point such that a (x) — x. 
Also let t/ be a connected neighbourhood of a: in F evenly 

covered by the mapping n and let C/ be a component of 

its inverse image (U) containing the point x. The image 
G (U) oi U under a is a connected set containing the point 

X. Hence a (U) cz U and therefore a mapping (Jiljy) o id 

is defined. But under the hypothesis the mapping jc |^: 

U U is homeomorphic. Let a': U U he the inverse 
homeomorphism. Then a'o (ji 1 ^) — id and hence 

q' =z a' o (jc Igr ° = (cr' o 3x 1^) o a = a. 

In particular a (U) — a' (U) = U. This means that the 

neighbourhood U ol x ^ a (F) is entirely in a (F), so that x 
is an interior point of the set a (F). Hence a (F) is an open 
set. □ 
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The uniqueness of sections required in Proposition 1 
can in fact be proved (in the only case of interest to us where 
jc is a covering of a Hausdorff space). It is, however, con¬ 
venient for us to prove uniqueness in a somewhat more gen¬ 
eral situation to describe which we introduce the following 
definition: 

Definition 2 , Let / : Y X and Jt: Z X be two mor- 

phisms of an arbitrary category C. The morphism j: Y X 
of C is said to be a lifting of the morphism / (with respect to 
ji) if / — 3X0 / i.e. if the diagram 





is commutative, i I 

Sections are nothing but liftings of the identity morphism 
X X and sections over U cz X (in the case where C 
is the category TOP of topological spaces) are liftings of 
the embedding U X. 

Proposition 3 . If n: X X is a covering of a Hausdorff 
space Z, then for an arbitrary continuous mapping f: Y X 
of a connected space Y into a space X any two liftings of it 

y Z that coincide at least at one point y^ ^Y 
will coincide everywhere. 

Proof. Let Y' be the set of all points y ^Y such that 

fy =, f'y. The set Y' is nonempty (contains a point y^) 
and closed (for Z is a Hausdorff space). Since under the 
hypothesis y is a connected space, to prove Proposition 3 
it therefore suffices to establish that y' is also an open set. 

Let y ^Y' and let C/ be a neighbourhood of a point 
f (y) E X evenly covered by the mapping 3X. Then the point 

/ (y) ~ f (y) has in Z a neighbourhood U on which 3X is 

a homeomorphism U U, Since / and /' are continuous 
mappings, the point y has in y a neighbourhood V such 
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that / (V) cz U and /' (F) cz U. As Ji is homeomorphic 

on U and as nof — jio/', we have / on F, i.e. F c: F'. 
Hence Y' is an open set. □ 

It is convenient to introduce at this point a general-topo¬ 
logical definition. 

Definitian 3 . A topological space X is said to be pointed 
if it has some base point Xq. The mapping (X, Xq) -> (F, ^o) 
of pointed space (Z, Xq) into pointed space (F, i/q) is a con¬ 
tinuous mapping Z -> F that sends point Xq to point 
Pointed spaces and their mappings form a category. 
This will be denoted by TOP’. 

A pointed covering is a mapping jx: (Z, Xq) (Z, Xf^ 
of the category TOP’ which is a covering as a mapping 

Z Z of the category TOP. 

In this terminology Proposition 3 states that a mapping 
f: (F, i/o) (Z, Xq) of connected pointed space (F, 
into Hausdorff pointed space (Z, Xq) admits with respect to the 

r\/ 

pointed covering n: (Z, Xq) (Z, Xq) at most one lifting 

J: (F, Vq) (Z, Xq\ 

In what follows, for simplicity of notation we shall 

simply write Z, Z etc. instead of (Z, Xq), (X, Xq), etc., 
explicitly indicating base points only when it is impossible 
to do without. 

Suppose again that /: F Z and n: X X are mor- 
phisms of a category C and that those morphisms are in¬ 
cluded in a commutative diagram of thej^form 



/* 


X 


Y— - 

/ 


Jt 






That diagram is said to be a universal square and the mor¬ 
phism Ufi Fy F (or the object Fy) is a coamalgam of the 

/X/ 

morphisms / and n (or the objects F and Z over the object Z), 
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if for any object Z and any morphisms g^\ Z Y and gg- 
Z X that satisfy the relation 

( 1 ) hgi = 

there is a unique morphism g: Z Yf such that 

(2) nfog = g^, f*og = g.^, 

i.e., in other words, if any commutative diagram of the form 



is uniquely supplemented to a commutative diagram of the 
form 





Z 


Y 


t 

X 


Any two coamalgams Yf and Yf of given morphisms / 
and n are naturally isomorphic: there is one and only one 
isomorphism Yf Yf that closes the commutative diagram 



The basic property of the coamalgam 3 T/: Yf-^Y is 
that its sections g: Y Yf are in natural bijective corre-^ 

spondence with liftings f : Y X of the morphism /. Indeed, 
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every section g gives a lifting /* o g^ and for every lifting / 

morphisms gi = id and g^ = f satisfy (with Z = Y) con¬ 
ditions ( 1 ) and hence define a morphism g: Y -^Yf which 
is (by virtue of the first relation of (2)) a section of the mor¬ 
phism Jty. □ 

In that sense liftings reduce to their special case, sec¬ 
tions. 

This presupposes, of course, the existence of the coamal¬ 
gam JCy. It turns out that in the case we are interested in, 
that of the category TOP* (or TOP*), the coamalgam 
Yf -^Y exists for any continuous mappings f: Y X and 

n: X X. A subspace of the direct product Y X X 

consisting of points (y, x) such that f (y) = n {x) is the 
corresponding space Yf and the mappings zif and /* are 
restrictions of projections of that product onto its factors. 
The fact that this does indeed give a coamalgam can imme¬ 
diately be verified: if f^gi = ^°g2i then the mapping g = 

gi X g^: Z Y X Z is a mapping into Yf and satis¬ 
fies n,fOg = g^ and = on the other hand, since Jiy 
and /* are the projections, these relations uniquely char¬ 
acterize the mapping g. □ 

Lemma \. If a mapping n: X X is a {weak) covering, 
then for any mapping f: Y X the coamalgam 

nf\ Yf-^Y 


is a weak covering. 

Proof. The mapping Jiy is surjective, since for any point 

y there is a point x X such that n (x) = f (y). Let 
U be an open subset of a space X that is evenly covered by 
the mapping jt and let V = (U) be the inverse image of 

the set U under the mapping /. It is clear that 

nf (V) = Yff](Vx (U)). 


n ^{U)= [jUa, 

a 


If therefore 
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where are disjoint open subsets of a space X that are 
homeomorphically mapped onto U, then 

a 

where 

n (F X uj. 

The sets Ta open, do not intersect and are homeo¬ 
morphically mapped by means of Jiy onto V. Hence, the 
set V is evenly covered by jcy. To complete the proof it re¬ 
mains to notice that sets of the form V cover the entire Y. □ 
Thus, if we are to obtain a covering it suffices to go 
from the space Yf to some component of it. That we do 
indeed obtain a covering is shown by the following lemma: 
Lemma 2 , If X is a connected and locally connected space, 

then for any weak covering jx: X X and any component 

/-V/ 

Xq of a space X the mapping 

jXq — jx j» ^X Q ■ ^ ^X 
^0 

is a covering. 

Proof. Let t/ be a connected open subset of a space X, 
tliat is evenly covered by a mapping n. Those of the com- 

ponents of the set jx"^ {U) that intersect X^ are necessarily 

in Xq (by virtue of connectedness). If, therefore, Uf (Xq) fl 

U ^ 0 , then U cz n (Xq), Since sets of the form U form 

a base of X, this shows that the nonempty set n (Xq) is at 
the same time open and closed. Hence it exhausts all X, 
so that 3Xo is a surjective mapping. Since (U) is the 

union of the components of 3X“^ (U) that are in Xq, the 
mapping jIq evenly covers the set U, Hence jx^ is a cover¬ 
ing. □ 

Now consider the question of the existence of liftings (and 
sections). Here we must begin from afar. 

Any homeomorphism n: X X is clearly a covering. 
Definition 4 . A covering jx: X X which is a homeo- 
morphism of a space X onto X is called trivial. 
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r»^ 

Proposition 4 , A covering n: X X of a locally connected 
{and connected) space X is trivial if and only if it has a section 

g: X X over the whole of X. 

Proof. If n is trivial, then a is the inverse homeomorphism 

X X (regardless of whether or not X is locally connected). 
Conversely, let the covering n: X-^ X have a section a: 

X X. By Proposition 2 that section is a homeomorphism 

of a space X onto an open subset a (X) of X with an inverse 
homeomorphism Jt a (X)X. To prove Proposi- 

tion 4 therefore it suffices to establish that a (X) = X. 

Since X is connected and a (X) is an open and nonempty 

set, this will be proved if we show that a (X) is closed in X. 

— - 

Let a: be a point of closure a (X) of a (X) and let U be 

a neighbourhood of a point x = n (x) that is evenly covered 
by a mapping n. Consider an open set U containing the 
point X and mapped homeomorphically onto U. Since 

- r\/ 

X ^ G (X), the intersection C/ fl ^ (^) is not empty. Let 
y ^ U G (X). Since the mapping n la(jf): ct(X) X 

is a homeomorphism, there is an open set U' in a (X) which 
is mapped homeomorphically onto U and contains a point 

y. Since U is evenly covered, U and U' either coincide or 

do not intersect. But they have a point y in common. Hence 

U' = U and therefore x ^ U = U' g (X). Thus the set 
G (X) is closed. □ .. 

Definition 5 . A connected space X is said to be simply 
connected if any covering of it is trivial. 

The significance of simply connected spaces for the prob¬ 
lem of the existence of liftings is determined by the follow¬ 
ing theorem: 

_ 

Theorem 1 . Let n: (X, Xq )->(Z , Xq) be a pointed covering 
of a pointed Hausdorff space (X, Xq) arid let (y, yo) be a con¬ 
nected^ locally connected and simply connected pointed space. 
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Then for any mapping /: (T, ij^) {X, x^) there is a unique 
lifting J: (Y, go) (X, x«). 

Proof. By definition (j/#, Xg) f. Let (Y Ag be a com- 

ponent of Yf containing a point {ijg, Xg). By Lemma 2 the 
mapping (jt/)o = Jt/ /)o -> y is a covering. Hence, 

Y being simply connected, that mapping is a homeo- 
morphism. If y->(y^)o is the inverse homeomor- 

phism, then the mapping 

y^x 

is a lifting of the mapping / that satisfies the relation / {gg) = 

Xq. The uniqueness of the lifting / is ensured by Proposi¬ 
tion 3 . □ 

Corollary 1 . An arbitrary covering n: X X of a connect¬ 
ed, locally connected and Hausdorff space X evenly covers 
every open simply connected subset UczX, 

Proof. It is sufficient to use Proposition 1 . □ 

Corollary 2 . A connected and locally connected Hausdorff 
space X is simply connected if it is the union of doubly connect¬ 
ed and simply connected open sets U and V whose intersection 
U [\ V is connected. 

Proof. By Corollary 1 every covering n: X X evenly 
covers both U and V. Therefore (Corollary 1 to Proposition 1 ) 
it evenly covers X = U \] V and is therefore trivial. □ 

Definition 6 . A morphism of a covering jCii Xj -> X into 

a covering 3X2* X2 X is a continuous mapping /: Xi -> Xg 
such that there is a commutative diagram 



It is clear that all coverings (of a given connected space 
X) and all their morphisms form a category. This will be 
denoted by COV (X). 
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Similarly defined is the category of pointed coverings 
COV (Z, Xo) whose morphisms are morphisms of COV (Z) 
that are at the same time mappings of pointed spaces. 
The category COV (Z, Xq) will be denoted also by COV* (Z). 

Clearly, the morphism f: Zi Zg of COV (Z) (or 
COV (Z, .To)) is an isomorphism {has an inverse morphism) if 

and only if it is a homeomorphism of a space Z^ onto Zg. 

A covering jc: Z Z is trivial (in the sense of Defini¬ 
tion 4 ) if and only if it is isomorphic in COV (Z) to the iden¬ 
tity covering id: Z Z. 

Lemma 3 . // a connected space X is locally connected, then 
any morphism f: ZjZ2 of COV (Z) (or COV {X, Xq)) is 
itself a covering {of Z2). 

Proof. Let be a base of the space Z that is made up 

of connected open sets evenly covered by mappings 3X1: 

r\/ 

Zi->Z and 3X2* Z2Z at the same time, and let J/aVp 
be components of the inverse image 3 X[^ ([/«) of ^ set 

under and let he components of the inverse image 

{Ua) of Ua under 3X2. Since 3X1 — 3X2^/, each of the sets 

f/y.’p is homeomorphically mapped by means of / onto some 

set Ualy If therefore for some a and y the set Ua!y inter- 
sects a subspace / (Zj), then it is necessarily contained there¬ 
in: U^lyCZ f (Zi). Since sets of the form Ua\ form a base 
of the space Z2, this is possible only when the subspace 

rs/ r\/ 

f (Zj) is both closed and open. Hence / (Zi) = Z2, so that 
the mapping / is surjective. 

In addition, we see that for any set Ua]y its inverse image 

f~^ (Ualy) under / is the union of some (in fact all) sets of 

the form C/aVp Ihe mapping / being a homeomorphism on 

each of these sets. Thus each of the sets Ualy Is evenly cov¬ 
ered by the mapping /. Hence / is a covering. □ 

Every morphism / of a covering 3X1: Zi Z into 3X2: 

Z2 Z is nothing hut a lifting of the mapping 3X1: Zj Z 
with respect to Ji2* I^ view of Proposition 3 therefore, if X 
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is a Hausdorff space, then for any two pointed coverings jij*. 

r\/ 

(X, Xi )^{x, Xq) and JCg*. (X 2 , x^ -> (X, x^) there is at most 
one morphism of covering into covering 3 X 2 COV (X, ^o)- 

In particular, for every covering jt: (X, Xq) -> (X, ^ 0 ) 
there is only one morphism Ji ji, the identity morphism. 

We shall write if the morphism -> 3 X 2 exists. 

It is clear that this relation on the set of all pointed coverings 
of the set (X, .To) is reflexive and transitive, i.e. is the rela¬ 
tion of quasi-order. 

We say that pointed coverings 3 X 1 and 3 X 3 are equivalent 
if at the same time 3 X 1 ^ 3 X 2 and 3 X 2 ^ 3 X 1 . It is clear that on 
all classes of equivalent coverings the relation^induces the 
relation of order. It is easy to see that if X is a Hausdorff space^ 
then 3Xi and 3 X 3 are equivalent if and only if they are isomorphic. 
Indeed, isomorphic coverings are obviously equivalent. 
Conversely, if 3 X 1 and 3 X 3 are equivalent coverings, i.e. if 
there are morphisms /: 3X1jCg and g: 3X23X1, then by 
virtue of uniqueness the morphisms / o g\ 3 X 3 and 

go/: 3Xi3ti are identity morphism id: and id: 

jCi jXi and hence / and g are mutually inverse isomorphisms. □ 

Thus if X is a Hausdorff space, then the relation of order 
is defined on classes of isomorphic objects of the category 
COV (X, Xq) (with any selected point Xq). 

rsy 

Definition 7. A pointed covering 3 X 0 : (Xq, (X, x^) 

of a pointed Hausdorff space (X, Xq) is said to be: 

(a) universal if 3 X 0 ^3X for any pointed covering 3x: 

(X, Ic) (X, x^)\ 

(b) maximal if 3X^ 3 X 0 if and only if 3 X 0 ^ JC, i.e. if and 
only if 3X and 3 x 0 are isomorphic; 

(c) simply connected if X© is a simply connected space. 

It is obvious that: 

(a) any two universal coverings are equivalent and hence 
isomorphic', 

(b) every universal covering is maximal', 

(c) if X is a locally connected space, then any simply con¬ 
nected covering is universal. 

Notice that the converses of these statements are in general 
false: there are locally connected spaces X with maximal 
but not universal and with universal but not simply connect- 
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ed coverings. There are also spaces with nonisomorphic 
maximal coverings. 

It is clear, however, that if there is a universal covering 
jCo of a space X, then any maximalcovering of X is isomorphic 
to no, so that in this case maximal coverings coincide 
with universal ones. 

In particular, if for a locally connected space X there is 
a simply connected covering 3Xo» then any maximal cover¬ 
ing of it is isomorphic to no, so that for such spaces simply 
connected, universal and maximal coverings are the same. 

Definition 8. A connected space X is said to be semilocally 
simply connected if there is an open covering for it made up 
of simply connected sets. 

Theorem 2. For any Hausdorff connected locally connected 
and semilocally simply connected space X there is a simply 
connected covering. 

Corollary 1. For every Hausdorff connected locally con¬ 
nected and semilocally simply connected space the simply con¬ 
nected, or universal or maximal coverings are the same. □ 

To prove Theorem 2 we shall need one general construc¬ 
tion which is a generalized construction of a coamalgam of 
a pair of mappings. 

Let A be some index set and let some (as yet arbitrary) 
continuous mapping X be given for any a £ A. 

Consider in the product 11X^ of spaces X^ a subspace X 

a 

/%./ rs/ 

consisting of all points (^r^), x^ 6 X^ such that a point 
i^a) 6 ^ Is the same for all a. Then the formula 


^ (^a) 

defines a continuous mapping 

3x: X X 

called a coamalgam of mappings n^. If all the spaces under 
consideration have base points and the mappings are 

mappings of such spaces, then by taking a point 

/'»i/ 

where x^^^ are base points of spaces X^, as a base point of 
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the space X we see that tlie mapping n is also a mapping of 
the spaces with base points. 

Suppose now that X is a connected, locally connected and 
Hausdorft space and that all mappings (pointed) 

coverings. Then by Corollary 1 to Theorem 1 any simply 
connected subset of X is evenly covered by each of the 

mappings Let be components of the set n-^ (C^a)» 

where ranges over some (a-dependent) index set Bc^. 
Under the hypothesis every mapping 

Icy • ^a, P„ ^ 

Pa 

is a homeomorphism and 11^,^ are open and disjoint sets. 
Let B = IJ Ba be the product of all sets B^. For any 

P — (Pa) 6 B we set 

f/p = xnllc/a.p„. 

a 

It is clear that the sets C/pCZ X are disjoint and together 
constitute the entire inverse image {U) of the set U under 
the mapping n: 

n-^{U)= \J U^. 
pen 


It is just as clear that on any set C/p the mapping Ji is a 
homeomorphism onto U (the inverse homeomorphism is 
the mapping x ^ (Oa, {^))i where aa,a„: f/-^C/a.p„ 
is the homeomorphism inverse to L ). In particular 

we see that the sets C/p are connected and are therefore the 
components of the set (C/). 

We cannot, however, say that n evenly covers the set C/, 

since C/p are in general not open subsets of the space X. 

To rectify the matter, we introduce into X a new, stronger 
topology (the one having a greater number of open sets). 
To give a topology on a set it suffices, of course, to give its 
base and it is known (and trivial to prove) that a family is 
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a base of some topology if and only if for any two sets 
Fi and Fg of that family the intersection Fj f] ^2 is the 
union of sets of the family. This characteristic property of 
bases is obviously satisfied for a family of sets that are the 

components of open sets of a topological space X (if Vi and 
F 2 are the components of open sets Ui and t/g, then Fi fl ^^2 
consists of the components of the open set Ui f] C/g)* Hence 

we can take that family as a base of some topology on X. 

A space X provided with that topology will be denoted by 

X' and by n' a mapping jc considered as the mapping X' ->■ 

r\/ 

X. Since the sets open in X are obviously so in X', 
the mapping n' is continuous. 

Since the sets are the components of the open set 

jc"^ (U), they are open in X'. But we cannot yet say that 
jc' evenly covers the set X, since we cannot rule out the pos¬ 
sibility that in going from X to X' the mapping jc may lose 

the property of being a homeomorphism on U^, In fact 
this does not happen, i.e. the mapping Ji' remains a homeo- 

morphism on To put it another way, the topology on 

C/p induced by the topology of the space X' (denote this 
topology by II) coincides with the original topology induced 

by the topology of X (to be denoted by I). Indeed, in topology 

I the set C/p, being homeomorphic to the open set C/ of a 
locally connected set X, is itself locally connected, i.e. has 
a base compound of connected sets. On the other hand, in 

topology II any open set in C/p is of the form C f| C/p, where 

r\/ 

C is a component of some open set F in X. Let x be an ar- 

bitrary point in Cfl The intersection F fj C^p is a 
neighbourhood of that point in I and hence contains some 
connected (and therefore contained in C) neighbourhood 

W of the point x. Thus every point .r in C fl t^p has in I 

a neighbourhood W contained in C fj C/p. This means that 

the set C n C/p is open in topology I. Hence topologies I 
and II coincide. 
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This proves that n': X' X evenly covers every simply 
connected open subset Ucz X. If, therefore, Xis a semilocally 
simply connected space, then any point of it has a neigh¬ 
bourhood evenly covered by n', Hence 7i' is a weak covering 

and therefore for any component of X' the mapping 





is a covering. When we consider pointed coverings the com- 
ponent Xq cannot be chosen arbitrarily since we should take 

/>i/ 

as X' the component containing the base point 06X. 

Thus if X is a connected, locally connected and semilocally 
simply connected space, then the construction presented 
allows one to uniquely construct from any family of pointed 

coverings {^ai •^a‘) ^o) some pointed covering 


K- (^0’ -^o)* 

Admitting inexact terminology, we shall call that covering 
a coamalgam of coverings n^, 

rs/ 

It is clear that the mapping X' -> X^ defined by the 
formula 


/K/ 

fa ((•^a)) ~ ^a 

is continuous and satisfies ®/a» i-®- is a morphism of 

jc' into a covering n^. Thus, if ji' is a coamalgam of coverings 

3Xa» then f^'^ oc ^ A. 

If therefore X^ -> X constitute a complete family of 

pointed coverings, i.e. if any pointed covering ji: XX 

of X is isomorphic to some covering (the existence of 
such a family is obvious: it suffices to choose in every class 
of isomorphic coverings of X one representative), then the 
covering Ji': X'->X is universal. This proves that for 
any connected locally connected and semilocally simply connect- 

ed space X there is a universal covering Ji': X' X. 
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Theorem 2 will now be proved if we show that for a Haus- 
dorff space X that covering is simply connected. To do this 
we shall need the following lemma: 

Lemma 4. If a connected^ locally connected and semilocally 
simply connected space X is Hausdorff^ then the composition 

Jt o p : Xi X 


of any two coverings n: X X and p: X^ X is also a cover¬ 
ing. 

Proof. Under the hypothesis, X has a covering composed 
of simply connected open sets U. By Corollary 1 to Theorem 
1 the sets U are evenly covered by a mapping jt and there- 

fore the components U of their inverse images (U) are 

open sets homeomorphic to sets U. Hence the space X is 
semilocally simply connected. In addition, under the hy¬ 
pothesis it is connected and according to the remarks made 
at the beginning of this lecture it is locally connected and 
Hausdorff. Therefore Corollary 1 to Theorem 1 applies again 

to the sets U and hence each of them is evenly covered by 
the mapping p. But then it is clear that the mapping jt o p 
will evenly cover all the sets U and will therefore be a cover¬ 
ing of the space X. □ 

Now we are in a position to complete the proof of Theor¬ 
em 2. 

Lemma 5, For any Hausdorff connected locally connected 
and semilocally simply connected space X the universal cover¬ 
ing 




X 


which is a coamalgam of a complete family of coverings n^: 

Xa X, is simply connected. 

Proof. Let p: X^ Xq be a pointed covering of the space 

By Lemma 4 the composition ji'o p: X^-^ X is a cover¬ 
ing and is therefore (the family {jia} being complete) iso- 

morphic to some covering Xa^-^X. Let /: X^^^Xi 
be the corresponding isomorphism. Then the mapping po/: 

Xap -> X' is a morphism of into 3x', so that ji'. 

12-0450 
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Since by virtue of universality 3x'^ jicco l^^is proves that 
the coverings and jc^ are equivalent and hence isomorphic. 

If now g: Xq-^Xq^ is an isomorphism of jc' onto n^c 

then the mapping a = f o g: X'^Xj is obviously a section 
of the covering p. 

Hence by Proposition 6 p is a trivial covering. 

/S/ 

Thus any covering of the space X' is trivial, i.e. this space 
is simply connected. □ 

The above proof of Theorem 2 may give rise to doubts 
in connection with the notion of a complete family of cov¬ 
erings in whose definition there appear “all” coverings, 
which is known to lead to paradoxes (by the way this ap¬ 
plies to the notion of a simply connected space as well in 
the definition of which there also appear “all” coverings of 
that space, but not to interrupt the presentation we have 
chosen not to dwell on that point there). 

It is customary to assume within the framework of the 
scope of usual “naive” theory of sets that no paradoxes arise 
if we deal only with subsets of some fixed set and with their 
factor sets. With this in mind (and assuming a given pointed 
space (X, Xq) to be fixed) we consider the set 2 of all finite 
sequences of the form 



(^ 1 , 


X 


n» 



where x^, . . x^ are points of a space X and C/i, , , Un 
are its open subsets such that for any i = 1, . . ., n the 
points Xi^i and Xi are in [/^. In that set we consider subsets 
2' that have the following properties: 

(i) there is a simply connected neighbourhood U of the 
point oJo in X, such that {xq, C/) £ 2'; 

(ii) there is a factor set X = 2 7(p of a set 2', a topology 

/X/ 

on that factor set and a continuous mapping n: X X 
such that: 

(a) 3X is a covering; 

(b) all points of 2' which have the form {xq, U), where U 
is a simply connected neighbourhood of a:o in X, define the 

same point Xq of the factor set X and n sends that point to 

Xq (so that n: (X, Xq) {X, Xq)). 
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Let jx^: (Xcc^ Xa)-^(X, Xq) be all pointed coverings of 
the form 2'/q)->X that result from all possible choices 
of the subset 2', the equivalence relation (p on 2', the to¬ 
pology on 2'/(p and the mapping n. 

Lemma 6. A family of pointed coverings X is 

complete. 

Proof, Let Ji: X -> X be a pointed covering of a space X 
and let 2' be the subset of 2, which is composed of all 
sequences (3) for which all sets Ui, . . .> Un are evenly 
covered by the mapping ji. Consider an arbitrary sequence (3) 
in 2'. We associate the point Xq with a distinguished point 

Xq of the space X. Under the hypothesis n (a:o) = Xq. Pro¬ 
ceeding by induction assume that for some i = I, . . n 

we have already constructed a point Xi_i £ X having the 

property that n Since the set Ui is evenly 

covered by the mapping Jt and since Xf^^ 6 there is a 

unique open set Ui in X containing Xf^^ and homeomorphic- 
ally mapped onto the set Since Xi ^ Ui, there exists a 

unique point Xi in Ui for which n (Xi) = Xi. Thus points 

Xi are constructed by induction for all i = 1, . . n. In 

particular, a point x^ is constructed. 

Notice that x^ is uniquely defined by sequence (3). There¬ 
fore the formula 


cp (xi, C/i, 


X 


7M 



correctly defines some mapping of the set 2' into the set X. 
If that mapping is surjective^ then the factor set 27(p of 

2' it defines is in bijective correspondence with X. We 
carry, with the aid of this correspondence, the topology of 

X and the mapping n over to 27(p. All the conditions im¬ 
posed above will clearly hold, so that we obtain some cov¬ 
ering of the family {jCa}* Since by construction that covering 
is isomorphic to a given covering ji, we thus see that to com¬ 
plete the proof of Lemma 6 it remains for us to establish that 

the mapping cp: 2' X is surjective. 

12 * 
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To this end, consider the image cp (S') of the set S' under 
mapping cp. If sequence (3) is in S', then on replacing in it 
the point by a point of the set we again obtain a se- 

quence in S . This shows that together with the point 

the set cp (S') contains the whole of its neighbourhood 
(see above). Hence 9 (S') is open. 

Now let X be an arbitrary point of closure cp (S') of the 

set cp (S ) and let t/ be a neighbourhood of .r = jc {x) evenly 

covered by a mapping n and f/ be a neighbourhood of x, 

which ishomeomorphically mapped onto U. Since a; £ cp (S'), 

we have cp (S') f] C7 = 7 ^ 0. This means that there exists 

/%/ 

a sequence (3) in S', such that x^ and hence x^ 6 U. 
Therefore the sequence 


(^1» ^1» 




is in S' and its image under cp is x. Thus a: g cp (S') and hence 
the set cp (S') is closed. 

The set cp (S') being an open and closed (nonempty) subset 

of a connected space X coincides with the entire X, so that 
cp is surjective. 

This completes the proof of Lemma 6 . □ 

At the same time, according to the general principle given 
above this completely (within the “naive” theory of sets) 
justifies the construction of a universal simply connected 
covering. That a complete constructed family explicitly 
contains iterations (isomorphic coverings) is not relevant 
since we did not depend on the absence of iterations in a 
complete family when proving Theorem 2. However, one 
could easily get rid of iterations by using the axiom of choice 
but this would introduce into the construction an un¬ 
pleasant element of uncontrollable arbitrariness. 

In conclusion we consider the question of whether the 
universal covering is a functor. 

A category AR-C is defined for any category C» whose 

objects are morphisms Ji: X X of C and whose morphisms 
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are commutative diagrams of the form 


X 


f 


Y 





P 




X 


f 


Y 


where / and / are morphisms of C. Morphism (4) is usually 
denoted by (/, /) and assumed to be a morphism of an object 

/V/ 

X X into an object p: Y -^Y. The composition of 
these morphisms can be defined in an obvious way. 

In particular, when C = TOP and C = TOP* we obtain 
categories AR-TOP and AR-TOP*. Complete subcategories 
of these categories whose objects are coverings will be de¬ 
noted by COV and COV* respectively and referred to as 
categories of coverings. Morphisms of these categories are 
squares of the form (4) in which jt and p are coverings and 

/ and / are continuous mappings. 

Morphisms in the sense of Definition 6 now to be referred 

to as morphisms over X are a special case of morphisms (/^ /) 
resulting when / = id. This means that for any {pointed) 
space X the category COV (Z) {the category COV* {X)) is 
a subcategory of the category COV {the category COV*). 

By associating a space X with every (pointed) covering 

^ /X/ 

Ji: X Z and a mapping / with every morphism (/, /) we 
obviously obtain some functor COV TOP (functor COV* 
TOP*). For any (pointed) space X the category COV (X) 
(category COV* (X)) is obviously the inverse image of the 
trivial category (X^ id x) under that functor. 

Let H-TOP* be a complete subcategory of TOP*, com¬ 
posed of Hausdorff connected locally connected and semi- 
locally simply connected spaces and let H-COV* be its 
inverse image under the functor COV*—TOP*. In other 
words H-COV* is a complete subcategory of the category of 
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pointed coverings COV* composed of coverings over a space 
in H-TOP. 

Theorem 3. There is a functor 

(5) H-TOP- H-COV 

associating with every pointed space {X, ^o) of the category 
H-TOP’ some simply connected universal pointed covering 
of it 

(6) njc: (X, a:o)-^(X, Xo). 

This functor is unique to within an isomorphism. 

Proof. We define functor (5) on the objects by choosing 
covering (6) arbitrarily for every space {X>, Xq). Let /: 

(X, To) yo) be a pointed mapping. Since X is a simply 

connected space, by Theorem 1 there is a unique mapping /: 

{X, Xq) —> {Y , z/o) which is a lifting of the mapping 
with respect to a covering jcy and which makes up there- 

fore together with / a morphism (/, /) of into Jiy. On 

associating the morphism (/, /) with the mapping / we just 

obtain (/ being a unique mapping) the required functor (5). 

Having chosen covering (6) in a different way we obtain 
an isomorphic functor (the fact that the isomorphism will 
be functorial again follows from uniqueness). □ 

Remark 1. The presented construction of functor (5) 
contains an unpleasant element of arbitrariness. Although 
that arbitrariness is harmless, leading as it does to naturally 
isomorphic functors, we can get rid of it, if desired, by 
taking the coamalgam of a complete family of coverings 
as coverings (6) from Lemma 6. (Notice that the correspond- 

ing construction uniquely defines not only the space X but 

also a base point Xq.) 
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isomorphic Lie groups 


Let us apply the results obtained in Lecture 8 to smooth 
manifolds and to Lie groups. For a smooth (connected) 

manifold M we shall call the coverings M M in the sense 
of Definition 1, Lecture 8^ i.e. coverings of Af as a topolog¬ 
ical space, topological coverings, and denote the category of 
all such coverings by COVtop (M). 

Definition 1. A covering n: M-^M, where M and M 
are connected smooth manifolds, is said to be n smooth cov- 

ering if it is a smooth mapping of M onto M and for any 
connected open set Ucz. M evenly covered by the mapping 

n a restriction of n to every component U of the set n-^ (U) 

is a diffeomorphism U U, 

The last condition implies in particular that any smooth 
covering is etale (is a local diffeomorphism). 

The trivial covering !R (R, x x^, is an example of 
a nonsmooth covering that is a smooth mapping. 

We shall denote the category whose objects are smooth 
coverings of smooth manifolds and whose morphisms are 

their morphisms (/, /) (consisting of smooth mappings / and 
/) as topological coverings by the symbol COV-DIFF and 
denote its subcategory, which consists of the coverings of 
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a given manifold M and their morphisms over M, by the 
freed symbol COV (M), COV*-DIFF and GOV* (M) denote 
the pointed versions of these categories. 

Ignoring smoothnesses gives us some functor 
(1) COV (M) ^ COVtop (M) 

for any smooth manifold M. 

Proposition 1. Functor (1) is an isomorphism of categories, 
i,e, is a bijective mapping on objects and morphisms. 

Proof, The statement that functor (1) is bijective on 

objects implies that for any topological covering n: M M 

on M there is a unique smoothness with respect to which 
jt is a smooth covering. To prove this consider on M an 
arbitrary chart {U, h) such that the set U is connected and 

evenly covered by the mapping Jt. Let f/ be a component 

/X/ 

of the set {U) and h = The pair {U>, h) is 

/%/ /%/ 

clearly a chart on M. If (V, k) is another chart of this kind, 

/X/ 

then, since on the set k {U [\ V) = k {U [\ V) we have 
/%/ /%/ /%/ /%/ 

hok-'^ = the charts (I7> h) and (7, k) are compatible 

with each other. This shows that all possible charts of the 

/X/ ^ ^ 

form {U, h) make up an atlas on M, The mapping jt in the 

corresponding smoothness on M, will obviously be a smooth 
covering. The uniqueness of that smoothness follows im- 

mediately from the fact that in any smoothness on M with 

respect to which Jt is a smooth covering pairs (U, h) are 
smooth charts. 

The statement that functor (1) is bijective on morphisms 
now implies that for any two smooth coverings n^: M 

/%/ r>/ 

and n: M M every morphism /: M oi them as 

topological coverings is a smooth mapping. But this is 

/X/ 

obvious after what has been said above. Indeed> since / is 
a covering (Lemma 3, Lecture 8), there exists on M an 
atlas of charts (17, h) evenly covered by a mapping n on M 

/X/ /X/ 

such that all the corresponding charts of the form {U, h) on 
/%/ ^ 

M are evenly covered by the mapping /. This means that 
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/'k/ /^^ 

for any chart of the form (C/, h) on there is a chart {Ui, h^) 
such that covers a chart {U, h) and such that / homeomorphic- 

ally maps onto U, But then = hof and therefore in 

those charts / is given by the identity (and hence smooth) 

mapping. Therefore / is a smooth mapping. □ 

Remark 1. A similar forgetful functor 

COV-DIFF -> COV 

is not an isomorphism of categories. On objects that functor 
is neither surjective (because of the existence of non-locally 
flat topological spaces) nor injective (because of the possi¬ 
bility of introducing on the same topological manifold many 
different smoothnesses) and its image is not a complete 
subcategory of the category COV. We can only say (by way 
of a direct generalization concerning morphisms in the 

statement of Proposition 1) that if for a morphism (/, /) of 

a smooth covering jc^: into a smooth covering n: 

M M the mapping f is smooth, then so is the mapping /. 
Indeed^ (cf. the proof of Proposition 1) for any two charts 

(?7i, /zj) and {U, h) of manifolds and M the mapping / 

is given in the corresponding covering charts {U^, h-^ and 

{U, h) by the same (and therefore smooth) functions as the 
mapping / is in the charts (f/i> h-^ and (t/, h) (it is here as- 

sumed of course that / {U^ci U and hence f (U-^cz U). □ 

Any smooth manifold being a locally flat topological 
space is locally connected. It turns out that, in addition, 
it is semilocally simply connected and even locally simply 
connected, i.e. it has a base composed of simply connected 
open sets. This is immediately results from the following 
lemma: 

Lemma 1. A unit cube Q of Dl” {no matter whether it is 
open or closed) is a simply connected space. 

We first prove the following lemma: 

Lemma 2. If simply connected {and connected) spaces X 
and Y are Hausdorff and locally connected, then their product 
X X Y is also simply connected. 
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Proof. Let n: ZX X be a covering of the space 

X X Y, We must show that that covering is trivial, i.e. 

(Proposition 4, Lecture 8) that it has a section o: XxY 
Let us choose (and fix) arbitrary points Xo ^ X, yo^Y 

and Zq 6 {xq, yo)- By Theorem 1 there is a unique map¬ 
ping 

t: (Y, ijo) — (Z, Zo) 

which has the property such that (jiot) (y) == {xq, y) for 
any point y ^Y (that mapping is nothing but a lifting of 
the mapping y (xq, y) of a connected locally connected 
and simply connected pointed space (F, yo) into a Hausdorff 
pointed space {X X Y, {xq, yo)))- Similarly for any point 
y ^Y there is a unique mapping 

(Tyi (X, Xo) (Z, T (y)) 

which has the property such that 

(n o Gy) (x) = {x, y) 

for every point x ^ X. But then the mapping 

a: X XY-^Z 

defined by the formula 

a {x, y) = Gy (x), {x, y) ex X Y 

will obviously satisfy the relation no a — id. To complete 
the proof, therefore, it remains to show that a is a continuous 
mapping. 

To do this it suffices to show that the image 
A = G {X X Y) of the space X X Y under mapping a 

is an open subset of a space Z. Indeed, any point z e A will 
then have a neighbourhood W entirely contained in A , and 
the image n {W) of that neighbourhood under mapping n 

will be a neighbourhood of a point n (z) mapped by means 
of a onto W, 

On choosing a point g Y*, consider a subset Gy^ (X) of 

the set Z (known to be homeomorphic to the space X). Let 
B be the set of all interior points of the set A^ that are in 
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the subset (Z). We must prove that B = {X). Since 

B is open in Oy^ (Z), it suffices to show that B is nonempty 
and closed in Oy^ (Z). 

Let Zi 6 (X) and let n (z^) = (xi, y^). There are con¬ 

nected neighbourhoods U and V of points x^ and in Z 
and y, such that U X V is evenly covered by the mapping 

n. Let VT be a component of in jc"^ (U X V), It is clear 
that 

w= u U{y), 

yev 

where U {y) ~ W [] {U X {y}). Each of the sets U {y) 
either does not intersect A or is entirely contained in A, 

In the case where x^ — Xq the sets U {y) are nothing but 
the intersections of the neighbourhood W and Oy (Z): 

U{y) == Wn a, (Z). 


In that case therefore U {y)cz A and hence WczA. Since 

/X/ 

W is open in Z, this means that the point for which x^ = Xq 
is in B. Hence 5 is a nonempty set. 

Now let Zi be a point in the closure B oi B, Then the set 
/^^ /%/ 

U (yi) (a neighbourhood of z^ in Gy^ (Z)) intersects the set 

^ /X/ /X^ /X/ 

B, Let Zg 6 ^ n U {yi) and n (zg) = {x<^^ y^)- Since Zg is 
an interior point of the set A , there is a neighbourhood F' of 
a point in a space Y, such that F' c= F and the intersec¬ 
tion IF fl ({^2} 'X, "V ) is contained in A. * T'his means 

/N/ 

that for any point y ^ V' the set U (y) intersects the set A. 

/X/ 

But then we necessarily have U {y)cz A. Hence the set 

U U{y) 

yev' 

is contained in A. The set IF' is obviously open in Z' and 

contains the point z^. Therefore z^ £ 5. Hence the set B is 
closed, n 

Now we can prove Lemma 1. 

Proof of Lemma 1. By virtue of Lemma 2 it suffices to 
consider the case where ^ is a one-dimensional cube, i.e. 
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it is an interval of the axis Dl. Suppose first that the interval 

is closed. Then for any covering n: Q Q there is a finite 
covering of the interval Q by evenly covered open (in Q) 
intervals /^. These can clearly be numbered se¬ 

quentially, i.e. so that for any k = i, . , n the union 
Jh of intervals /j, . . should be connected and hence be 
also an interval. The intersections Jk(] Ik+i will be con¬ 
nected, and therefore an {n — l)-fold application of Corol¬ 
lary 1 to Proposition 1 of the preceding lecture will show us 
that the interval Jn == Q evenly covered by the mapping 
3 X. Hence the mapping jc is trivial, and therefore the interval 
Q is simply connected. 

But the open interval Q is the union of an increasing se¬ 
quence of closed intervals over each of which the covering 
n is trivial, i.e. a homeomorphism. Therefore Jt is a homeo- 
morphism over the whole Q as well. Thus the open interval 
Q is also simply connected. □ 

Corollary. Given n'^2 the sphere is simply connected. 
Proof. Let p and q be two antipodal points of the sphere 
and let U = and V ~ \ {q}. The open sets 

U and V are homeomorphic to an open ^-dimensional cube 
and arc, therefore, simply connected. Their intersection 
U {] V = S^\{{p} U {g}) is homeomorphic to the prod¬ 
uct X (0, 1) of the equator of the sphere 
by an open interval (0, 1 ) and is therefore connected (given 
n — 1^1). Hence by Corollary 2 to Theorem 1 of Lecture 
8 the sphere 5^ = f/ [J ^ is simply connected. □ 

Let H-DIFF be a category of pointed smooth Hausdorff 
manifolds. By the foregoing the smoothness ignoring functor 
maps this category into the category H-TOP*. Combining 
this functor and the functor of Theorem 3 in the preceding 

lecture we associate a simply connected covering M M 
with every manifold M. By Proposition 1 a smooth-covering 
structure is uniquely introduced into that covering. It is 
clear that we thus obtain some functor from the category 
H-DIFF* to the category H-COV of pointed coverings over 
Hausdorff manifolds. 

We state this fact as a separate theorem: 

Theorem 1. There is a functor 

H-DIFF* H-COV* 
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associating every pointed Hausdorff manifold M with its simply 
connected universal pointed covering 

: M M. 

That functor is unique to within an isomorphism, □ 

We now proceed to Lie groups. The notion of covering 
is introduced by the following definition: 

Definition 2. Let G and G be connected Lie groups. A 

smooth covering jc: is said to be a group covering i 

it is a homomorphism of groups. 

In a similar fashion we can introduce the notion of group 

covering for the case where G and G are connected topolog¬ 
ical groups. 

Morphisms of group coverings are the morphisms (/, /) 
of them as smooth (or topological) coverings for which the 

mappings / and / are homomorphisms. 

Since in every group we can single out in a natural manner 
a base point, its identity element, and since any homomor¬ 
phism sends identity to identity, all group coverings and all 
their morphisms are clearly pointed. 

All groups coverings of Lie groups (or of topological groups) 
and all their morphisms constitute the category COV-GR. 

Any Lie group G defines a subcategory of COV-GR whose 
objects are the group coverings of the group G and whose 

morphisms are the morphisms of COV-GR of the form (/, id). 
We shall denote that subcategory, without fearing certain 
ambiguity, by COV (G) (and the category of coverings of 
the group G as smooth Hausdorff pointed manifold will 
be denoted by COV^iff (G)). 

It turns out that like functor (1) the forgetful functor 

(2) COV (G) COVdHf(G) 

is an isomorphism of categories. 

We shall prove this statement only partially. 

For any group covering n: G-^G the mappings 
^ ^ ^ ^ /%//%/ 

[x: G X G G, (x, y) xy^ 


( 3 ) 
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are liftings (with respect to Ji) of the mappings 

|i: G X {x^ ij) I—> TiX'Ziy, 

v: G-> G, x-^{nx)-^. 

Since these liftings are uniquely characterized (Proposi¬ 
tion 3 of the preceding lecture) by the conditions 

(4) |x {e, e) = e, v {e) = e, 

/Sfc/ 

where e is the identity of the group G, functor (2) is an 
injective mapping on objects. 

To prove that (2) is bijective, it is necessary to show for 

/K/ 

any pointed covering n: (G, e) -> (G^iff, e), where G^^ff is 
the group G considered as a smooth manifold and e is its 
identity, that we can introduce a Lie-group structure into 

/V/ 

the manifold G, with respect to which n will be a group cov¬ 
ering. To do this one should clearly consider the mappings 

\i and V (whose construction does not pressuppose that G 

/K/ /X/ 

is a group) and their liftings |i and v that satisfy relations 
(4). Suppose that liftings and v exist, 

/X/ /X/ /X/ 

Since the mappings |i = Ji © |i and v = jx © v are smooth 

/X/ /X/ 

and 3X is a local diffeomorphism, the mappings \i and v are 
also smooth. Moreover, it is clear that with respect to the 
operations 

/XZ/X/ /X/ /X/ /X/ /X/ /X/ /X/ 

xy = \i {x^ y) and x-^ = v {x) 

the mapping Ji is a homomorphism. Therefore n will be 
a group covering if we show that those operations satisfy 
the group axioms. 

Since (3x©|j,) (x^ e) = n {x) and (jiofx) {e, x) = n (x), the 
mappings .r >-► |i (^, a;) and a;»—► [x (.r, ^) are liftings of the 

/X/ 

mapping ji: G-^G, which have the property such that 

/X/ /X/ /X/ /X/ 

But the identity mapping id: G-> G (which is also 
a lifting of the mapping Ji) has the same property. By the 
uniqueness of liftings, therefore, (Proposition 3 of Lecture 8) 
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rst/ /V/ 

we have equations \i {x, e) = \i (e, x) — x, i.e. equations 

OC^ ' oc which imply that the point e is the identity 

of the multiplication |i. 

In a similar fashion mappings (x, y, z)v-^{xy)z and 

/Sfc/ /Sfc/ /K/ 

(x, y,z)\->x (yz) are liftings of the same mapping (x, y^ z)\-> 

r>/ 

nx • ny^nzy both mappings sending the point {e, e, e) to the 

/%/ /K//X/ /Sfc/ /Sfc/ 

same point e. Therefore {xy) z = x (yz) for any elements 

/K/ /Sfc/ 

X, y, z ^ Gy so that the multiplication \i is associative. 

r>/ 

Finally, the mapping x^xx-^ is a continuous mapping 

/Sfc/ 

of a connected space G into a discrete space n-^ (e) which 

/X/ /X/ /X//X/ /X/ /X/ /X/ 

sends e to e. Therefore xx-^ — e for any x ^G, 

Consequently, G is a group. □ 

Thus the question of surjectivity of functor (2) on objects 
rests on the question of existence of liftings (3). We shall 
not prove their existence in full generality but restrict our 

/X/ 

discussion to the case where the manifold G is simply connected. 

/X/ 

In that case the existence of liftings \i and v is ensured 
by Theorem 1 of the preceding lecture, since by Lemma 2, 

/X/ /X/ /X/ 

for a simply connected manifold G the product G X G is 
also simply connected. 

Thus we have proved the following proposition: 

/X/ /X/ 

Proposition 2. Let G he a Lie group and let n: G-^G be 
a simply connected smooth covering of it as smooth pointed 
manifold. Then we can uniquely introduce into the smooth 

/X/ 

manifold G a multiplication with respect to which it will he 
a Lie group and the mapping n will be a homomorphism (and 
hence a group covering). □ 

As for the statement that functor (2) is bijective on mor- 
phisms,itis equivalent to the statement that for any two group 

coverings Ji: G -> G and jc: Gj -> G any morphism /: G-^ G^ 

/X/ 

of them as smooth coverings is a homomorphism G G^. 
We shall prove even a more general result relating to cover¬ 
ings jc: G->G and p: HH oi two, in general, distinct 
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/St/ 

Lie groups G and H and to a morphism (/, /) of the category 
COV-DIFF of covering n into covering p: 



It turns out that if f is a homomorphism of groups, then so 

is /. Indeed, mappings GxG-^H given by formulas 

{x, y) ^ f (x) f (y) and (x, y) ^f (xy) both are liftings of 
the same mapping 

/%/ /X/ 

(x, y)y-*f (x) f (ij) = f (xy), where x = n (x), y = n (y), 
and therefore coincide. □ 

It follows immediately that Theorem 1 remains also valid 
for Lie groups: 

Theorem 2. There is a functor GR-DIFF-> GR-DIFF 
which associates every connected Lie group G with its simply 
connected group covering 

71q : G —> G, 

That functor is unique to within an isomorphism. 

The kernel Ker zIq of the covering ziq : G G is uniquely 
(to within an isomorphism) defined by the Lie group G, It 
is called the fundamental group (or Poincare group) of that 
group and denoted by n^G. (It can be shown that n-fi coin¬ 
cides with the fundamental group ji^Gtop, known from topo¬ 
logy, where Gtop is a group G considered as a topological 
space, see 191.) 

For applications we have in mind it is convenient to 
restate Theorem 2 in more algebraic terms. To do this we 
shall need several simple lemmas on topological groups. 

Lemma 3. Every open subgroup H of an arbitrary topolog¬ 
ical group G is closed. 
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Proof. Since a subgroup H is open, so is every coset Hx 
of G mod H, Therefore the union of any family of these cosets 
is an open set. In particular, an open set is the union of all 
cosets Hx other than the subgroup H itself. But this union 
is the complement in G to the subgroup H, Therefore H is 
closed. □ 

Lemma 4. Every neighbourhood V of the identity of a con¬ 
nected topological group G generates a group G. 

Proof. Let jET be a subgroup generated by a neighbourhood 
7. Since Vxcz. H for any x ^ H, the subgroup H is open. 
But then by Lemma 3 ^ is also closed. Hence H = G, for 
under the hypothesis G is a connected group. □ 

Recall that for any invariant subgroup (normal divisor) 
K of the topological group G the factor group G/K is sup- 
ipied with ol factor topology in which the set Fez G/K is open 
If and only if so is its complete inverse image (F) under 
the natural epimorphism Jt: G-^G/K in G, With respect 
to that topology the factor group G/K is di topological group. 

Lemma 5. For any invariant subgroup Kcz G the natural 
epimorphism jx: G G/K is an open mapping. For any open 
epimorphism O: G ^ the factor group G/K of a .group G 
mod the kernel K = Ker O of the epimorphism (1) is isomorphic 
to the group H, The isomorphism (p: G/K H can be chosen 
so that we have a commutative diagram 



Proof. If G is open in G, then the set UK, being the union 
of open sets Ux, x ^ K, is also open in G. But clearly UK = 
(nU), Hence the set nU is open in G/K, This proves 
the first statement. 

It is clear that the formula (p (xK) = O (x) correctly 
defines the algebraic isomorphism (p: G/K H for which 
diagram (5) is commutative. We only need to prove there¬ 
fore that (p is a homeomorphism. 

But if F is open in H, then 0-^(7) is open in G (for O is 
continuous), and since Jt is open, Jt (0“^ (F)) = (p"^ (F) is 

13-0450 
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open in GlK, Similarly, if W is open in GIK, then n-^ (W) 
is open in G, and since under the hypothesis O is open, 
0 (jt“^ {W)) — cp (W) is open in H. Hence (p is a homeo- 
morphism. □ 

Definition 3. Let G and H be connected topological (or 
smooth) groups. A homomorphism O: G-^H oi G into H 
is said to be a local isomorphism if O bijectively maps some 
neighbourhood U of the identity of G onto some neighbour¬ 
hood V of the identity of H, 

Since by Lemma 4 the group H is generated by V, every 
local isomorphism O is an epimorphism, and since that epi- 
morphism, being a local diffeomorphism, is open, we can 
apply Lemma 5 to it. Therefore H is isomorphic to G/K, 
where K = Ker O. Under the hypothesis, K {] U — 
which, by definition, means that the subgroup A is a discrete 
subgroup of G, Conversely, if A is a discrete invariant sub¬ 
group of G, then the natural epimorphism n: G-^GIK is 
obviously a local isomorphism. By virtue of Lemma 5 this 
proves that the local isomorphism G H exists if and only 
if H is isomorphic to the factor group G/K of G mod some dis¬ 
crete invariant subgroup K, 

An example of a local isomorphism is obviously any group 
covering G-^ H, Conversely, a local isomorphism O: G H 
is a group covering since it evenly covers V, a neighbourhood 
stipulated by Definition 3 (by virtue of Lemma 5 it may be 
assumed without loss of generality that H = GlK, where 
K = Ker O, and that O is a natural epimorphism n: 
G-^ GlK, but then 

^-Hy) = UK^ U Ux, 

xeK 

where the open sets Uxcz G do not intersect and each of them 
is homeomorphically mapped onto U), and hence evenly 
covers the neighbourhood Vh of an element h ^ H. Thus 
group coverings and local isomorphisms are the same thing. 

It is clear that the last statement holds for Lie groups 
as well. What is more it is easy to see that if we are given 
a group covering (= local isomorphism) G-^H, where H 
is a topological group and G is a Lie group, then a smoothness 
is introduced into ^ in a unique way with respect to which 
is a Lie group and the mapping G-^ H is a smooth 
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covering. In particular, for any discrete invariant subgroup 
K of the Lie group G the factor group GIK thus turns out to 
be a Lie group, and therefore for any local isomorphism O: 
G-^ H oi Lie groups the commutative diagram (5) is a dia¬ 
gram over the category of Lie groups. 

All this implies that for Lie groups (as well as for topolog¬ 
ical groups) the following proposition is true: 

Proposition 3. A mapping Q): G H of connected groups 
is a group covering if and only if: 

(a) it is a local isomorphism*, or equivalently if 

(b) there is a commutative diagram (5), where K is a discrete 
invariant subgroup, n is a natural epimorphism and cp is some 
isomorphism, □ 

Of particular interest in connection with this proposi¬ 
tion is the following, rather unexpected, lemma: 

Lemma 6. Every discrete invariant subgroup K of a con¬ 
nected topological {and, in particular, smooth) group G is 
in the centre of that group {and is, in particular. Abelian), 

Proof, Let x ^ K and let be a neighbourhood of an ele¬ 
ment X containing no other elements of K, Consider a neigh¬ 
bourhood V of the identity of G which has the property such 
that VxV‘~^cz U, (That such a neighbourhood exists follows 
immediately from the fact that the mapping y-^yxy-^ is 
continuous.) Since K is invariant and U f\ K = {e}, we 
have yxy-^ = x for any element y E V, This means that the 
centralizer of x (the subgroup of all elements commutative 
with x) contains the neighbourhood V, Hence, since V gen¬ 
erates G, that centralizer coincides with G and therefore x 
is in the centre of G. □ 

Corollary, The fundamental group n^G of every connected 
Lie group G is an Abelian group, □ 

Now we are ready to formulate our final theorem. In this 
theorem connected Lie groups G and H are said to be locally 
isomorphic if there are local isomorphisms of the form 
P G and P H, where P is some connected Lie 
group. 

Theorem 3, For any connected Lie group G there is a simply 

connected Lie group G isomorphic to it that depends functorially 
on G, 

G is uniquely defined to within an isomorphism. 


13 * 
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Two connected Lie groups G and H are locally isomorphic 

if and only if G and H are isomorphic. 

A connected Lie group is locally isomorphic to a group G 

if and only if it is isomorphic to the factor group GtK of 

G mod a discrete (and therefore central) invariant subgroup K. 

Proof. The first two statements arc by virtue of Proposi¬ 
tion 3 just a restatement of Theorem 2. 

li P G and P H are local isomorphisms and P P 
is a simply connected universal covering, then the composite 

mappings P G and P H are also universal coverings. 

Therefore P ^ G ^ H. Conversely, if G ^ H, then we have 

local isomorphisms P G and P H, with P — G. This 
proves the third statement. 

The fourth statement follows from the third by virtue 
of Proposition 3. □ 

In particular, it follows from Theorem 3 that the relation 
of local isomorphism is an equivalence relation. 

The group G is a simply connected covering group of the 
group G. 
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Theorem 3 of Lecture 9 gives quite a satisfactory descrip¬ 
tion of classes of locally isomorphic Lie groups but it has 
the disadvantage that these classes are not the classes that 
were introduced in Lecture 3, i.e. the classes of locally iso¬ 
morphic Lie groups are classes of Lie groups isomorphic in 
the category of local groups GR-LOC. We therefore must 
prove in addition that both notions of local isomorphism 
coincide. The clue to this is the following proposition; 

Proposition 1, Let G and H be connected Lie groups^ U a 
connected neighbourhood of the identity in G and (p: U H be 
a smooth mapping such that cp {xy) = q) (.r) q) [y) for any ele¬ 
ments X, y ^ U for which xy 6 U, Then, if G is simply connect¬ 
ed, there is a unique homomorphism O: G H extending q), 
i,e. such that 



To prove this statement consider a subset D oi G X G 
consisting of all pairs (x^, x.^) ^G X G for which x^xl^ 6 U. 
The subset is obviously open and contains ^a diagonal 
G X G. Since D is the union of connected sets of the 
form {x] X Ux, x ^ G, each intersecting the diagonal A 
which is also a connected set (homeomorphic to G), the set 
D is connected. 
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A subset V ot G is said to be small if F X Fez D. i.e. if 
VV-^cz U, and a subset W of the product G X H ot the 
groups G and H is said to be distinguished if for any point 
{x, y) there is a small neighbourhood F of a; in G such 
that 

{v, cp {vx-^) y) for any point v 
It is clear that: 

(a) the empty set is distinguished; 

(b) the entire product G X is distinguished; 

(c) the union of any family of distinguished sets is 
distinguished; 

(d) the intersection of any finite family of distinguished 
sets is distinguished; 

Distinguished sets therefore may be taken to be open sets 
of some new topology on G X The product G X H pro- 

vided with that topology is denoted by X. Let 

n\ X-^G 

be a mapping defined by the formula 

n {x, y) X (.r, y) ^ X. 

It is clear that for any open set FciG the set (F) is distin 
guished and for any distinguished set W ^ X the set n {W) 
is open. This means that is a continuous and open mapping. 

For any small open set Fez G, any element Xq and 
any element yo 6 ^ we denote the set of all pairs of the form 
{x, (p {xx~^) where x \)y W {xq, F, ijq). It is easily 
seen that the set W {xq, F, y^) is distinguished. Indeed, if 
{x, y) (^ 0 , F, yo), Le. it x and r/ = (p {xx^^) yo, 
then for any point z; ^ F an equation 

(p (vx-^) r/ -= (p (vx-^) cp {xx'^) r/o = cp (ux^^) ijo 
holds which shows that {v, (p (vx-^) y) ^ W {xq, F, yo). 

Clearly {xq, y^) 6 IF {x^, F, y^), i.e. W {x^, F, y^) is a 

neighbourhood of the point {xq, y^ in a space X. It is ob¬ 
vious that n homeomorphically maps that neighbourhood 
onto the neighbourhood F. On the other hand, it is easily 
seen that the set n"^ (F) is the union of all possible sets of 
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the form W (xq, V, y), where Xq is fixed and y ^ H 
ranges over the whole of H, none of these sets intersects (if 
there is a point {x, y) {xq, V, y^) f] W {xq, 7, y<^), then 

q> (^^ 0 ^) Vi = y = ^ (^-^ 0 ^) ^2 and therefore y^ = r/2). 

It amounts to saying that every small open set VciG is 
evenly covered by a mapping jt. Since any element of G 
obviously has a small neighbourhood, this proves that the 

mapping n: X G is a weak covering. Therefore by Lem¬ 
ma 2 of Lecture 8 the mapping 

JXq — JX I ^ Gr 

is a covering for any component Xq of X. We choose as Xq 
the component containing the point (eQ, %), where Cq 
and ejj are the identities of G and H respectively. 

Now recall that under the hypothesis G is a simply con¬ 
nected group and therefore any covering of it is trivial, i.e. 
is a homeomorphism. In particular, the covering Jto is a ho- 
meomorphism. The inverse homeomorphism sends every 

point X ^ G to some point in Xq of the form (x, y), where 
y g H. Consequently, by putting O (x) = y we obtain some 
uniquely defined continuous mapping 

O: G-^H. 

Thus for any point x ^ G the point O (.r) £ is uniquely 

characterized by the fact that {x, O (a;)) ^ Xq. Therefore, 
in particular, O = ^h- 

Let Z)* be a subset of D consisting of all the points (x^, X 2)6 
D for which 

( 1 ) O (0:2) = cp {X2X\^) O {x^). 

It is clear that Ac= Z)*, so that D* is nonempty. In addi¬ 
tion, it is easily seen that for any small connected open set 
V c: G we have an inclusion 

7 X 7c= Z)*. 

Indeed, for any point Xq the distinguished set W {Xq^ 
7, O (ojo)) is connected (since it is homeomorphic to 7) 

and contains a point {xq, O (ojq)) ^ Xq. Therefore W (ojq, 7, 
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® c= Xq, i.e. for any point x ^ V the point {x, 

(p {xx~^^) O (^o)) lies in Xq. But according to the foregoing 

every point in Xq can be uniquely represented as {x, 0(a;)). 
Therefore O (^) = (p {xx~^) O (xq), which is equivalent to 
the inclusion (xq, x) ^Z)*. Hence V X T d D*. □ 

Further, we can easily see that if the product V X V' of 
two small connected open sets V and V' intersects D*^ then it is 
contained in Z)*. Indeed, if {x, Xq) {xq, x^) gZ)* and 

(:r', then (x,x')^D* (since 0 (x') = cp (x'x^~^) O (Xq) = 

<P <P <t>' (Xo) = (p {x'x~^) <p {Xf^-^) O (a;) = 

(p (x'x O (^)). On the other hand, if (xq, x') ^ 
V X V' and (x, x') g V X V' , then according to the 
foregoing (x, Xq) and (a;', x') gZ)*. Therefore if in 

addition (Xq, x'^) 6Z)*, then (x, x') ^ Z)*. □ 

Since sets of the form V X V' obviously constitute a base 
of the subspace Z), it is immediate that the set D* is open 
and closed in D, Since D is connected and Z)* is nonempty, 
this is possible only when Z>* = D, Thus, equation (1) 
holds for any point (x^, x^) ^D. 

Now we are in a position to prove Proposition 1. 

Proof of Proposition 1. That O is a unique homomorphism 
follows immediately from the fact that (see Lemma 3 of 
Lecture 9) the group G is generated by the neighbourhood U. 
We must only prove the existence of O, therefore. 

We show that the required homomorphism is the map¬ 
ping O constructed above. 

By putting in (1) x^ = Cq and x^ ~ x ^e immediately 
get O (a:) = (p (x) for any element x ^ U. Proposition 1 
therefore will be proved if we show that the mapping O 
is a homomorphism, i.e. that for any elements x, x' ^ G 

(2) (D (x, x') = O (a:).(D (x'). 

To this end we notice that with x ^ U equation (2) holds 
for any x' ^ G (since {x\ xx') ^ Z> and therefore O (xx') = 
(p (x) O (x') — O (a:) d> (x')). On the other hand, since G 
is connected it is generated by a neighbourhood of the iden¬ 
tity U n and therefore every element x ^G can be re¬ 
presented as 
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where X 2 , • . ^ U, Therefore by induction 

(3) O {xx') = O {x^) . . . O {Xn) O {x) 

for any element x’ g G, In particular, with x' = Cq 

O (a;) = 0) (xj) . . . O (a;„), 

which in conjunction with (3) proves (2). n 
The mapping (p appearing in Proposition 1 is nothing but 
a homomorphism of a local group Giqq into ^ioc» where 
Gioc and ^loc are the images of groups G and H under the 
localization functor 

(4) GRo-DIFF GR-LOG 

and the mapping O is a homomorphism of G into H turning 
under functor (4) into a homomorphism cp. Hence Proposi¬ 
tion 3 is nothing but the assertion that in the case where 
G is simply connected the condition of complete univalence 
of the functor (4) holds for groups G and H. If, therefore, 
we restrict ourselves to a complete subcategory GRoq-DIFF 
of the category GRq-DIFF consisting of simply connected 
Lie groups, then that condition will be satisfied. Thus on 
the category GRqq-DIFF the localization functor 

(5) GRoo-DIFF GR-LOC 

is completely univalent. 

But it is easy to see that any completely univalent func¬ 
tor establishes a bijective correspondence between isomor¬ 
phisms and therefore, in particular, sends only isomorphic 
objects to isomorphic. As applied to functor (5) this means 
that simply connected Lie groups are isomorphic if and only 
if so are their localizations. 

This directly yields an affirmative answer to the question 
asked at the beginning of the lecture: connected Lie groups 
are locally isomorphic in the sense of Lecture 3 {i,e, have iso¬ 
morphic localizations) if and only if they are so in the sense of 
Theorem 3 of Lecture 9. Indeed every local isomorphism in 
the sense of Definition 3 of Lecture 9 will obviously be an 
isomorphism of localization. Therefore, in particular, local¬ 
izations of any Lie group G and of its universal covering 
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group G are isomorphic: 

^loc ^ ^loc* 

Hence if Gioc ^ ^ioc» then ^loc smd therefore, 

hy the foregoing, G so that G and H are isomorphic. □ 

Thus by the ‘‘local isomorphism'^ of Lie groups in Theo¬ 
rem 3 of Lecture 9 we mean the isomorphism of their localiza¬ 
tions. 

This implies that the theorem gives a full answer to the 
question of invertibility of the localization functor (4): 

Gjoc ^ ^loc M only if G ^ H. 

In particular, on the category GRqo-DIFF of simply connected 
Lie groups functor (5) is invertible (to within an isomorphism). 

This result cannot he considered to be full, however, 
since it remains unknown if every local Lie group is a local¬ 
ization of some Lie group, i.e. if functor (5) effects the equiv¬ 
alence of categories. 

The answer to this question is yes: 

Theorem 1 (Cartan). Functor (5) effects the equivalence 
of the category GRoq-DIFF of connected simply connected Lie 
groups and the category GR-LOC of local Lie groups. 

Corollary. The category of connected simply connected 
Lie groups is equivalent to the category of finite-dimensional 
Lie algebras over the field (It. The equivalence is effected by 
the Lie functor. 

This corollary is the acme of the theory we are developing. 
It allows us to reduce any question concerning connected 
and simply connected Lie groups to the corresponding prob¬ 
lem of Lie algebras which, being a “linear” analogue of the 
original problem, is, as a rule, significantly simpler. 

All the categories and functors we have considered consti¬ 
tute a commutative diagram 
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Number 1 in this diagram designates the functor of going 
over to the component of the identity. It identifies groups 
that are extensions of a given connected Lie group by means 
of a discrete group. Number 2 designates the functor of going 
over to a universal covering group. It identifies groups that 
are factor groups of a given simply connected Lie group mod 
discrete (central) invariant subgroups. 

The other arrows designate functors effecting the equi¬ 
valence of categories. 

The above diagram contains all the essential information 
about interrelations between Lie groups and Lie algebras. 

Thus, to complete the entire theory it only remains to 
prove the Gartan theorem. The present state of affairs con¬ 
cerning this theorem turns out to be very peculiar, however, 
and may be said to be quite unsatisfactory. 

The only way of proving the Gartan theorem is to construct 
some functor from the category of local groups (or equiva¬ 
lently Lie algebras) into the category of simply connected 
Lie groups, which would be quasi-inverse to the localization 
functor. Up to now, however, despite numerous attempts 
(at any rate much effort has gone into it here in Moscow) 
no explicit “natural” construction (a construction using only 
basic concepts) of such a functor has emerged and say Serre 
believes that no such construction exists (see [8] p. 259; 
notice at the same time that Serre calls the Gartan theorem 
“Lie’s third theorem”). All known proofs (as a matter of 
fact, there are only two) of the Gartan theorem have no func- 
torial {— natural) character and cause inward psychological 
protest. It is evident that the last word has not yet been 
said here. Those proofs of the Gartan theorem rely on the 
following category-theoretic lemma: 

Lemma 1. Let A and B be arbitrary categories and let F: 
fii B be a completely univalent functor from A to B. 
If for any object B of B there is an object A of A such that the 
object FA is isomorphic to 5, then F is quasi-inverse (it effects 
the equivalence of categories). 

Proof. For every object B oi B we choose arbitrarily and 
fix an object A of A that is provided by the hypothesis of 
the lemma and denote it by GB, Also we fix an isomorphism 
0^: FGB-^B, Since F is completely univalent, for any 
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morphism (3: B there is one and only one morphism 

a: GB GB^ for which there is a commutative diagram 


FGB 


Fa 


^FGB, 



B 


P 


Bi 


We set a = Gp. 

It is immediate from the uniqueness of a that the construct¬ 
ed correspondences B i-> GB and p Gp constitute a func¬ 
tor G: B A, isomorphisms 0^ obviously constituting an 
isomorphism of the functor FG and the identity functor Idjg. 
In addition, for any object ^ of A the equation F (a^) 
0p»A defines some morphism a^: GFA-^A which is 
an isomorphism, with the isomorphisms easily seen to 
constitute an isomorphism of the functor GF and the func¬ 
tor Id. 

Hence the functor G is quasi-inverse to F, □ 

By virtue of this general lemma, for the Cartan theorem 
to be proved for any local Lie group it suffices to construct 
at least one Lie group, a neighbourhood of whose identity 
is that local group (or the local group isomorphic to it). 
It is possible (and that determines the success of the con¬ 
struction) not to take care of the functoriality and admit 
any arbitrariness in the construction. 

Definition 1, We shall say that a local Lie group is glob- 
alizable if it is isomorphic to a localization of some Lie 
group (i.e. isomorphic to a neighbourhood of the identity 
of that group). 

Thus to prove the Cartan theorem we must only establish 
that any local Lie group is globalizable. 

Definition 2. A local Lie group K is said to be embeddable 
if it is a local subgroup of some Lie group G, i.e. more pre¬ 
cisely, of the localization Gioc of that group. 

The first step in our proof of the Cartan theorem is the 
following proposition: 

Proposition 2. Any embeddable local Lie group K is 
globalizable. 
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Before proving this proposition we shall prove its analogue 
for topological groups. 

Let G be a connected topological group and K a subspace 
of it containing the identity element e of G, such that xy ^ K 
and x~^ g K for any elements x, y ^ K [] Uq, where Uq is 
some neighbourhood of G. 

Lemma 2. There is a topological group H and an injective 
homomorphism i: H G homeomorphically mapping some 
neighbourhood Vq of the identity of H onto some neighbour¬ 
hood of the identity element e in a subspace K, i.e. onto a set 
of the form K fl ^here Uqq is a neighbourhood of e in G. 

Proof. We shall say that a subset A cz. G is separated from 
e if there is a neighbourhood U of the point e in G, such that 
A {] U = 0, \i\s> clear that if the sets A and B are separated 
from e, then 5o w ^ U 

For any element g g G we shall denote by A^ the set g~^Ag 
of all elements of the form g"^ag, a ^ A. Obviously A^ is 
separated from e if and only if A is separated from e. 

Now let H be the set of all elements g ^G for which the 
symmetric difference 

- (K^\K) U (K^K^) = {K^ [J K)^{K^ H K) 

is separated from e. Since AK = {K^ AK)^~^ and 

d AKY^ U AZ), that set is a subgroup 

of G (or more precisely, of the corresponding abstract group 

^abstr)* 

Let C/qo be a neighbourhood of the identity ^ of G such 
that xy 6 Uq for any elements x, y ^ f/oo* Then g~^xg 6 K 
and gxg~^ ^ K for any element x, g ^ K [\ Uqq, Therefore 
if g 6 ^ n Uqq, y [\ f/fo and hence x = gyg"^ 6 ^ fl 

Uqq, then y ~ g~^xg 6 K. Consequently n 
^ n f^oo therefore fl Vo ^ ^ 0 Vq, where Vq = 

Uqo n U^oo- Conversely, if x ^ K {] Uqq, then y = gxg-'^ 6 
K and hence x = g~hjg g K^. Consequently K [\ 

n Uqq and therefore K [] V^d [\ Vq, Thus K fl 
Vq = {] Vq, i.e. {K^ AK) H Vq — 0. This proves that 

for any element g g Z fl Aif is separated 

from e, i.e. that g E H, Consequently K fl f^oo ^ U, 

We introduce into H a topology by taking as neighbour¬ 
hoods of the identity all possible sets of the form V ~ 
K [\ U, where U d Uqq is a neighbourhood of ^ in G 
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contained in Uqq, An automatic check shows that this does 
introduce in a topology with respect to which ^ is a to¬ 
pological group. The embedding i: H G is an injective 
homomorphism of topological groups and on the neighbour¬ 
hood Vq — K Uqq that mapping is a homeomorphism. 

This completes the proof of Lemma 1. □ 

Notice that in general H is not a subgroup of G i.e. the 
mapping i: H G is not a homeomorphism on i (H). For 
example, it K = {e}, then ^ is a group G in a discrete topol¬ 
ogy. 

Now we are ready to prove Proposition 2. 

Proof of Proposition 2. Let the local group K he sl local 
subgroup of a Lie group G and hence (see Lecture 7) let there 
be a chart {Uq, h) = (Uq, x^) in G, such that 

K [\ Uq is defined by the equations 

^m+i 0, . . = 0. 

Considering G as a topological group we can apply Lem¬ 
ma 2 to K. Thus by this lemma there is a topological group H 
and an injective continuous homomorphism i: H G map¬ 
ping homeomorphically some neighbourhood Vq of the iden¬ 
tity of H onto the set K fl Uqq, where C/qo a neighbour¬ 
hood of the identity in G. We may assume without loss of 
generally that Uqq = Uq. 

Then the pair (Fq, k) = (Fq, where (y) = 

x^ (iv), 7 = 1, . . n, is obviously some chart on ^con¬ 
taining the element e and therefore for any element 
d^H the (aFo, k o L^-i) is a chart on H containing an ele¬ 
ment a. If aFo n ^^0=^ 0 > then on {k o (aFo fl ^Vq) cz 
the mapping {k o o (^ o La-^y^ = k o o 

k~^ is (since cz a restriction of a smooth map¬ 
ping h o o and hence is itself a smooth map¬ 

ping. This proves that all charts of the form (aFo, ^ ® ^a-0 
are compatible with one another and therefore make up 
some atlas on H. A direct check shows that with respect to 
the smoothness defined by that atlas the group ^ is a Lie 
group and the mapping i is a smooth homomorphism diffeo- 
morphically mapping a neighbourhood Fo onto K fl Uq. 
Thus Hiqq ^ K, so that is a globalizable local group. □ 
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Now let iiT be a local Lie group and let f= t (K) be its 
Lie algebra. 

In Lecture 19 we shall prove the following theorem: 

The Ado theorem. Any finite-dimensional Lie algebra 
(over a field K of characteristic 0) is isomorphic to some matrix 
Lie algebra. 

By this theorem we may assume without loss of generality 
that f is a matrix Lie algebra and consequently that the cor¬ 
responding local group El ^ K consists of matrices, i.e. 
is a local subgroup of a Lie group GL (n). Thus K is an em¬ 
beddable and hence globalizable local group. 

This reasoning reduces, the Cartan theorem to the Ado 
theorem. We prove the Ado theorem (and hence the Cartan 
theorem) in Lectures 17 to 20, and now we turn to the study 
of subgroups of Lie groups. 



Lecture II 


Submanifolds of smooth manifolds- Subgroups of Lie groups- 
Integral manifolds of integrable subfiberings - Maximal inte¬ 
gral manifolds - The idea of the proof of Theorem 1- The local 
structure of submanifolds - The uniqueness of the structure of a 
locally rectifiable submanifold with a countable base- Submani¬ 
folds of manifolds with a countable base - Connected Lie groups 
have a countable base - The local rectifiability of maximal inte¬ 
gral manifolds - The proof of Theorem 1 


A two-dimensional torus T^ may be thought of as a factor 
group of an additive group of the space mod its lattice 
which consists of points with integral coordinates. Therefore 
any straight line in passing through the point (0, 0) 
yields some subgroups in T^. If the slope of the straight line 
in R2 is rational (and equals, say, m/n), then its image in T^ 
is a circle running around the torus m times along a meridian 
and n times along a parallel. If, however, that slope is irra¬ 
tional, then the corresponding subgroup in (called the 
irrational solenoid group) is everywhere dense in and 
in the induced topology every neighbourhood of any point 
of it contains a neighbourhood that is a disjoint union of 
a countable number of intervals. Hence this subgroup is 
not a manifold. 

This example explains why we accept the following, 
seemingly unnecessarily, general definition: 

Definition 1. A smooth manifold N is said to be a sub¬ 
manifold of a smooth manifold M if: 

(a) an y point of N is in Af, so that an embedding v, N M 
is defined; 
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(b) i: TV -> Af is smooth (and therefore, in particular, con¬ 
tinuous); 

(c) at every point a ^ N the differential {d\)a- T a {^) 

T a (^) of i is a monomorphism. 

It is usual to identify ev^ry vector A ^ T a {^) with the 
vector {d\)aA, i.e. to consider Ta (^) to be a subspace of 
the space Ta {M), 

Any open submanifold is clearly a submanifold in terms 
of Definition 1. Such a submanifold is a subspace, i.e. the 
embedding i is a homeomorphism onto its image. However, 
this is no longer the case, say, for the irrational solenoid 
group. 

Definition 2. A Lie group H is said to be a subgroup of a 
Lie group G if the manifold ^diff Is a submanifold of the 
manifold and the group jfifabstr is a subgroup of the group 
Gabstr* subgroup ^ of G is said to be an invariant sub¬ 
group if ^^abstr is invariant. 

In particular, irrational solenoids are its subgroups. 

Let 9 = i (G) and f) = ( {H) be the Lie algebras of Lie 
groups G and H. If is a subgroup of G, then the homeomor¬ 
phism ((i): identified with the mapping d (i)^: T 

T e (^) is a monomorphism. It is usual to identify a Lie 
algebra 'i) with its image in 9 under that monomorphism. 
Thus by virtue of this identification the Lie algebras of 
subgroups of a Lie group G are subalgebras of the Lie algebra 9 
of G. The correspondence ^ i-> f) between subgroups H cz. G 
and subalgebras 1 ) c= 9 will be called a Lie correspondence. 
Since the Lie algebras of a group and components of its 
identity coincide, it is natural to consider only connected 
subgroups H, It turns out that if restricted to connected sub¬ 
groups the Lie correspondence is bijective. Thus we have the 
following theorem: 

Theorem 1. The Lie correspondence H is a bijective 
correspondence between connected subgroups of a Lie group G 
and subalgebras of a Lie algebra 9 = ( (G). 

The group G in this theorem may be considered to be con¬ 
nected, of course. 

We shall prove Theorem 1 starting somewhat from afar. 

Let M be a smooth manifold and let E be an integrable 
subfibering of a tangent boundle T (Af) (see Lecture 7). 

14-0450 
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Definitioti 3. A submanifold A of Af is said to be an in¬ 
tegral manifold of E if the embedding i: A M is integral 
with respect to J?, i.e. if 

Ea = Ta {N) 


for any point a ^ N. 

It is easy to see that E is integrable {in the sense of 
Definition 10 of Lecture 7) if and only if at least one integral 
manifold of E passes through any point a of M. Indeed this con¬ 
dition is clearly sufficient for integrability. Conversely, let E 
be integrable. Then it is completely integrable as well (the 
corollary to Proposition 6 of Lecture 7), i.e. (see Defini¬ 
tion 13 of Lecture 7) M has an atlas consisting of charts 
(f/, . . ., x^) such that for any point a vectors 



constitute a basis of a space Ea- For 


every point ^ = (|^, . . ., we denote by 

a set of points a ^ U whose coordinates satisfy the condi¬ 
tions 


^m+i _ gl 



\n-m 


That set (if nonempty) is naturally provided with the struc¬ 
ture of a smooth manifold which is diffeomorphic to some 
open set in Ol”*. Clearly, the manifold is a submanifold in U 
(and hence in M), the subspace Ta (Fg) spanning at any 

point a 6 the vectors • Consequently 

Ta(n) = Ea, SO Fg is an integral manifold of E. To com¬ 
plete the proof it remains to notice that for any point a ^ U 
the submanifold Fg, with g (a), . . ., x^(a)) con¬ 

tains a. □ 

Submanifolds of the form F^ will occur rather frequently 
in what follows. They will be referred to as flat submanifolds 
of a chart U, 

We shall say that submanifolds Ai and of M having 
a point a 6 Af in common locally coincide at a if there is a 
submanifold Aq, open both in and Ag, such that a 6 Nq. 

It is easy to see that any two integral manifolds Ni and 
of an integrable subfibering E that pass through a point a lo¬ 
cally coincide at a. Indeed, let 4 : Ai Af and 4 : Ag Af 
be embeddings. By Lemma 2 of Lecture 7 there are neigh- 
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bourhoods Vi and Fg of a in and and a diffeomorphism 
P: Fg Fi such that ig = 4 o p on Fj. But since 4 and ig 
are restrictions of the identity mapping M M, the equa¬ 
tion ig = 4 o p is possible only when p = id (and hence 
Fi = V^. This completes the proof, since the equation 4 = 
I 2 in some neighbourhood of a precisely means that 
and N 2 locally coincide at a. □ 

For an integrable vector bundle consider the collec¬ 
tion 9 ? of all its integrable manifolds. According to the fore¬ 
going, if two submanifolds Ai, Ag ^ 91 intersect, then for 
any point a 6 fl ^ 2 » there is a submanifold Aq such 
that a ^ NqCZ. Ni {\ N 2 and Aq is open both in Ai and Ag. 
Since Aq 6 9f{ (an open submanifold of a manifold of ^ 
is obviously in 94 ), the family 94 can be taken as a base of 
some new topology on M (whose open sets are the unions 
of submanifolds in 94). A manifold M provided with this 
topology is denoted by 

It is easy to see that the identity mapping M is 

continuous^ i.e. any open sei U M is open in Me too. 
Indeed, let a ^ U and let a £ A 6 94. Since A is locally 
connected, the component A© of the set A fl which con¬ 
tains a point a, is open in A, i.e. is an open submanifold 
of A. Therefore A© 6 94. This shows that U is the union of 
manifolds of 94 and is therefore open in Me- □ 

Further, it is easy to see that the topology of the space Me 
induces on any manifold A 6 94 (which is by definition an 
open subset of Me) the original topology of A, so that in 
other words every integral manifold A 6 94 is an open sub¬ 
space of Me- Indeed any neighbourhood of a point a ^ N 
in the topology of A is an integral manifold in ^ and hence 
an open set in Me- Conversely, any neighbourhood U of a 
in the topology induced by that of Me contains an integral 
manifold Aj 6 94 such that a g Aj. Since A and Aj locally 
coincide at a, there is a manifold A© 6 94 containing a point a 
that is an open submanifold of both A and Aj. The mani¬ 
fold A© is the neighbourhood of a in the topology of A con¬ 
tained in U. Thus the original topology of A coincides with 
that induced on A by the topology of Me- □ 

Now let IF be a component of connectedness of Me (pro¬ 
vided with an induced topology). Then for any point a 
every connected integral manifold A containing that point is 

14* 
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contained in W (for N is connected also as a subspace in Af^). 

In particular, contained in is a coordinate neighbour¬ 
hood U oi a in N, Since being an integral manifold, is 
open in it is a neighbourhood of a in W too. This allows 
every chart (i/, h) at a on TV to be considered as a chart on W 
too. Thus we obviously obtain on W some smoothness com¬ 
patible with the topology. 

The constructed smooth manifold W will obviously be a 
connected integral manifold of a subfibering E that contains 
a point a and has the property that any connected integral 
manifold of E containing the point a is contained in W and 
is open in W, 

Definition 4. An integral manifold of a subfibering E is 
said to be maximal if it is connected and is not contained 
in any other connected integral manifold of that subfibering. 

In particular, we see that the constructed integral mani¬ 
fold W is maximal. 

This proves the following proposition: 

Proposition 1. Only one maximal integral manifold W 
of an integrable subfibering E passes through any point a ^ M, 
Any connected integral manifold of E passing through a is 
open submanifold of W, □ 

To return to Lie groups, consider a subalgebra '() of the 
Lie algebra 3 of a connected Lie group G. Recall that a (G) 
denotes the infinite-dimensional Lie algebra of all vector 
fields on G, It is a module over the algebra (G) of all 
smooth functions on G. For any subfibering J? c= T (G) the 
vector fields in E form a submodule a {E) of the module 
a (G). At the same time the Lie algebra 9 and hence the 
Lie algebra t are subalgebras in a (G). Therefore the sub- 
module .9^ (G) ^ generated by is a subalgebra of a (G), 
with ^ (G )3 = a (G). 

As a first step in the proof of Theorem 1 we show that 
for any subalgebra of the Lie algebra 3 , there is a subfibering 

of a tangent bundle T (G) such that 
(1) a (G) 

Indeed, let ^ subspace of a space To i^) consisting 

of vectors of the form where X 6 ^ (here we use the 
interpretation of 3 as an algebra of left-invariant vector 
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fields; in the interpretation q = T e (G) the subspace is 
the image of the space c: T e (G) under the mapping {dLa)e)- 
It is easy to show that the union 

E^= U eI 

aec 

of those subspaces is a subfibering of the bundle T (G) that 
has property (1). □ 

We shall say that the subfibering is generated by a 
subalgebra 

According to the foregoing, it follows from (1) that a {E^) 

is a subalgebra of a (G), i.e. that E^ is involutory. Conse¬ 
quently, by the Frobenius theorem (Proposition 5 of Lec¬ 
ture 7) the subfibering E^ is integrable. 

If a subalgebra 1 } is the Lie algebra of a connected sub¬ 
group H, then H is obviously an integral manifold of E^ 
passing through the point e (a maximal manifold, as we 
shall see below). For any subalgebra therefore it is natu¬ 
ral to consider a maximal integral manifold H of E^ and 
to try to prove that it is a Lie subgroup having a Lie al¬ 
gebra f). 

To do this it is in the first place necessary to prove that 
^abstr ^ subgroup of a group G^ijgtr, i.e. that xy ^ H and 
x-^ ^ H for any elements x, y ^ H, This is easy to do using 
the following general considerations. 

Let O: M M' be a diffeomorphism and let W be a 
submanifold of M. Consider the image N' of N under O. 
Since O bijectively maps N onto N\ we can use O to trans¬ 
fer the smoothness from to TV'. Thus TV' will turn out to 
be a smooth manifold and O will induce some diffeomor¬ 
phism TV TV' that closes the commutative diagram 


TV 


4>jvr 




f 


i 


i 


f 



<P 


■a 


1 

~M 
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in which the vertical arrows are embeddings. The commu¬ 
tativity of this diagram implies that i' = O o i o O]}, 

from which it is immediate that the mapping i' is smooth 

and that its differential (di')a' at every point a' ^ N' is a 
monomorphism. This means that N' is a submanifold of M, 
We shall refer to that submanifold as the image of N under 
the diffeomorphism O. 

If now E is an integrable subhbering of the bundle T {M), 
then its image E' under the diffeomorphism T (^)‘ T (M)-> 
T (M*) is an integrable sub&bering of T {M') and the 
image of any maximal integral manifold of E under ^ is a 
maximal integral manifold of the subfibering E'. 

Since for M = M' = G, E = and 0) = (or 0) = I, 

where I: G G is r mapping x x-^) the subfibering E' 

coincides obviously with E = E^, it follows that the diffeo¬ 
morphism O sends the maximal integral submanifold H 

of E^ passing through the point e to the maximal integral 
submanifold passing through a point Oe, i.e. to the same H 
when Oe ^ H, Since for 0=7, as well as for 0=7/^, 
X ^ H, the condition 6 H obviously holds, this proves 

that I (H) = H and (H) = H for x ^ H, i.e. that H 

is a subgroup. 

To complete the proof it remains to show that TT is a Lie 
group, i.e. that {x, y)h^xy and x^ x^^ rxr smooth map¬ 
pings. As regards xy-^x-^ this fact follows from the fore¬ 
going, but as for {x^ y) xy, we may only say that this 
mapping is smooth only in x ot in y separately. 

It turns out unexpectedly that a complete proof of the 
smoothness of {x, y)*^xy is quite a difficult task involv¬ 
ing subtle topological phenomena and requiring much pre¬ 
liminary work. Therefore we shall have to return to the 
fundamentals of the theory. 

Definition 5, The rank of a smooth mapping O: N M 
at a point a ^ N is the rank of its differential 

{d^)^: T a (A^) T a {M) 

considered as the linear mapping of vector space T a {^) 
into vector space T a (A7). 

Let . . ., y”* be local coordinates on A at a and let 
x^^ . . ., a;” be local coordinates of M at Oa. Further, 
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let 

(pi (ij), . . (p” (ij), y = (i/i, . . I/"), 

be functions expressing the mapping O in terms of those 
coordinates. Since the matrix of the linear mapping (dO)^ 

in the bases (•^)^. .... (^)oo 

is the Jacobian matrix whose elements are partial derivatives 


( 2 ) 


/^\ 

' dy^ ' o- 


i = 1, .. n, 7 = 1, ..m, 


calculated at a point {y^ {a), . . y'^{a)) ^ R"*, the rank 

of O at a equals the rank of the matrix with elements (2). 

It follows from continuity that the rank r' of (J) at any 
point a of some neighbourhood of a is at least its rank r at a\ 




If r' = r for any point a g U, then O is said to be locally 
flat at a. 

It may be assumed, after rewriting the coordinates if 
necessary, that 

(3) detlf-^^) 1:7^0 for i, 7=^1, ..., r. 

I \ dy^ 'a I 


Consider the functions y^^ . . ., defined in a neighbour¬ 
hood of a by the formulas 





if r-f 


y^m) 


yn 


at a is 


Since by condition (3) the Jacobian / 

^ {y i • • 

nonzero, the functions y'^, . . ., y'^ are local coordinates 
in some neighbourhood of a. In these coordinates the map¬ 
ping O can be expressed as 


f i/\ if 


If O is locally flat at a, then in these formulas the func¬ 
tions cp'^ (y'^, . . ., r + 1 ^ i ^ w, are easily seen 
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to be independent of the coordinates i.e. 

are of the form 



Therefore the formulas 


if 

x’ —..., 0 :’*), if 


define in some neighbourhood of Oa local coordinates 

having the property that in coordinates i/'^ and 

x'^ the mapping O can be manifested as 


I y'S if 
jo, if r-f 


The following proposition has thus been proved. 

Proposition 2. If a smooth manifold O: N M is locally 
flat at a point a ^ N and has at that point a rank r, then on the 
manifolds N and M there are local coordinates 
and x^, , , x^ {defined in the neighbourhoods of a and Oa 
respectively) such that 

I 0, if r-l- □ 

As applied to an embedding i: A^ -> M of a manifold N 
into M (which is obviously a locally fiat mapping) this prop¬ 
osition says that for any point a ^ N in M there is a chart 
{U. x^, . . x'^) with age/, such that the functions 

(4) o i, . . x^ o i 


are local coordinates in some neighbourhood V of a on V and 
the functions 

o i, . . o I 


are identically zero (in V), 

The last statement implies that the submanifold N locally 
coincides at a with the flat submanifold Vq = V of U, 

Remark 1. The example of an irrational solenoid shows 
that in general Fo = 7 ^ f/ fl ^• 

Since the embedding i: TV Af is smooth, for any func¬ 
tion / smooth in M its restriction / o i to TV is smooth in TV 
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(of course, if that restriction exists, i.e. the domain W (/) 
of / intersects with N). Conversely, consider a function g 
smooth in N. Let the domain W (g) of the function contain 
the above coordinate neighbourhood F of a on N. Then 

A 

^ =r= g (^1 o I, . . O l) on F, 

/ 

A ^ . w " 

where g is some smooth function of m variables. We define 
in the coordinate neighbourhood U of the point a on M a 
function / using the formula 

/ = g {x\ . . x^). ' 

Clearly / is a smooth function and f o i g. We have thus 
proved the following lemma: 

Lemma 1. Any point of a submanifold N has a neighbour¬ 
hood V such that every function smooth in N is a restriction to V 
of some function smooth in M. □ 

Corollary. If there is a submanifold structure on some sub¬ 
set N of a smooth manifold Af, then fora given topology on N 
that structure is unique, i.e. any other submanifold structure 
on N will induce another topology on N. 

Proof. By virtue of Lemma 1 every smooth chart (IF, 
y^, . . y^) on N consists of an open set IF and functions 
y^, , . y^ with a nonzero Jacobian which are locally 
restrictions to N of functions smooth in M. Therefore any 
two submanifold structures on N inducing the same topo¬ 
logy on N will have identical charts and will consequently 
coincide. □ 

Of course, by varying the topology we may obtain different 
submanifold structures on N. For example, any submanifold 
N M can be provided with a discrete topology, thus 
turning it into a zero-dimensional submanifold. 

A less trivial example is obtained if we consider in 01^ 
an open square —1 < ^ < 1, —1 < ^ < 1. In the induced 
topology it is a two-dimensional open submanifold. It can 
be turned, however, into a one-dimensional submanifold 
if we introduce a topology whose open sets are the sets inter¬ 
secting with every vertical interval x = Xq, —1 <i y <i i 
the intersections being an open set (in that interval). The 
resulting submanifold consists of an uncountable number of 
components, each being diffeomorphic to the straight line 
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R. We shall call it a dissected square. 

Such pathologic possibilities will be excluded if we im¬ 
pose on submanifolds the condition that there should be a 
countable base. 


A B 

There are, however, other possibilities of varying topol¬ 
ogy. Consider, for example, in the plane IR^ the figure of 
eight set represented in Fig. A. In the topology induced by 
the topology of the plane, this subset is not a submanifold. 
But it can be turned into a submanifold, there being even 
two methods of doing so, if we introduce the stronger topol¬ 
ogies represented schematically in Fig. B. In both cases 
the resulting submanifold is diffeomorphic to the straight 
line 51 and is therefore connected and has a countable base 
unlike the previous manifolds. 

Definition 6. An (wi-dimensional) submanifold N of an 
(w-dimensional) manifold M is said to be locally rectifiable 
at a point a g A if there is a chart (A, h) of M and a subset 
Sc: R”"”* such that a ^ U and in the topology induced by 
the topology of N the intersection U [] N is the union of 
flat (see p. 210) submanifolds F^, ^ g S, of the chart {U, h): 

U(]N= U n. 

^62 

A submanifold N is said to be locally rectifiable if it is lo¬ 
cally rectifiable at each of its points. 

The submanifolds of Fig. B are not locally rectifiable. 

The “parametrizing” set S may in general be arbitrary 
and the fact that it exists is not enough by itself to guar¬ 
antee against pathologies. For example, a dissected square 
is locally rectifiable, and for any of its points the set S 
is an interval. In less pathologic situations, however, this 
set cannot be too large. For example, it is immediate from 
the fact that all submanifolds are obviously open in N 
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that if a locally rectifiable submanifold N has a countable 
base, then for any point a of N the set S is at most countable. 

It is also worth while keeping in mind that as it follows 
immediately from the definition of an induced topology, 
if the topology of a submanifold N is induced by the topology 
of a universal manifold Af, then the manifold N is locally rec¬ 
tifiable and for any of its points the set S can be chosen to con¬ 
sist of a single point. 

Thus locally rectifiable submanifolds can be considered 
as generalizations of submanifolds with induced topology. 

To avoid constant reservations we shall henceforth once 
and forever assume that all the charts (17, h) under consider¬ 
ation are cubic, i.e. that the set h {U) (R,^ is a cube 

I I < c, . . I a;” I < c. 

The number c will be called the half-width of a chart (U, h). 

Then for | I < I < c every flat sub¬ 

manifold Fg is connected (and nonempty). 

Therefore, in particular, for a submanifold N locally 
rectifiable at a point a, all flat manifolds F^, | 6 S consti¬ 
tuting an intersection U {] N are components of connected¬ 
ness of that intersection in the topology induced by the topo¬ 
logy of N. The example of a dissected square shows that as 
regards the topology of the containing manifold M this is 
in general false. If, however, the submanifold N has a count¬ 
able base, then submanifolds are components of U [\ N 
in the topology induced by the topology of M as well. Indeed, 
the mapping 17 f) S defined by the formula 

(2) a {a), . . ., x'^ (a)) 

is obviously continuous (in the topology of M). It there¬ 
fore sends every component of the set [/ f] N to a component 
of S. But since S is countable, as was noticed above, its 
components are points. Therefore every component of the 
set U f] N is contained in the inverse image Fg of some 
point 16 2 under mapping (2) and hence coincides with 

Lemma 2. Let P and M be smooth manifolds and N be a 
locally rectifiable submanifold of M having a countable base. 
Also let i: N M be an embedding and O: P N be a map- 
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ping of P into N such that the composition i o O: p M 
is a continuous mapping. Then O is also continuous. 

If in addition the mapping i o O is smooth., then O is also 
smooth. 



N 



M 


Proof. Let h ^ P and a = O [b). 

By definition there is a cubic chart (C/, h) (for which 
h (a) = 0) in M, such that the intersection U {] N in the 
induced topology is the union of a countable number of 
connected flat submanifolds ^6 2. Since the mapping 
i o (I) is continuous, there is in P a neighbourhood TP' of a 
point b whose image (i © O) {W) is contained in U and 
hence in f/ fl It may b® assumed without loss of gener¬ 
ality that W is connected. Then (under a continuous map¬ 
ping a connected set goes over into a connected set) the image 
(i o O) iW) of W under the mapping i © O is also connected 
and is hence contained in one of the components Vi of the 
set ?7 n Since O (6) = a and a £ Vq, that component 
is necessarily Vq ^ V. Thus for the neighbourhood P' of a 
in the manifold N there is a neighbourhood TP of fc in P 
such that O (TP) c= V. Since neighbourhoods of the form V 
constitute the fundamental system (base) of neighbourhoods 
of a in N, this proves that the mapping O: P N is> con¬ 
tinuous at b. Since 6 g P is an arbitrary point, the mapping 
O is consequently continuous. 

Now let i o O be a smooth mapping. To prove that O 
is a smooth mapping, one must prove that for any function g 
smooth in N the function g © O is smooth in P. But by 
Lemma 1 g is locally of the form / © i, where / is some func¬ 
tion smooth in M. Tlie function g © O therefore locally coin¬ 
cides with the smooth function / o (i o O) and is therefore 
smooth. □ 

The example of manifolds in Fig. B shows that without 
the condition of local rectifiability Lemma 2 is false. 
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Now we are in a position to prove the uniqueness theorem 
at which we aimed. 

Proposition 3. If it is possible io introduce into a subman¬ 
ifold N the structure of a locally rectifiable submanifold 
with a countable base, then this can be done only in a unique 
way. 

Proof. Let N' and N" be locally rectifiable submanifolds 
with a countable base with N being a set of points for the 
submanifolds. Then it will be possible to apply Lemma 2 
to the identity mapping N' N". That mapping therefore 
will be smooth. By the same reasoning so will the identity 
mapping N" -^N'. Hence the smoothnesses on N' and N" 
coincide. □ 

Corollary. Let N be a locally rectifiable submanifold with 
a countable base of a smooth manifold M and let M M 
be a diffeomorphism of M onto itself such that Oa 6 N and 
6 N for any point a N. Then the mapping N N 
induced by O is also a diffeomorphism. 

Proof. Let N' be the image of N under O. Obviously N' 
is also a locally rectifiable submanifold with a countable 
base. In addition, under the hypothesis N' being a set coin¬ 
cides with N. By Proposition 2, therefore N' being a mani¬ 
fold coincides with N as well. Hence the diffeomorphism N —^ 
N' induced by O will in fact be a diffeomorphism TV TV. □ 


In connection with the results obtained the question arises 
as to the conditions ensuring that a submanifold has a count¬ 
able base. We show that for a connected submanifold to 
have a countable base it is sufficient that the containing 
manifold M have a countable base. 

Lemma 3. Suppose for a connected topological space X, 
there is an open covering {f/a} 

(i) every set {provided with the topology of a subspace) 
is a space with a countable base; 

(ii) for any ao there is at most a countable number of sets U^ 
intersecting with 

Then X has a countable base. 

Proof. It suffices to show that X is the union of a countable 
(or finite) subfamily of {Ua}- On fixing some Uao¥=0 con¬ 
sider all possible elements of a given covering for which 
there is a finite sequence 


U 


ail 


u 


ag9 
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of the elements of {C/a}» such that and U f] 

7X 2*2 

Ua - ¥= 0 for any i = 1, . . a 2 . It is immediate from 

2 

condition (ii) that all such elements constitute at most a 
countable subfamily of {U^}- Let X' be their union. Clearly 

X' is open (and nonempty). But it is also closed, for if .r £ X' 
and X ^ then X' [\ and therefore inter¬ 

sects with some element of the subfamily constructed and 
hence is itself in that subfamily. Therefore U^ cz X and 
hence x ^ X. The set X', being an open and closed nonempty 
subset of the connected space X, must coincide with the 
entire X. Consequently, X has a countable base. □ 

Lemma 4. Suppose that for a connected space X there is 
an open countable covering {^7^} each element of which 
is the union of disjoint open sets « having a countable 

base. Then X is also a space with a countable base. 

Proof. It suffices to show that the open covering (C/ft, 

satisfies condition (ii) of Lemma 3. Since {Uh} is countable, 
it suffices to show that for any k, I and a^, there is at most 
a countable number of sets Ui^ intersecting with 

Suppose this is not the case, i.e. let there be an uncountable 
family of sets intersecting with By choosing 

in each intersection a point we obtain in U an uncount¬ 
able subset consisting of isolated points (recall that 

are disjoint sets under the hypothesis). Since any discrete 
subset of a space with a countable base is at most countable, 
the existence of such an uncountable subset contradicts the 
fact that Uk, is a space with a countable base. Hence 

at most a countable number of sets C/j, intersect with 

Corollary 1. Any space covering a space with a countable 
base also has a countable base. 

Proof. The inverse images of the elements of a countable 
covering which consists of evenly covered sets constitute 
a covering of a covering space, that satisfies the conditions 
of Lemma 4. □ 

Corollary 2. If there is a locally homeomorphic mapping 

/: X--^K^ 

for a connected space X then X has a countable base. 

Proof. Let be a countable base of a space , the 
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former consisting of connected open sets (of parallelepipeds, 
for example), and let open subsets of X homeomorphic- 

ally mapped by / onto (here a ranges over some set of 
indices A that depends on k and that can be empty for some 
k). The local homeomorphism of / implies that the sets 

U Vk.a 

cover the entire X. Consequently, to apply Lemma 4, it is 
necessary only to show that the connected open sets 
are components of the sets Vh, i.e. that for any a, 6 9 Ah, 

n.cc = if Fft.c n 

Let W = Fft.a n 0 and let 

be the homeomorphisms inverse to homeomorphisms f ^ 
and / p. If 6 and x = lim then / {x) = lim / {x^) 

and gp (/ (a;;i)) = x^. Therefore 

gfi if (^)) = lim gp (/ (a;^)) = lim Xn = x. 

Consequently, if x ^ Vk,a (and therefore f {x) ^ U^), then 
^ 6 I^fe,p» i-a- X ^W. This shows that W is closed in Vk,a- 
Since W is also open in Vk, a (and nonempty) and Vk,a is 
connected (as it is homeomorphic to the connected set U^), 
this is possible only when Vk,a = IF. lii a similar manner 
it can be proved that Ffe,p= IF. Consequently Vk,a= Fft.p.Q 
Corollary 3, Any connected submanifold N of a manifold 
has a countable base. 

Proof. Let . . ., x^ be coordinates in HI” (relative 
to some basis) and let i: -> [R." be an embedding. Con¬ 

sider a collection a = (i^, . . ., i^) of indices 1, . . ., 
(with m being the dimension of the manifold N) and a sub¬ 
set Fa of N. Fa consists of points a 6 in the neighbour¬ 
hood of each of which the functions o i, . . ., x"^^ o i 

are local coordinates. It is clear that Fa is open in N, In 
addition (see Proposition 3) any point a 6 ^ is at least in 
one of the sets Fa* Let Fa be a component of a set Fa- By 
construction, the mapping Fa -> defined by the formula 

a^ {xh (a), . . ., x'^'^ (a)), a 6 F^ 

is a local homeomorphism. Hence by Corollary 2 the con¬ 
nected set Fa has a countable base. Thus a finite open cov- 
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ering {Fa} of N satisfies the conditions of Lemma 4. There¬ 
fore N has a countable base. □ 

Now we are ready to prove the statement announced above: 

Proposition i. Any connected submanifold N of a manifold 
M with a countable base is itself a manifold with a countable 
base. 

Proof, Let {Uh] be a countable covering of M, the former 
consisting of coordinate neighbourhoods and let F^ = 
Uh N, The sets F^ are open in N and any point a ^ N 
is at least in one of them. Every component Vk of a set F^ 
is a connected smooth manifold diffeomorphic to some sub¬ 
manifold of Therefore by Corollary 3 that component 
has a countable base. This means that the open covering 
{Vk} of the manifold N satisfies all the conditions of Lem¬ 
ma 4. Therefore N has a countable base. □ 

The applicability of the above results to Lie groups is en¬ 
sured by the following proposition: 

Proposition 5, Any connected Lie group G has a countable 
base. 

Proof. Let be a neighbourhood of the identity of a 
group diffeomorphic to an open set of a space and having 
the property that U~^ = U, On choosing in U sl countable 
everywhere dense set Y consider the set Z of all elements of G 
of the form • • • Uk^ where y^, • • yu ^ Y (with k 
arbitrary). Clearly Z is countable. Since G is connected, 
it is generated by U, i.e. any element a; of G is of the form 
X 1 X 2 . . . Xk^ where Xi, X 2 , . . Xk E U, Let X(^i) = X 1 X 2 . .. 
Xi, i = , , ,^ k (in particular X(^i) = x^ and X(^k) = 
x). It can be derived immediately from the continuity 
of multiplication in G by an obvious induction that the 
identity of G has a neighbourhood F such that 

V• x^^)VxllyXi^2)yy^(k)^ U, 

Since Y is everywhere dense in U, there is a point yi ^Y 
in the neighbourhood Vxi of a point Xi ^ U, Let Vi = e 
V. Then 

UlU^ • • • Uk 

= *^( 1 )^ 3 ^( 2 ) * • • • * ^(k) UXj 
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where u ^ U. This shows that the point z = ... 

has the property that x ^ Uz (recall that under the hypo¬ 
thesis U~^ = U). This proves that open sets of the form Uz, 
z ^ Z, cover G, Since Z is countable and sets Uz (homeo- 
morphic to the set U) have a countable base, it follows im¬ 
mediately that G has also a countable base. □ 

Corollary. Any connected submanifold of a connected Lie 
group is a manifold with a countable base. 

In particular, the maximal integral manifold H of the 

subfibering we are concerned with in the first place is a 
submanifold with a countable base. It is easily seen that 
it is locally rectifiable. Indeed, in any manifold M every 
maximal integral manifold W of an integrable subfibering E 
is locally rectifiable. Indeed, as we know, M can be covered 
by charts having the property that each of their flat sub¬ 
manifolds Vi is an integral manifold of the subfibering E. 
Therefore the intersection of W with every such chart is the 
union of some of these submanifolds, by virtue of the maxi- 
mality of W which means by definition that the manifold 
W is locally rectifiable. □ 

Remark 2. That the integral manifold H is locally recti¬ 
fiable follows also from the general lemma below. 

Lemma 5. A connected submanifold H of a Lie group G, 
for which the set ^abstr ^ subgroup of the group Gabstr* 
locally rectifiable. 

Proof. As we know, there is a chart (t/, x^, . . ., x'^) at 
the point e in G, such that the flat submanifold 

V: = 0, . . ., a:" = 0 

is a neighbourhood oi e m H and a local subgroup of a local 
group U. In the Lie algebra such that t (G) = t (i7) sub¬ 
algebra ^ == \ (7) corresponds to the subgroup. 

Without loss of generality we may clearly assume the 
coordinates . . ., to be canonical coordinates defined 
by some decomposition I (G) = © B. Then (see Lecture 7) 

the flat submanifolds 7^ of the chart U will be cosets aV = 
aH n of the local subgroup 7. Since the intersection 
£/ n ^ is the union of cosets aV such that a ^ U [\ H., this 
proves that the intersection U [\ H is the union of some flat 

15-0450 
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submanifolds Hence the submanifold H is locally rec¬ 
tifiable at e. 

Now let a be an element of H, Consider a diffeomorphism 
La- G -^G. This maps H onto itself and sends the point e 
to the point a. Hence H is locally rectifiable at a too. □ 

Since H has a countable base and is locally rectifiable, by 
virtue of Lemma 2 every mapping O: P H of a smooth 
manifold P into the integral manifold H, having the property 
that its composition 


i o (D: P G 

with an embedding i: H G is smooth^ is a smooth mapping. 

We apply that statement to the manifold P = H X H 
and to the mapping {x, y) xy. Since we have the 
commutative diagram 


HXH - 


iXi 


t 

gxg 


f 



G 


and the mappings i X i and are smooth, the mapping 
i o is smooth. Hence so is the mapping ixjj. 

This proves that the maximal invariant manifold H of the 

subfibering is a Lie group and hence a subgroup of a Lie 
group G. 

We shall denote this subgroup by G (I)). 

Remark 3. By virtue of Lemma 5 the above reasoning also 
proves that a connected submanifold H of a Lie group G is 
its subgroup if the set ^abstr ^ subgroup of the group Gabstr* 

Since the subspace E\ = b is the tangent space at e to 
the subgroup H == G the given subalgebra 'ij is the Lie 
algebra of H. 

Now we are ready to prove Theorem 1. 

Proof of Theorem 1. We already know that any subgroup 
^ of a Lie group G has the corresponding subalgebra — 
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{ (H) of the Lie algebra 9 = I (G) and any subalgebra 
I) d 9 has the corresponding connected subgroup H = 
G (1)), with I (H) = 1), To complete the proof of Theorem 1 
therefore it remains only to show that for every connected 
subgroup ^ of G we have H = G where 1) = I (H), 
But the subgroups H and G (^) have the same Lie 
algebra 1:) and therefore if considered as local groups they 
coincide (see Lecture 7). This means that H and G (1]) have 
the same neighbourhoods of the identity. Consequently 
H — G since being connected the groups H and G (^) 
are generated by every neighbourhood of the identity. □ 
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Alternative definitions of a subgroup of a Lie group• Topolo¬ 
gical subgroups of Lie groups* Closed subgroups of Lie groups* 
Algebraic groups*Groups of automorphisms of algebras* 
Groups of automorphisms of Lie groups*Ideals and invariant 
subgroups* Quotient manifolds of Lie groups* Quotient groups 
of Lie groups* The calculation of fundamental groups* The 
simple-connectedness of groups SU(az) and S^{n)*The funda¬ 
mental group of a group U(w) 


Remark 3 of Lecture 11 gives us an alternative definition of 
a subgroup of a Lie group that is formally broader. It turns 
out that the conditions imposed on subgroups of Lie groups 
can be relaxed in other directions as well. 

A smooth mapping O: N M is said to be an immersion 
if for any point a ^ N the linear mapping 

(dO)a: 

is a monomorphism (i.e. the mapping is injective). 

Proposition 1. Any monomorphism O: H G of Lie groups 
is an immersion. 

Proof. Consider the exponent 

exp: t {G) G. 

In the interpretation of the elements of I (G) as one-para¬ 
meter subgroups that mapping is defined by the formula 

exp P = P (1). 
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Since ( (O) p = O o p (Proposition of 5 Lecture 2), 
it follows that there is a commutative diagram 


1(H )— 


exp I 




H - 


If the linear mapping I (O) = (dO)g is not injective, then 
in the normal neighbourhood of zero of the algebra ( (H) ~ 
T g (H) there is a nonzero vector A which is in the kernel 
of I (O), i.e. such that ( (O) 4 = 0. But then 

(O o exp) A = (exp o t (O)) A = exp 0 = e 

and hence exp A = e (for O is injective). Since this is im¬ 
possible (in a normal neighbourhood the mapping exp is 
a difteomorphism), this proves that the mapping (dO)^ is 
monomorphic. 

On the other hand, the fact that the mapping O is a homo¬ 
morphism implies that for any element a ^ H we have 

^ ® La ~ o O. 

For differentials this means that there is a commutative 
diagram 


T,(//) 

{d<l^)e 
T.(G) 


{dLn) 


afc 


TaiH) 


t 






T^a(G) 


from which it follows (the horizontal arrows of the diagram 
being isomorphisms) that the mapping (rfO)^ is also mono- 
niorphic. □ 

Corollary. A Lie group H for which ^ subset in 

^abstr an embedding i: H G is a homomorphism of 
Lie groups is a subgroup of a Lie group G. 



230 


Semester V 


Proof. By Proposition 1 the mapping i is an immersion, 
and this precisely means that ^ is a subgroup of a Lie group 
G, □ 

By virtue of this corollary the matrix Lie groups intro¬ 
duced by Definition 1 of Lecture 3 are nothing but subgroups 
of the Lie group GL (n; IR). 

Of paramount interest, of course, are subgroups jfiT of a 
Lie group G whose topology is induced by that of G, i.e. 
for which the topological group ^top is a subgroup of Giop- We 
shall call such subgroups topological subgroups of Lie groups. 

Recall that a subset ^ of a topological space X is said to 
be locally closed if any point a ^ A has in Z a neighbourhood 
U such that the intersection A fl is closed in U. We have 
already met with the notion in Lecture 7 in connection with 
local subgroups. We shall need the following lemma from 
the theory of topological groups: 

Lemma 1. Any locally closed subgroup H of a topological 
group G is closed. 

Proof. Let 17 be a neighbourhood of a point e, such that 

n is closed in U, Clearly, it may be assumed without 

loss of generality that U~^ = U, Consider a point x ^ H, 
Then a;C/ H ^ 0, Let y 6 xU fl H, Since the left shift L,,: 
ay-^ya\s a homeomorphism, the SQiy{U{\H) is closed \x\yU, 
But since y ^ H, we have y {U [] H) yU [\ H, Hence 

ylJ n ^ is closed in ylJ, i.e. yU fl ^ D IfU — yU f] H, 
On the other hand, x ^ yU~^ = yU and therefore x 6i/f/ n 

H <zi yU [\ H, Consequently x ^yU fl H ^nd hence x £ 

//. □ 

A subgroup 77 of a Lie group G will be said to be closed 
if the set of its points is a closed subset in G, 

Note that the topology of the subgroup H itself does not 
figure at all in this definition. Nevertheless it turns out that 
the closure condition uniquely fixes that topology: 

Proposition 2. A subgroup H of a Lie group G is closed if 
and only if its topology is induced by that of G, i.e, if it is a 
topological subgroup. 

Proof. By virtue of Lemma 1, we prove the sufficiency 
of that condition if we establish that every submanifold N 
whose topology is induced by the topology of the containing 
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manifold is locally closed. This is nearly obvious. Indeed, 
any point of such a submanifold has in ikT a neighbourhood U 
that intersects with N in some flat submanifold V in U. 
On the other hand, it is clear that any flat submanifold is 
locally closed. 

To prove necessity we use the fact that every closed sub¬ 
group AT of a Lie group G is a locally rectifiable submanifold 
with a countable base. Therefore there is a neighbourhood U 
of the identity e in G, such that the intersection U [\ His the 
union of a countable number of flat submanifolds g 6 
S c: Since JT is a closed subgroup, the set (which 

is the image of the set f/ fl ^ under the continuous mapping 
defined by formula (2) of Lecture 11) is locally closed. Con¬ 
sequently, being countable, it has at least one isolated point 
The corresponding flat submanifold Vi^ has the property 
that any point a of it has in f/ a neighbourhood Ua such that 
the intersection fl ^ is in and is hence a neighbour¬ 
hood of a in H. This means that a has in U (and hence in G) 
a fundamental system of neighbourhoods that cuts on JT a 
fundamental system of neighbourhoods of a in H. By apply¬ 
ing a left shift we find that this property holds for any 
point & 6 ^ as well. Then by definition, the topology in H will 
just be induced by the topology of the containing space G. □ 

By virtue of the corollary of Lemma 1 in Lecture 11 (or 
if you please by virtue of Proposition 3 of Lecture 4) it fol¬ 
lows from Proposition 1 that on every closed subgroup H of 
a Jjie group G its smooth-manifold structure is unique. 

It is surprising that the closure condition by itself should 
be quite enough for H to have a smoothness with respect to 
wliich it is a Lie group and a subgroup of the Lie group G: 

Theorem 1 (Gartan). If a closed subset H of a Lie group G 
is a subgroup of then H has a unique smoothness {com¬ 

patible with the topology induced on H) with respect to which H 
is a subgroup of the Lie group G {and, in particular, a Lie 
group). 

Proof, Every Lie group G is at the same time a local Lie 
group. Since H is closed, for any neighbourhood U oi e 
in the local group G the intersection 17 fl ^ is closed in U. 
Hence is a local subgroup of a local Lie group G 
(see Definition 1 of Lecture 7). Therefore by the Cartan theo¬ 
rem for local groups (Proposition 1 of Lecture 7) the locel 
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group H is locally flat, i.e. in other words, its intersection 
U [\ H with some chart U at ^ is a flat submanifold of U 
of the form exp 'tj, where Ij is some subalgebra of a Lie algebra 
9 = t (G). This means that H locally coincides at e with 
a connected subgroup G (^) of a Lie group G. Since any 
neighbourhood of a connected topological group generates 
the entire group (Lemma 3 of Lecture 9), this proves that 
the group G(l^) (more precisely, the group G(^)ai,gtr provided 
with an induced topology) coincides'with the component 
of the identity Hg of the group H, This introduces into the 
group Hg and hence into the entire group H a smoothness 
with respect to which that group is a subgroup of the Lie 
group G. 

The uniqueness of that smoothness is ensured, according 
to the remark above, by the closure of the subgroup H, n 

Notice that by virtue of being closed the subgroup H of 
the Lie group G is its topological subgroup. 

Theorem 1 is the most powerful tool for establishing 
whether or not a particular topological group is a Lie group. 

Example. A subgroup of GL {n, Dl) (or of GL {n; C)) is 
said to be an algebraic group if it is an intersection of GL {n\ 
(It) (or GL (ti; C)) din algebraic variety in a space K {n) = 
(or in C {n) = C”* respectively), i.e. with the set 
of general zeros of some system of polynomials in un¬ 
knowns. 

Since any algebraic variety is clearly closed, we find by 
Theorem 1 that every algebraic group is a matrix Lie group. 

This immediately proves that the groups considered in 
Lecture 1 (SL (w), 0 (n), Sp (w), U (n), etc.) are all Lie 
groups (notice that U (w) should be treated not as a sub¬ 
group of GL (n; C) but, by virtue of the embedding GL {n; 
C) c= GL {2n\ Dl), as a subgroup of GL {2n: IR)). 

Let ^ be a finite-dimensional algebra over a field K 
or C (in general neither an associative nor Lie one) and 
let ^ 1 , . . ., be its basis. Clearly, an invertible linear 
mapping A is an automorphism of Ji if and only 

if O (eiej) = O (et) O (cj) for any / = 1, . . ., n. Conse¬ 
quently if CD (ei) = xlej and etCj = and hence 

Cp (^j*) O (^Cj) ==: (x^ep) (x^Cq) = CpqX^x^e^^ 
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then O is an automorphism if and only if 

for any i, /, Z = 1, . . n. This means that the matrices 

(^i) corresponding to the automorphisms of constitute 
an algebraic, and hence smooth, group. Thus giving a basis 

defines an isomorphism of a group of automor¬ 
phisms Aut A Jk onto some matrix algebraic Lie group. 
The Lie-group structure transferred to Aut A with the aid 
of that isomorphism is clearly independent of the choice 
of basis Ci, . . ., Thus the group Aut A of automorphisms 
of a finite-dimensional algebra A is a Lie group. 

Let us find the Lie algebra of that group. 

Proposition 2. The Lie algebra Der A of all differentia¬ 
tions of an algebra A is the Lie algebra of Aut A- 

{(Aut A) = Der A- 


Proof. On choosing in ^ a basis we may assume that 
Aut A and Der A consist of matrices. 

Let D 6 Der A- Then for any elements y ^ A and any 




V 


D^{xy)= 2(f) {the Leibnitz formula) 


1=0 


and hence 


oo 


(e'D) {xy) =: 2 (.^y) 


p! 

p=0 
oo p 




P=0 2=0 
oo oo 


=2 


i=0 i=0 


oo 


oo 

^D^x^ (2 LTx^ =e^^x-e^^y 


i=0 i=0 

(the convergence of all series is ensured by standard calcu¬ 
lations using matrix norms). This means that ^ Aut A 
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and hence that D g ((Aut jl). 

Conversely, let D g ((Aut Jl), i.e. g Aut Then 

— E) {xy) = y — x*y 

— {e^^x — x) y -J- x (e^^y — y) 

and hence 


D (xy) = lim - - -^ = lim 

<->o ^ t-*o 




-e^^y j-limo;^—y 

f-H-O ' 


y 


= Dx-y-{-x-Dy, 
Consequently D £ Der jl- 


□ 


Suppose, in particular, that A is the Lie algebra 9 of 
a simply connected Lie group G, Since the Lie functor is 
completely univalent on the category of simply connected 
Lie groups (see Lecture 10), any automorphism 9 -> 9 of 
the Lie algebra 9 is realized by some automorphism G ^ G 
of G. This shows that the group of automorphisms Aut G of 
the simply connected Lie group G is isomorphic to the group of 
automorphisms Aut 9 of its Lie algebra 9 : 

Aut G ^ Aut 9 . 

By transferring by means of this isomorphism the smooth¬ 
ness from Aut 9 into Aut G we define Aut G as a Lie group. 
By virtue of the foregoing the Lie algebra Der 9 will be the 
Lie algebra of the Lie group Aut G: 

((Aut G) = Der ((G). 

To obtain a similar result for a connected Lie group G, 

consider its universal covering group G. We know (see Lee- 

ture 9) that G is functorially dependent on G and therefore 
any automorphism O: G G defines uniquely some auto- 

morphism O: G G for which there is a commutative 
diagram 


G 


-V 

<D 




t 

G 


31 


I* 




G 
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This defines a mapping (obviously a monoinorphic one) 

Aut G Aut G. 

The image of that monomorphism consists of automor¬ 
phisms Y: GG for which ji {a) = n (b) yields JiT* (a) — 
jcT* (b). This condition is precisely equivalent to the re¬ 
quirement that T* should send to itself the kernel K = 
Ker n of the covering jx. Therefore the set of all such 
automorphisms is closed and is consequently (Theorem 1) 

a subgroup of the Lie group Aut G and hence a Lie group. 
By transferring this Lie-group structure into the group 
Aut G we define the latter group as a Lie group. 

This proves that a group of automorphisms of a connected 
Lie group is a Lie group. 

Let us now return to general Lie groups and their closed 
subgroups. Since a simply connected Lie group G can be 
reconstructed from its Lie algebra g = I (G) in a unique 
way, all subalgebras of g are correctly distributed in two 
classes: subgroups of the simply connected Lie group G 
correspond to subalgebras of one class and nonclosed ones 
to subalgebras of the other. The question thus arises as to 
the internal algebraic characterization of subalgebras of 
these classes or, equivalently, that of the corresponding sub¬ 
groups. We shall not deal with this question in full gener¬ 
ality and restrict our discussion to the following, perhaps 
most interesting and unexpected, result: 

Theorem 2. Any connected invariant subgroup H of a sim¬ 
ply connected Lie group G is closed. 

We first prove a proposition characterizing Lie sub¬ 
algebras which correspond to invariant subgroups: 

Proposition 3. The Lie algebra X (H) of every invariant sub¬ 
group H of a Lie group G is an ideal of the Lie algebra X (G) 
of the group G. Conversely, if a subgroup H is connected and 
the Lie algebra I (//) is an ideal of the Lie algebra { (G), then H 
is invariant. 

Proof. Th is proposition is quite similar to Proposition 2 
of Lecture 7 and can be proved exactly in the same way. 
To avoid repeating ourselves, however, we shall give another 
proof here, one that relies on Proposition 2 of Lecture 7. 

Clearly, by virtue of that proposition it suffices to prove 



236 


Semester V 


that a connected Lie group H of a Lie group G is invariant if 
and only if a neighbourhood V of its identity is an invariant 
local subgroup of G (considered as a local group). But, in¬ 
deed, if H is invariant, then V is invariant by definition. 
Conversely, let V be invariant and let g ^G, Then there is 
a neighbourhood W of the identity such that g~^Wg cz V. 
Since the group H is connected, any element a of it is of the 
form where a^, ag, . . Uk Hence 

g-^ag = g'^aig-g-^a^g- ■ . . •g~^ahg ^V-V' ... -F c= 

and therefore the subgroup H is invariant. □ 

Notice that there are disconnected noninvariant subgroups 
H for which a subalgebra t {H) is an ideal of the Lie al¬ 
gebra t (G). Their components of the identity are invariant. 

A substantial addition to Proposition 3 is the following 
proposition. 

Proposition 4. For any homomorphism O: GH of Lie 
groups its kernel Ker O is a subgroup of a Lie group G. The 
Lie algebra t (Ker O) coincides with the kernel Ker \(Q>) of 
the induced mapping i (O): t (G) { (H) of Lie algebras: 

X (Ker O) = Ker t (O). 

Proof. Since Ker O is closed, the first statement follows 
from Theorem 1. Every one-parameter subgroup p: R, 
Ker O is sent by O to a constant mapping, i.e. to the 
zero of the algebra X (H), Hence I (Ker O) ci Ker X (O). 
Conversely, if a one-parameter subgroup p: 01 G of G 
is in the kernel of t (O), then Oo p = const, i.e. P (t) ^ Ker O 
for all t gIR and hence p 6 t(Ker O). Consequently Ker t(0)c: 
X (Ker O). 

Now we are in a position to prove Theorem 2. 

Proof of Theorem 2. Let 9 = t (G) and X) — X (H), Since H 
is invariant, the subalgebra X:} is an ideal and therefore a 
quotient algebra g/f) is defined. By Theorem 1 of Lecture 10 
(notice that so far the theorem has been proved by us only 
modulo the Ado theorem) there is a simply connected Lie 
group N with a Lie algebra 9 /'^. Since on the category of 
simply connected Lie groups the Lie functor is completely 
univalent there is a homomorphism O: G N ol Lie groups 
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that realizes a natural homomorphism cp: 3 — 3 /!), i.e. such 
that t (O) = cp. By Proposition 4 the kernel Ker O of that 
homomorphism is a closed subgroup with a Lie algebra 

I (Ker O) = Ker t (O) = Ker (p = I). 

The component of the identity (Ker 0)^ of that kernel is 
also closed and its Lie algebra is also the ideal t}. Thus we 
have in G two connected subgroups H and (Ker 0)g with 
the same Lie algebra. Therefore by Theorem 1 of the pre¬ 
ceding lecture H — (Ker O)^. Hence H is closed. □ 

Remark 1. Proposition 3 says that a Lie correspondence 
puts connected invariant subgroups of a Lie group into 
one-to-one correspondence with ideals of a Lie algebra 3 . 
Clearly, if the group G is a direct product A X B of invariant 
subgroups A and B, then the Lie algebra 3 will be a direct sum 
a © b 0 / ideals a = t (4) and b —t(jB). The converse, howev¬ 
er, is in general false even for connected lie groups G. If 
g = a © b and A , B are invariant subgroups of a connected 
group G, such that { (4) = a and t (B) == b, then G is not 
necessarily a direct product A X B oi the groups A and B. 
We can only say that G is generated by A and B (since any 
element of some normal neighbourhood is obviously a prod¬ 
uct of the elements of A and 5, and G, being connected, is 
generated by that neighbourhood) and that the intersection 
A n being a subgroup of the Lie group G with a zero Lie alge¬ 
bra, is a zero-dimensional invariant subgroup. In particular, 
if 4 n ^ Is closed (which by virtue of Theorem 2 always holds 
if G is simply connected), then it is discrete. In addition, if 
the subgroups A and B are connected, then since it is con¬ 
tinuous the mapping (a, b) aba^^b^^ of a connected 
manifold A x B into a discrete manifold A {] B sends the 
entire manifold X 5 to a point ^ 6 G, i.e. A and B are 
commutative subgroups. Hence the mapping A X B ^ G 
defined by the formula (a, b) ab is an epimorphism. 
Since the latter induces an identity isomorphism a © b 3 
of Lie algebras, by Proposition 4 its kernel is discrete. The 
epimorphism thus is a group covering and therefore, for any 
simply connected group G, it is an isomorphism. This proves 
that a simply connected Lie group G can be decomposed into 
a direct product A X B of connected subgroups A and B if 
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and only if the Lie algebra g = ( (G) can be decomposed into 
a direct sum a + !) 0 / subalgebras a = t (^) and ij = I (B). 

For any subgroup ^ of a Lie group G the components of 
left cosets aH, a 6 G, are obviously nothing but all pos¬ 
sible maximal invariant manifolds of a subfibering 
= ( [H), There is therefore a (cubic) chart {U, h) = 
(G, ill such that e ^ U and for any a ^ G 

the intersection U fl is a union of flat submanifolds of 
the form Fg, \ In particular, U {\ H has this 

property. If H is closed (which is to be assumed throughout 
now), then the chart (C/, h) can be chosen so that the inter¬ 
section U [\ H should consist of only one submanifold Vq 
(see the proof of Proposition 1 above). Let IF be a neigh¬ 
bourhood (cubic with respect to h) of the point e in G, such 
that W~^ cz W and cz U, If the points a, b ^ W are 
congruent modulo H, i.e. a~^b £ H, then a~^b g [] H cz 
U Cl H = Vq, i.e. b ^ aV^, Since a^aV^ and aV^ together 
with Vo is connected, this proves that a and b are in the 
same component of connectedness of f/ fl i*®* in Ih® 
same manifold F|. Since the converse is obvious (if a, b ^ 
W n then a~^b 6 H)^ the points a, b C: W are in the 
same coset mod J? if and only if there is ^ such that a, b C: 
F|, i.e. in other words, that the intersections F| f) 
different \ are in different cosets mod H, 

We now consider the set GfH of all cosets aH, a ^ G. 
The group G acts on this set by the formula 

g (aH) = (ga) H, geG, aH e GfH. 

The mapping aH !-► g {aH) will be denoted by Lg. It is 

connected with the left shift Lg in G by the formula Lg o 
(0 = (0 o where (o is a natural mapping G G/JZ, 
a I ■ > aH • 

Let IF be the image of W under (o. 

According to the foregoing, the mapping h: W 

which associates every coset aH ^ IF with a point | 
for which a 6 F| fl 1^ is correctly defined. Since it is ob¬ 
viously injective and the set h (IF) is an open cube in |R^-^ 

of a half-width c equal to that of W, the pair (IF, h) is a 
chart on GfH containing a point H, That chart is connected 
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with the chart {W, h) hy the commutative diagram 

IV - ^iv 

(1) A h 

r—-E"”" 

in which the upper horizontal arrow is a mapping (o: a aH 
and the lower one is a projection onto the first m coordi¬ 
nate axes. 

By associating every coset aH a with a point 
in W with coordinates 

-= 0, . . x^ = 0, x^'^^== a;” = x^{a), 

we obtain a mapping a: which is a section of a 

mapping (o: W W, i.e. such that o) o o = id^ on W. 

The section a is connected with mappings h and h by the 
formula 

h = h o a. 

Notice that (Toco: T^->T^isa smooth mapping. 

Since for any element a ^ G the mapping La is bijective, 
the pair {aW, ha), where ha — h o La, is a chart at aH g 
GlH, If aW fl bW 0, then we have for hiy © on 
ha{(iW n bW) the formula 

^5 ® ho LijO L"^ oh~^ 

'= h o O o Z/5q-i o (x) o h~^ 

= O a O CO o L^a'"^ ° 

from which it follows immediately that that mapping is 
smooth and hence the chart {aW, ha) is compatible with 
a chart {bW, hfj). 

Since charts of the form (aW, ha) cover G/H, this proves 
that they constitute an atlas anci therefore define some 
smoothness on G/H, The set G/^T provided with that smooth¬ 
ness is called a quotient manifold (or a homogeneous space) 
of a Lie group G mod its closed subgroup H. 
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The mapping co: G GIH sends every chart aW to a 

chart aW and therefore (see diagram (1)) is, in the corre¬ 
sponding coordinates, a projection Dl" IR”""*. This means 
that a natural mapping 

co: G GlH^ a aH, 

is smooth and has at all points the same rank n — m (so that 
its differential (dco)^ at every point a £ G is an epimorphism). 

The section g\ W is, of course, a smooth mapping. 

The mapping 

[7: G X GIH ^ GIH, (g, aH) hh. (ga) H 

giving the action of the group G on GlH is connected with 
the multiplication in G by the commutative diagram 


GXG--- 


idX 0) I 


GyCGiH 


r 

^GlH 


For any points g, a ^G the mapping id X co on a neighbour¬ 
hood gW X aW of a point (g, aH) has a section id X a. 

On that neighbourhood therefore the mapping p, is a com¬ 
position of smooth mappings id X a, p,, (o and is hence 

smooth. This proves that ^ is a smooth mapping. 

Suppose now that H is an invariant subgroup. Then 
the formula 

aH-bH = abH 

correctly defines in GIH a multiplication with respect to 
which GlH is a group. It is easy to see that that multipli¬ 
cation gives a smooth mapping 

(2) GIH X GIH GIH, 

i.e. that the factor group GIH is a Lie group. Indeed, let 
a, b ^G. Consider neighbourhoods aW and bW of cosets 
aH and bH in GIH. On the neighbourhood aW X bW mapp- 
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ing (2) is a composition of smooth mappings o X o, [x, (d 
and is therefore smooth. Hence it is smooth everywhere. □ 
Proposition 5. The Lie algebra of a factor group GIH 
is isomorphic io a factor algebra of the Lie algebra g = t (G) 
mod an ideal ^ = t {H): 

1 {GIH) » 9 /^. 

Proof. Since (o: G GIH is a smooth mapping, it is 
a homomorphism of Lie groups and induces therefore a ho¬ 
momorphism 

t (o)): g \{GIH) 

of their Lie algebras. In Lie algebras g and t {GIH) interpret¬ 
ed as tangent spaces at the point e the homomorphism 
t (o)) is nothing but a differential 

(dco),: 1 ,(G)-^ Te(G/J?) 

of ( 0 . But we have seen earlier that that differential is an 
epimorphism with a kernel I) = T e{H), Therefore, t (co) 
induces an isomorphism of a quotient algebra g/i^ onto 
t {GIH). □ 

It should be emphasized that H in this theorem is assumed 
to be a closed subgroup. Quotient algebras g/ 1 ^ mod ideals 
1 ) d g to which there correspond nonclosed invariant sub¬ 
groups of a Lie group G are not Lie algebra of any factor 
groups of G (at least if factor groups are understood in the 
usual sense). 

If an invariant subgroup H is not connected, it follows 
from Proposition 5 that the factor groups GIH and GIHg^ 
where Hg is the component of the identity of H (which is 
also an invariant subgroup), are locally isomorphic. This 
remark can be made more precise if we notice that since 
HgCZ H every coset mod Hg is contained in some uniquely 
defined coset mod H. This fact defines a natural mapping 

p: GIHg^ GIH. 

Since natural mappings co: G GIH and (Ogi G GIHg 
are continuous and open, so is p. If H is an invariant sub¬ 
group, p is obviously a homomorphism. 

16-0450 
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Proposition 6. For any closed subgroup H of a connected 
Lie group the natural mapping 


p: GIHe-^G!H 


is a covering. 

Proof. Since the subgroup He is open in a subgroup jET, 
the identity of G has a connected neighbourhood V such 
that V~^V cz He> Proposition 6 will be proved if we show 
that for any point (o (g) = gH of the manifold GfH^ its 
neighbourhood P(g) = (o {gV) is evenly covered by a mapp¬ 
ing p. 

Choosing a representative in every component 
of H consider in GfHe open connected sets cDe(gPAa). These, 
first, do not intersect (if cOg {gvh^) = (o^ {gv'h^, i.e. = 
gv'h^h^t where A g then h^, = v-^v 'where 

u-^v^ g He, and therefore second, constitute 

together the entire set p"^F (g) (since cosets of the form 
gVH^ where v are elements of the set V (g), the set 
p"^F (g) consists of cosets of the form gvhe(,He) and, third, 
p maps each of them bijectively, and hence homeomorphical- 
ly, onto V (g) (if o) {gvhef) = co {gv'he,), then = vhji, 
where h ^ H and therefore v-^v' g H and hence v-^v' g He\ 
but then h = h'^*v-^v* 6 Hg, for Hg is invariant in H, 

and hence (o^ {gvhe^) = (Og (gv'h^))- Consequently the neigh¬ 
bourhood V (g) is evenly covered by a mapping p. □ 

Corollary. // under the hypotheses of Proposition 6 the 
quotient manifold {GIH) is simply connected^ then H is a 
connected subgroup, □ 

We can now show that the general method of establishing 
the connectedness of topological groups, which relies on 
Lemma 2 of Lecture 1, can be used to establish simple¬ 
connectedness as well: 

Proposition 7. If a connected Lie group G contains a closed 
connected and simply connected subgroup H mod which the 
quotient manifold GlH is simply connected, then G is also 
simply connected. 

The following more general proposition is true: 

Proposition 8. Given any connected closed subgroup H of 
a connected Lie group G mod which the quotient manifold 
GIH is simply connected, fundamental group n^G of G is a 
factor group of fundamental group UiH of the Lie group H. 
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Proof. Let G be a simply connected Lie group covering 

G and let Ji: G G be the corresponding covering. The 
complete inverse image = n-^H of a subgroup H under 

a homomorphism jt is a closed subgroup in G, with the 

mapping GlHj^ GIH induced by jt being as is easily seen 

a diffeomorphism. Thus the manifold GlHn is also simply 
connected and hence the subgroup Hji is connected. There¬ 
fore the restriction of the mapping jt to is a cover¬ 
ing Hn H and there is a commutative diagram 





where p: H H is a. universal covering of the Lie group 
H. The mapping H (being itself a covering) is epi- 

morphic and thus induces an epimorphism of the kernel 
Ker p of the homomorphism p onto the kernel Ker njj 
of the homomorphism njj. This proves Proposition 8 (to¬ 
gether with Proposition 7) since by definition UiH = 
Ker p and JiiG = Ker n = Ker jijj. □ 

As an example of applying Proposition 7, consider a 
group SU (n) of unimodular unitary matrices. Since 
(see Lecture 1) for any n >1 a quotient manifold 
SU (w)/SU {n — 1) = U {n)/\J {n — 1) is diffeomorphic to 
a sphere by the corollary to Lemma 1 of Lecture 9 

that quotient manifold is simply connected. Since the group 
SU (1) consists of only one element and is therefore simply 
connected, by virtue of Proposition 7 an induction leads 
to the conclusion that for any i the group SU (w) is 
simply connected, 

A similar reasoning using the simple-connectedness of 
the sphere *S'^’^”^ = Sp (w)/Sp {n — 1) and the fact that the 
group SP (1) » is simply connected shows that given 

any n'^ i the group Sp (n) = U^ (w) is simply connected, 
16 * 
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As for the group U (n) one should apply Proposition 8, 
since the group U (1), being a group of complex numbers 
I z I = 1, is not simply connected, for it has a nontrivial 
covering Dl given by the formula t t ^ K. 

Since in view of the group 111 being simply connected that 
covering is universal, the group is isomorphic to its 
kernel, i.e. to the group of integers Z. Therefore the above 
induction, using, however, Proposition 7 instead of 8, 
shows that the fundamental group JtiU (w) of a Lie group 
U (w) is a factor group of the group Z. 

To calculate completely that factor group we use the 
following proposition dual in a certain respect to Proposi¬ 
tion 8: 

Proposition 9. For any invariant connected closed sub- 
group H of a connected Lie group G the fundamental group 
nfilH of the Lie group GJH is a factor group of the fundamental 
group n^G of G. 

Proof. Let n: G G and p: G/H G/H be universal 

coverings and let (o: G GH be a natural mapping. 

Since G is a simply connected group, the homomorphism 

/X/ 

(oojt: G -^GIH is lifted to some homomorphism (o: 

GIH. li H = Ker (o and i: H G is slu embedding, then, 

/X/ 

with (oonoi = po(ooi = 0, the homomorphism jt sends H 

to H and hence induces some homomorphism jCj,: H H. 
All this is graphically represented by the commutative 
diagram 


H 


I 


G 








H 


t 



It turns out that if a homomorphism co is an epimorphism, 
then it induces an epimorphism of the group ji^G = Ker n 

onto n^G/H^Kerp. Indeed, in that case the group G/H 
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is isomorphic to the factor group G/H, so that the factor 
group is a simply connected group. By the corollary to 
Proposition 6 therefore the subgroup H is connected and 

hence the homomorphism H H is sl covering and, 

in particular, an epimorphism. If now a £ Ker p and g is 

/X/ ^ 

an element in G such that o) (g) = a, then the element 

ng ^G is in the kernel H of the epimorphism co and is 
hence the image under the epimorphism jCjj of some ele- 

ment h^H, i.e. more precisely, we have (loji^j) = 

ng. Then the element g^ = {ih)-^g is in the kernel Ker Jt 

of a homomorphism jt and the given element a ^ Ker p 

/V# ^ ^ 

is its image (o (g^) under the homomorphism (o. 

To prove Proposition 9 it is thus sufficient to show that 

0 {G) = G/H. 

It is obvious that there are bases {?7a} {^a} of open 

sets is G and G/H, that consist of connected sets evenly 
covered by mappings Jt and p respectively, such that for 
any a the set is the image co ([/«) of a set under an 
epimorphism co. Let p bo components of the inverse 
image 3X“^ (Ua) of and Pa.v components of the inverse 
image p“^ (V^) of Fa under n and p, respectively. Since 
the homomorphism coojt maps every set ?/«, p onto Fa, 

the homomorphism co maps it onto some set Fa, y 

/%/ 

Therefore, if some set Fa, y intersects a subspace co (G), then 
it is contained in that subspace Fa, yC^(xi{G). Since sets 
of the form Fa, y constitute a base of the space G/H, this 
is possible if any only if co (G) is at the same time closed 

/X/ ^ 

and open. Therefore by connectedness, co (G) = G/H 
(cf. the proof of Lemma 3, Lecture 8). 

This completes the proof of Proposition 9. □ 

We apply Proposition 9 to the epimorphism U (n) ->■ 
given by the formula 


A 


det 


I det^ I 


^ U (ti). 
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Since JX^S^ = ^ the group U (n) is epimorphically 
mapped onto the group Z. Since, on the other hand, Z 
as shown above, is also epimorphically mapped onto jt^U (w), 
this proves that the fundamental group jCiU {n) of the Lie 
group U (w) is isomorphic to Z. 

Of the classical connected matrix Lie groups only the 
group SO {n) remains to be considered. We shall do this 
in the next lecture. 
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uation of a Clifford algebra- More about tensor multiplica¬ 
tion of vector spaces and algebras-Decomposition of Clifford 
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algebra- Conjugation in a Clifford algebra- The centre of 
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representations of Clifford algebras-Matrix representations 
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are represented-Reduced representations of groups Spin{n)- 
Additional facts from linear algebra 


We shall begin the calculation of the fundamental group 
jiiSO (w) of the group SO {n) somewhat from afar. 

Let Q be an arbitrary (but fixed once and for all) square 
functional given in a (finite-dimensional) vector space f" 
over the field of real numbers K, 

We shall consider pairs of the form (^, a), where 
is a unital algebra over lH (not necessarily finite-dimension¬ 
al) and a is a linear mapping such that a {xY— 

= Q {x) i for any element x , where 1 is the identity 
of (In what follows, we shall as a rule omit the identity 
1 in all equations of this sort, i.e. we shall identify ele¬ 
ments of the form W ^ Jh with the corresponding numbers 

\ 6 R.) 

Remark 1. To check in practice the condition a (pif = 
Q {x) it is useful to keep in mind that it holds for dW x 
if it does for elements of some basis of T. 
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k morphism of a pair (^, a) [into (^, P) is a homomor¬ 
phism Jh for which there is a commutative diagram 



i.e. such a homomorphism that P = Ooa. Clearly all 
pairs and all their morphisms {A, ol) , P) con¬ 

stitute a category. We shall denote this category by 
CLIFF ((?). 

Recall that an object of some category G is said to be 
initial {universal^ in another terminology) if for any object 
.4 g G^there is a unique morphism Aq-^A. Clearly, the 
initial object (if it exists) is unique up to an isomorphism. 

Proposition 1. There is an initial object in CLIFF {Q). 

Proof. Let 

To(r)=TS(ne... ©T2(ne 

where is a vector space of multilinear functionals 

of the (0, q) type in T' (see II, 5). Clearly, vrith respect 
to the operation of tensor multiplication, the direct sum 
To( 5^) is an (infinite-dimensional) algebra. 

In T 0 (5^) we consider an ideal I {Q) generated by all 
elements of the form x ® x — Q [a:), where x = Tq(^). 
Let Cl (Q) is a quotient algebra of T o (^) naod the ideal 
and let i: TT {Q) a restriction to = T J (^) of the 

natural epimorphism T o (^) -> Cl (^). It turns out that 
the pair (Cl {Q), i) is the initial object of CLIFF {Q), 

Indeed, by construction, i {xY = ^ (a?), , so that (Cl ((?), 
i) g CLIFF (^). On the other hand, it is clear that the alge¬ 
bra T 0 (^) is isomorphic to the algebra (R, . . ., Xjf) 

of polynomials in n non-commuting unknowns . . ., 

(the isomorphism is defined by a basis Cj, . . ., of 5^ 
and realized by the correspondence 0 . . . 0 eiq 
^ii . . . ^ig). I^or every unital and associative algebra A 
therefore, any linear mapping a\Tr A extends uniquely 

to some homomorphism a: T o (5^) A* oc {xf = Q{x 
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for every element i.e. if g CLIFF (0, then 

a = 0 on / (0 and therefore a induces some homomorphism 
a#: Cl (<?) -> ^ which obviously has the property that 
cc^oi = a, i.e. which is a morphism (Cl (0, i) -> (^, a). 
Since the vector space T" generates T o (5^) and hence the 
vector space iT" does the algebra Cl (0, the morphism is 
unique. Consequently the pair (Cl (0, i) is the initial 
object of CLIFF (0. □ 

Definition 1. The constructed algebra Cl (0 is called 
a Clifford algebra of a quadratic functional Q, 

By definition, Cl (0 has the property that for any object 
{Ji, a) of CLIFF {Q) there is a unique homomorphism of 
algebras a^: Cl {Q) A for which a* o i = a, the algebra 
Cl {Q) being completely characterized by this property 
up to isomorphism. 

In the special case, where 5^ is a Euclidean space and Q 
is the corresponding metric functional (associating with 
every vector a? 6 ^ the square of its length, \ x the 
algebra Cl (^) will be denoted by C1+ (5^). But if (on the 
same assumption that is a Euclidean space) the func¬ 
tional Q is defined by the formula Q {x)= —|a!?|^, then 
Cl (0 will be denoted by Cl (5^). When considered simul¬ 
taneously, C1+ (5^) and Cl (^) will be denoted by Clg (^), 
where'’ e = ±1, meaning the algebra C1+ (^) when e = -j-1 
and the algebra Cl (^) when 8 = —1. 

If an orthonormal basis is chosen in T' and thus f" is 
identified with the standard Euclidean space we shall 
denote C1+ (T*) and Cl (T*) respectively by C1+ (n) and 
Cl (n) (and by Clg (n) when considered simultaneously). 

Pairs {T*, Q) form clearly a category Q whose morphisms 
(5^, 0~^(5^i, 0) are linear mappings cp: such 

that Q {x) == 0 ((pa?) for any vector x . Every such 
mapping obviously induces a homomorphism T o (?^) 

To (^i) sending an ideal /(0 to I {Q^ and hence inciuc- 
ing some homomorphism 

Cl (p: Cl (0 Cl (0). 

Clearly, correspondences ('F", 0 Cl (0, (pi->Cl(p con¬ 
stitute a functor Cl from the category Q to the category 
ALGq-ASS of associative unit algebras. 
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Notice that Cl(p is nothing but a mapping (iiocp)"^, where 
ii*. 5^1 -> Cl (^i) is a natural mapping. Allowing a certain 
liberty we shall use this fact to denote the homomorphism 
Cl (p by 

Since i {xY = ^ it follows from i (a;) = i {y) that 
Q {x) = Q {y). Therefore the correspondence \, {x)y-^ Q (x) 
correctly defines some square functional in a subspace 
iTT d Cl (^). (In fact, as shown below, it follows from 
i (a?) = i {y) that x = y, so that all these precautions are 
virtually unnecessary.) 

For simplicity we shall denote the functional i {x) 

Q {x) as before by Q and the element i (x) by x. According¬ 
ly for any element x ^ iT", 

(1) x^ = Q (x). 

In particular, {x + = (? (^ + y), i.e. x^ + xy + 

yx + if = Q {xy\+ 2Q {x, y) + Q (y) and hence 

(2) xy + yx 2Q (x, y) 
for any elements x, y z 

Let a mapping — i: 5^ Cl {Q) be defined by the 
formula (—i)(ic) = — i (a?). Clearly, the pair (Cl {Q), — i) 
is in CLIFFg (0. Therefore a homomorphism a = (—i)^ 
is defined, i.e. a homomorphism a: Cl (0 -> Cl (Q) 
having the property that ax = —x if x ^ iT", Obviously, 
= id, i.e. the homomorphism a is an involutory auto¬ 
morphism. For every element 6 Cl (Q), the element 
au will be denoted by w*. 

To investigate the automorphism w »-> w* we use the 
following lemma from linear algebra: 

Lemma 1. If a linear operator A: W -^W acting in a real 
or complex vector space W is involutory^ i.e, if = E, then 
its eigenvalues are ±1 and it is diagonalizable, i.e. W is a 
direct sum 

(3) W = W'+ ® W- 

of an invariant space W + corresponding to the eigenvalue 
+1 and an invariant space corresponding to the eigen¬ 
value —1. 

Proof. Suppose first that the ground field is the field 
of complex numbers C, Then we can apply to the operator 
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A the theorem on the reduction to Jordan normal form 
(see II, 16), i.e. ^4 is a direct sum of operators of the form 
KE + C, where X ^ C and C is either a zero or a cyclic 
operator. If A is involutory, then each of the operators 
XE + C is also involutory. But {XE + + 

and therefore the equation (XE + E is possible 

only when (7 = 0. This proves that the original operator A 
is diagonalizable. Since all elements in an involutory di¬ 
agonal matrix are obviously ±1> this completes the proof 
of Lemma 1 for the case of the ground held C. 

If is a real space we go over to its complexification 

(see II, 17). Since the complexified operator is obviously 
involutory as before, it follows from the foregoing that 

By restricting ourselves in this decomposition to real vec¬ 
tors we obtain, as is easily seen, precisely decomposition 

(3). n 

By this lemma, as applied to the automorphism w*, 
the vector space Cl {Q) is decomposed as a direct sum 

Cl (0) = CIO (0 0 CB (Q) 

of two subspaces Cl® (0 and CB iff). The elements of Cl® (0 
are characterized by the condition a*= u ^nd those of CB(0 
by the condition w* = — u. 

Elements of Cl® (0 will be called even elements of the 
Clifford algebra Cl [Q) and those of CB (0 odd elements. 
Clearly, a product of two even (odd) elements is even and 
an odd-even one is odd, i.e. 

Cl^ ((?)o CP’ (0 (= CP+^ ((?) 

for any i, / = 0, 1 (modulo 2 summation is meant). 

In particular, we see that Cl® (0 subspace is a subalgebra 
of C1®(0. 

The resulting algebraic structure deserves a special name. 
Definition 2. An algebra ^ is said to be a Zg -graded 
algebra ii ^ 0 with 

c: ^ 
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for any i, j = 0, 1. A morphism of Zg-graded algebras is 
a homomorphism (p: Jt such that cp {Jl^) d for 

any i = 0,M. Clearly, all Z 2 -graded algebras and all their 
morphisms] constitute a category. The category will be 
denoted by Zg-ALG and its subcategory consisting of uni- 
tal associative algebras by Zg-ALGo-ASS. 

According to the foregoing, the functor Cl may be 
assumed to be a functor from the category Q to the category 
Zg-ALGo-ASS. It is easily seen that if given a pair (^, a)6 
CLIFF {Q) the algebra ^ is a Zg-graded algebra and the 
mapping aiT* is a mapping into then the corre¬ 
sponding homomorphism a'^: Cl (Q) ^ is a morphism 

of Zg-graded algebras. 

In Lecture 5 we introduced the notion of a product of 
vector spaces and algebras. Recall that elements of a vec¬ 
tor space ® ^ are linear combinations of the form 
a ® b, where a ^ and & 6 with 

“f" ^ b = Ci-^ ^ b -{- ^2 ^ 

a 0 (fci + ^^ 2 ) = ^ ® ^1 + ^ 

for any elements a^, a ^ Jh and fc, bi, b 2 ^ ^• If 
Bn is a basis of a vector space ^ and /i, . . /m Is 
a basis of then the elements 0 fj, i — I, . . ., n, 
7 = 1, . . ., wi, constitute a basis of ^ 0 ^ (so that, 
in particular, dim ® ^) — dim ’dim ^). 

It is immediate from this description of ^ 0 ^ that for 
any vector spaces there are natural isomorphisms 

A ® ^ ® A (commutativity), 

(5) {A ® ® ^ ^ A ® ® (associativity), 

(6) {A ® 9^) ® ^ {A® ^p) © (.^ ® (distributivity). 

If the spaces A and ^ are algebras we introduce such 
a multiplication into A ® ^ that 

(7) {a 0 b){a-^ 0 b^) — aa^ 0 bbi 

for any elements a, ^ A, b, bi ^ ^, A ® is an algebra 
with respect to that multiplication and isomorphisms (4), 
(5) and (6) turn out to be isomorphisms ofalgebras. (If 
A and ^ are algebras, then multiplication is introduced 
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componentwise into the direct sum Ji ® ^, i.e. by the for¬ 
mula (a, 6)(ai, foi) = (aa^, bb^. If ^ and^ are associative 
and unit algebras, then ^ ® ^ is also an associative and 
unit algebra (with identity element 10 1). 

Let 0 and ^ be arbirtary 

Z 2 -graded algebras. Then, by putting 

{A 0 = {A^ 0 © {A^ 0 

{A 0 3SY = 0 ® 

we immediately get, in view of (4) and (6), 

A ® =- {A ® ® {A ® Pj^y. 

Although the algebra ^ 0 ^ is a Z 2 -graded algebra with 
respect to that decomposition, it turns out that it is worth¬ 
while introducing into ^ 0 a different multiplication 
for which 

(8) (a 0 fc)(ai 0 fci) = (—1)^*^ {aa^ 0 

if fc 6 and 6 A^- It is clear that with respect to that 

multiplication the vector space ^ 0 is also a Z 2 -graded 
algebra, a unit and associative one when so are A and 
The algebra A ® ^ with multiplication (8) will be called 
the skew tensor product of Z 2 -graded algebras A and 
When it is necessary to stress the difference between this 
product and the usual (although Z 2 -graded) tensor product 

A ® ^ shall denote it by A ® 3S. 

The three tensor multiplications (for vector spaces, for 
algebras and for Z 2 -graded algebras) all have the property 
of being functorial, i.e. for any morphisms AA\^ 
^ PjS^ a morphism cp 0 'll): ^ 0 ^ 0 is 

defined which satisfied the usual functorial identities. That 
morphism is uniquely characterized by the relation 

(cp 0 'il))(a 0 fc) = cp (a) 0 'll) (fe), 

which must hold for any elements a ^ A^ b ^ PS, 

In addition, for any vector spaces A and and any 
algebra ^ we can associate with linear mappings A 
and ip: ^ “g a linear mapping cp 0 ip: A ® ^ 
which is uniquely characterized by the relation 

(q) 0 il))(a 0 6) = (p (a) 'ip (6), a ^ A, fc 6 
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If Jt and ^ are algebras and Jh and SS 
are homomorphisms, with cp and\f>^:onij?iz/^mg(i.e. (pa •tpfe = 
\|)6 • (pa for any elements a ^ Jh and 6 6 ^)» then the 
mapping q)®!]): Jh ® ^ % is also a homomorphism. 

Similarly, for any Zg-graded algebras Jty ^ and % and any 
skew commutative morphisms Jt and 

(i.e. such that (pa •'ipfe = (—• (pa if a 6 b 6 
the mapping (p ® 'll): ® ^ ^ is a morphism of a skew 

A 

tensor product Jh ® ^ into the algebra %. 

For every two objects ^i) and (5^*2, of Q the for¬ 
mula 

Q (p^i "f“ ^ 2 ) ” Qi (^ 1 ) "f" Q 2 (^ 2 )* a!?i ^ 1 , a!?2 6 

defines on the direct sum f" = 5^^ ® 5^2 ^ quadratic func¬ 
tional Q called the direct sum of quadratic functionals 
and ^2 usually denoted by Qi © 

In these terms the Lagrange theorem (see II, 11) means 
that any quadratic functional is a direct sum of functionals 
in one-dimensional spaces. 

Proposition 2. For any two quadratic iunctionals and 
^2 there is a natural isomorphism 

Cl (^1 © Q^) « Cl {Q^) ® Cl «?2). 

Proof. Putting f" = define a linear mapping 

a: r Cl ((?i) ® Cl (^ 2 ) 
by the formula 

(9) a {xi + = 0:1 ® 1 + 1®X2, 

6 i» a?2 6 2» 

where as ever = ia?i, X 2 = ia? 2 . Since 

{x^ ® 1)(1 ® X 2 ) = Xi ® X 2 

and 

(1 ® x^{x^ ® 1 ) = —{x^ ® X 2 ), 

we have 

a {xY = cx (a?i + X 2 Y = (^1 ® 1 + 1 ® ^ 2 )^ 

= Xi ® I + I ® xl 

= Qi («i) + Qi M = Q («) 
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for any vector x = where iPi 6 ^^2 € 5^2» 

^ = ^1 0 Q 2 and hence (Cl (^ 1 ) ® Cl (^ 2 )^ 6 CLIFF {Q). 

We show that the corresponding morphism 

a#: Cl ((?) Cl ((?i) ® Cl {Q^) 

of Z2-graded algebras is an isomorphism. 

To this end we consider natural embeddings g^: -> f" 

and ag*. 5^2 These are clearly morphisms of pairs 

(5^1, ^ 1 ) and (5^2» ^ 2 ) respectively. Therefore 

homomorphisms of: Cl (^ 1 ) -> Cl ^ and af - Cl ((?2)~^C1 (0 
are defined. Since for any vectors Xi 6 and X2 6 1 '^® 

vectors aia?i, a 2 a ?2 6 are by definition ^-orthogonal, by 
formula (2) 

it it it it 

af 0:1 • 02^2 = —(T2^2’^1^1* 

Since any even (odd) element of the algebra Cl ((?,), ^ = 1, 
2, is the sum of the products of an even (odd) number of 
elements Xi 6 it follows immediately that mappings 

(T* and (T* are skew commutative and therefore the mapping 
af ® af: Cl (^ 1 ) ® Cl (^ 2 ) Cl {Q) is a morphism of 
Zz-graded algebra Cl {Qi) ® Cl (Q^ into Z 2 -graded algebra 

Cl ((?). 

In accurate notation (with and Ug ) formula (9) is of 
the form 

a ((Tia?i + G2X^ = 4" 1®^2- 

Since by definition afo;! = w^x^^ 0 ^X 2 =^ y'G 2 X 2 and a'^oi= 
a, it follows that 

a#(afa:i -f Gfx2) = a:i®l -f l®a:2 

for any elements Xi ^ and X 2 6 Here g^x^ -L a*a :2 
is nothing but an element x of Therefore 

((af 0 af) o a#) x = (af 0 af) (oj^ 0 1 -f 1 0 X2) 

= (Tfa;i-l -f l-afoJa 

ii I ii 

= G^X^ -I- G 2 X 2 = X, 

SO that (a* ®> Gf)oa^ = id in the subspace iT'- Since the 
mapping {g^ ® Gf) o a* is a homomorphism of algebras while 
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yHT generates the algebra Cl {Q), it follows that (a* ® 

of) o a# = id on the entire algebra Cl ((?). 

Similarly 

(a# o (af (g) of)) {Xi ® l) = a^ 1 ) == 0:4 0 1 

(a# o (of 0 af)) (1 0 Xj) = a# ( 1 . of Xj) = (1 0 Xj) 

for any elements x^ 6 ^ 5^2 hence a#o (af ® 

a*) = id since the elements Xi ® Xi ^ iT\ and 1 ® ojg, 

^2 6 generate the algebra Cl (Qi) ® Cl 

Thus morphisms a# and af ® a* are inverse isomor¬ 
phisms. □ 

Let n — dim TT, Given n = i there are (up to isomor¬ 
phism) only three quadratic functionals and Qq 

characterized by assuming the values + 1 , —1 and 0 , re¬ 
spectively on some vector (which is the basis of a one¬ 
dimensional space ^). Since for n=i the algebra To (5^) 
is isomorphic to the algebra R [e\ of (usual) polynomials 
in e, it follows that the algebra Cl (^e)» ^ = ±1> 0 is 
obtained from ffl [e\ by superposing the relation — e, 
i.e. it is the algebra C of complex numbers or the algebra D 
of double numbers (of the form a + be, where a, b and 
e^ = i) or the algebra of dual numbers (of the form a + 
be, where a, b and e^ = 0 ). 

Theorem 1 • For any quadratic functional Q in an n-dimen- 
sional space TT the Clifford algebra Cl {Q) is isomorphic to 
a skew tensor product of p algebras of double numbers, r — p 
algebras of complex numbers and n — r algebras of dual 
numbers, where r is the rank of the functional Q and p is its 
positive index of inertia. In particular, 

Cl (/i) — C 0 ... ® C, C1+ (n) = D 0 ... 0 D. 

n times n times 

Proof. It can be obtained by induction from Proposition 
2 and Lagrange’s theorem, n 

Since under tensor multiplication the dimensions of 
quotient algebras are multiplied out, it follows from Theo¬ 
rem 1 in particular that dim Cl (^) = 2”. 
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Moreover, if is a ^-orthogonal basis of a space- 

then, the basis of the iih factor consisting of elements 
1 and Si, the algebra Cl (Q) has a basis consisting of 2” 

elements of the form . . . Xh^\ where /cj, /cg, . . 

= 0 , 1 and = 1 and = ei for any i — 1 , . . n. 

On introducing a subset I of an interval 1^1 = {1,2, . . 
n} of a natural series, the subset consisting of indices 
i for which A:j = 1 , we shall denote an element . . . 

x'k^ by ej. Thus if I = {h h < • • • < ^m}» then 

Cr — • 

1 H tfYl 

The number m will be denoted by 1 / |. 

In particular, for m = i we obtain elements = 

• • •» ^{n} = Therefore these elements are linearly 
independent and hence the linear mapping i: ^ Cl {Q) 
(recall that it sends the basis vectors to elements 

^ 1 , . . . , e^) is precisely a monomorphism, as was stated 
above. As a rule we shall identify every vector a? 6 ^ 
with the corresponding element {Q). By this 

convention, the morphism a*: Cl {Q) for any object 

a) 6 CLIFF {Q) will be nothing but an extension of the 
mapping a from "HT to Cl {Q). 

For m = 0, i.e. for / = 0 , the element e 0 (denoted also 
by ^o) is identity 1 of the algebra Cl {Q). 

Since the vectors Ci and ej are by hypothesis ^-orthogonal, 
it follows from ( 2 ) that 

( 10 ) eiej + e^ei =0, i^ /. 

In addition, by formula (1) 

(11) e\ — El where e^ — Q (ei). 

Relations (10) and (11) allow a product of any basis ele¬ 
ments ej and ej to be immediately written. For example, 
iov n = r and p = 0, i.e. in C1+ (w), we have the for¬ 
mula 

( 12 ) 

where lAJ = (/ U J)\(I fl •^) Is a symmetric difference 
of the sets / and J and t+ (/, J) is the number of all pairs 
(j, j) ^ I X J for which i > /. 


17-0450 
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Similarly in Cl {n) 

(13) = 

where x (/, J) is the number of pairs (i, ]) ^ I X J such 
that i ^ 7 *. 

A linear mapping a a of a not necessarily associative 
algebra jl into itself is said to be an involutory antiautomor¬ 
phism if a = a and ab — ba for any elements a, b ^ Jt. 
An example is a mapping of a tensor algebra To (^) Into 
itself that is given on generators ® ® by the 

formula 

( 3 ) • • • ( 3 ^ ^ "p — • • • ( 3 ^ 

Since all elements of the form x ® x — Q {x) remain fixed 

under this antiautomorphism, I {Q) — I {Q) and therefore 
the antiautomorphism induces some involutory antiauto¬ 
morphism of the algebra Cl {Q). 

Definition 3. The involutory anti automorphism a ^ d 
of Cl (Q) is called a conjugation. 

On the basis elements Cj, / = < . . . <C ^m)ci In] 

the conjugation acts, as is easily seen, by the formula 

m(m- 1) 

= ei. 

Thus Cl = Cj when m = 4p, 4p -j- 1, and Cj = —when 
m = 4p -f- 2, 4p -j- 3. 

Recall that the centre of an associative algebra is its 
subalgebra consisting of all elements commutative with 
each element of the algebra. 

We calculate the centre of the Clifford algebra Cl {Q) 
for the case where the functional Q is positively or negative¬ 
ly defined, i.e. for algebras Clg {n). 

Proposition 3. If n is even, then the centre of an algebra 
Clg (^) one-dimensional {and consists only of the elements 
of 01 ) but if n is odd, then the centre of Clg (w) is two-di¬ 
mensional and is generated by the elements 1 and e[n\ = 

^ 1^2 • • • 

Proof. Since the elements . . ., generate an algebra 
Clg {n), every element x 6 Clg (w) is in the centre of that 
algebra if and only if xei = eix, i.e. eixei = zx, for any 
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i = 1, . . n. Clearly, ii i ^ I = <Z, . , < i^n) and i = 

if, then 

and 

=== (— I)™"' e,ei\n), 
and if and then 

—1)^-4 ^nd 


Therefore if x = ^ XjSx, then 

I 

efxei — S (— + S (— 1”^) where m=\ I \ , 

iEI i^I 

Hence eixei = ext if and only if xi = (— x)^'^^xi for i 6 
I and Xj — (— 1 )”* Xj for i ^ /. Since given any / 7^= 0 
[n] exists as both i ^ I and i ^ /, it follows that if eixei = 
EX for all i = I, . . n, then (— l)^'^^Xx = (— l)^Xj 
and hence Xj = 0 . Besides X[ri] = (—sind hence 
X[n-\ = 0 if n is even. Therefore x = X0e0 if n is even and 
X — X0e0 + if n is odd. □ 

Corollary. For any n and any e numbers in R, are the 
only even elements of the centre of an algebra Clg (w)« □ 
Since x^ — e \ x for every element x 6 iR^ = R”, 
all nonzero elements of R^ are invertible in Clg (^)- In 
particular, so are all elements in a unit sphere S'^~^ of 

a space R” with x~^ = ex = ex \l x ^ 5^"^. 

Definition 4. A subgroup piUg (w) of the multiplicative 
group of all invertible elements of an algebra Clg (n) 
which is generated by elements of 5^”^ is called a Clifford 
group of degree n and index e. This group is also denoted 
by pin+ (w) if e = —1. 

A subgroup of ping {n) consisting of even elements is 
denoted by Sping {n) (and also by Spin-], (w) if e = +1 
and by Spin (n) if e = —1) and called a spinor group of 
degree n and index e. 

Clearly, groups ping(w) and Sping(Az) are closed in the 
Lie group of alL invertible elements of Clg (w). Therefore 
these groups are Lie groups. 

17 * 
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By definition, every element u of ping(Az)' can be repre¬ 
sented (not uniquely in general) as a product Xi . . . Xm^ 
where x^ . . 6 and the element is in Spine(^) 

if and only if m is even. Since both u i-> u~^ and u ^ u 
mappings are antiautomorphisms and x~^ — ex for x £ 
S^~^, we have u~^ — &^u and hence 

= u if Spine (n) (or e = 4" !)• 

If 


n n 

u = 2 6 IR*” and a: = 2 6 

i=l i=l 

n 

ua: = — 2 UiXt + 2 UiX/eie,, 

i=l 


and hence 


llXll — • • •> 

iijk) 

where the dots signify terms linear in (i.e. 

terms in IR.^) and (ijk) under the summation sign designates 
that the summation is taken over all triples (ijk) consisting 
of pairwise distinct numbers 1, . . n. Interchanging any 
factors makes the product eieje^ change sign and the coef¬ 
ficients UiXjUh are symmetric in i and k. Therefore the sujm 

is zero and hence uxu 6 IR^* Since {uv) x {uv) == u (vxv) w, 

uxu 6 IR^ for any element 6 Cl (w) representable as a 
product of elements of and hence, in particular, for 
any element u 6 pine(w). This shows that by putting 

(f> {u) X = uxu, u ^ pine(w), X 6 IR^^ 

we obtain some (obviously linear) mapping 

cp (u): IR” IR”. 

We also see that cp (uv) = cp (z/) cp (y), i.e. that cp: u cp (u) 
is a homomorphism of a group piug (n) into a group of 
invertible linear operators [R^ which, using the 

fact that we have a fixed basis . . ., in R” will be 
identified with a group GL (w) of invertible matrices. 
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Moreover, since for every element a: 6 

1 (p a: 1^ = 8 (cp (i/) xY = suxuuxu 

= EUXU~^UXU~^ = EUXXU~^ = | X \^UU~^ =z \ x 

the operator (p (u) for any element u 6 plne(i^) is orthogonal, 
so that (p is indeed a homomorphism 

(p: ping {n) -> 0 (^). 

Proposition 4, The mapping 

(p: ping(n) -> 0 (w), 

with 8 = —1 or n even, is an epimorphism onto a group 0 (w) 
and, with 8=4-1 and n odd, it is an epimorphism onto 
a group SO (n). 

Given any & and n the homomorphism cp maps a group 
Sping (n) into SO (w), with the induced homomorphism 

(pf. Sping(w) SO (w) 
being an epimorphism. 

The second-order group {1, —1} is the kernel of the epi¬ 
morphism fpo- 

Proof. If u 6 S'^~^ and x 6 Dl^, then by formula (2) 

(p (u) X = uxu — uxu = (28 {x, u) — xu) u 
= —8 {x — 2 (x, u) u) 

and hence 


cp (u) = — EU-^, 

where u^: x x — 2 {x, u) u is r symmetry in the hyper¬ 
plane perpendicular to a vector u. Therefore any symmetry 
of (when 8 = —1) and a composition of a symmetry 
and the operator x —x with the determinant (—1)^ 
(when 8 = 1) is in the image of the homomorphism (p. 
This proves the first three statements of Proposition 4. 
Indeed, we know (see I, 27) that in one- and two-dimensional 
spaces any orthogonal operator is a symmetry or a composi¬ 
tion of symmetries, and in an Az-dimensional space it is 
a direct sum of orthogonal operators in one-'and two-dimen¬ 
sional subspaces (see II, 21) and hence again a symmetry 
or a composition of symmetries. The operator is in 
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SO (w) if and only if it is a composition of an even number 
of symmetries. 

If w 6 Ker (po then uei = eiu for any i = 1, . . n 

(for, as observed above, u~^ = u for any element u 6 Sping {n) 
and hence u is in the centre of Clg {n), i.e. being odd, 
it is a number in [R. Therefore cp (w) a; = i.e. cp (w) = 
u^E and consequently, with the operator cp {u) being 
orthogonal, u ~ +1. Conversely, it is clear that ±1 6 
Ker (po. □ 

It follows from Proposition 4 that if for n > 1 the Lie 
group SpiUg {n) is connected, then the epimorphism (po 
is a group covering. Otherwise Sping (n) must be a direct 
product SO (n) X Zg (and the mapping cpo must be a pro¬ 
jection SO (w) X Zg —SO (az)) and hence the points 1 and 
—1 of Spin {n) will be in distinct components of the group. 
But it is obvious that if we put 

^ • ^4 + sin ^ ^ 

. 3X . 

= cos nt — 8 sin 1, 

we obtain in Sping {n) a path t u{t) connecting the point 
1 with —1. Therefore the first case must take place. Con¬ 
sequently, the group Sping {n) with n > 1 is connected 
and the epimorphism (po is a group covering. 

The inverse image of any point for the covering (po con¬ 
sists of two elements. This kind of covering is called a 
two-sheeted [or double) covering. 

The fact that SO (n) has a nontrivial covering implies 
that SO (n) is not simply connected. 

To find its fundamental group we again use Proposition 
8 of Lecture 12. As already observed in Lecture 1, the quo¬ 
tient manifold SO (aa)/SO [n — 1) is naturally identified 
with a sphere 5”“^ and is therefore simply connected for 
By Proposition 8 of Lecture 12, therefore, for any 
the fundamental group JtiSO {n) of SO {n) is the 
factor group of the group ji^SO (3). It is therefore sufficient 
for us to calculate only the group JtiSO (3). 



u{t) = ^ ^cos 


( 


X (cos i 
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Let !H' be a vector space of “pure imaginary” quaternions 
T] (i.e. such that t] = —t]) and ^ group of “unit” 

quaternions i (i.e. such that E = |"^). If i ^ £ 

[H', then smd hence 6 !H'. 

Consequently, for any quaternion ? 6 formula 

(p (I): T] r]6[H', defines an (obviously linear) 

operator (p(^):!H'H'. Since I'HU l^e operator 

(p(^) is orthogonal. By virtue of the identification 
[f-j' = 01^ the mapping cp: I >-► cp (|) is therefore a mapping 
(obviously homomorphous) of the group into 0 (3). 
Moreover, since is a connected group, the homomorphism 
(p is in fact a mapping into SO (3). 

Proposition 5, The homomorphism 

t: S" SO (3) 

is an epimorphism. The second-order group {1, —1} 
its kernel. 

We shall use the following general lemma to prove this 
proposition. 

Lemma 2, A homomorphism O: G H of connected Lie 
groups is a group covering {and hence an epimorphism) if 
its kernel K = Ker O is discrete and dim G — dim H. 

Proof. Since the kernel of O is discrete, the homomorphism 
considered as a mapping onto its image O (G) ^ GlK is 
a group covering. Therefore it is only necessary to prove 
that O (G) = H. Since dim O (G) = dim (G) = dim H, the 
identity ^ 6 O (G) is an interior point of the subgroup 
O (G), i. e. there is a neighbourhood of the identity U 
in H, such that 17 c: O (G). This proves the lemma since 
by virtue of the connectedness of the group H the neigh¬ 
bourhood U generates H. n 

Proof of Proposition 4, Since dim = dim SO (3) = 3s 
in view of Lemma 2, it suffices to prove only the statement 
about the kernel. But if | 6 KeriJ) then for the quaternion 
identities i, /, k we have = iE, 1/ = and \k = k\^ 
which is easily seen to be possible only for 5 6 tR, i.e. for 
^ = ± 1 . □ 

Proposition 4 implies that the mapping i]:: SO (3) 

is a group double covering. Since the sphere is simply 
connected, that covering is universal. Therefore JtiSO (3) = 
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Zg and hence, by the remarks above, the group jc^SO (n) 
with any 3 is a factor group of the group Z 2 . But we 
know that Z 2 is nontrivial. Therefore, with n'^ 3, the 
group JtiSO {n) is the second-order group Zg. 

When n = 2 the Lie group SO (2) is a circle and 
therefore the group ji^SO (2) is isomorphic to IL, 

When w = 1 the group SO (1) is a unit group. 

Moreover, we now see that Spine(n) with n 3 is a simply 
connected group while the covering (po: Sping (n) SO (n) 
is a universal covering. 

In view of the uniqueness of a universal covering 
it follows, [in’’ particular, that Spin+(w) is isomorphic to 
Spin [n). 

Thus, although C1+ {n) and Cl {n) are not isomorphic, 
their subgroups Spin+(n) and Spin (w) are. 

Remark 2. Of course, it is desirable to have the isomor¬ 
phism between Spin+(w) and Spin {n) in a more explicit 
form. One would also like to understand the algebraic 
reasons for this isomorphism. Both desires will be satisfied 
if we construct an isomorphism of Cl® {n) and CP (n) 
mapping Spin+(w) onto Spin {n). It turns out that such an 
isomorphism is the' linear isomorphism p: Cl® (n) 

CP (n) sending the basis element Cj of Cl® (n) to the 
basis element Cj of CP (n), i.e. to (—where 2p = 

I / |. Indeed, it obviously suffices to show that p is a 
homomorphism of algebras, i.e. that p (ejCj) = p (Cj) p (Cj) 
for any basis elements e^, Cj of Cl® {n). Let | / | = 2p, 

\ J \ = 2q and |/A/ | = 2r. Also let t+ be the number of 
pairs (i, 7) 6 / X / for which i > 7 and let t be the num¬ 
bers of pairs (L j) ^ I X J for which i ^ 7. By formulas 
(12) and (13) e^Cj = ( —1)'^+^jaj in Cl® (w) and e^Cj = 
(—1)'^^JAJ in Cl® (n). Therefore p (e^ej) = (—1)'^++" ^iaj 
and p (e^) p (cj) — ( —1)'^‘‘’^‘^^^jaj- This proves all that 
was to be proved since it is easy to see that t — 
T+=|/ f]J\=p + q^s. n 

Remark 3. The fact that the mapping p is a homomorphism 
of algebras can be proved without any calculations if we 
notice that p is a restriction of an isomorphism of complex¬ 
ified algebras Cl-f (w) ® C and Cl (n) ® C generated 
by the correspondences e^ ie^, . . e^^ ie^, where i = 

y —1 is an imaginary unit. 
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As a rule, in what follows we shall consider only the 
group Spin (n). 

Groups Spin (n) with small n are easy to describe. 

Clearly, Spin (1) like SO(l) consists of only the unity 
identity element. 

The algebra CP (2) is two-dimensional (its basis con¬ 
sists of elements 1 and and Spin (2) is a circle in that 
two-dimensional vector space. Thus 

Spin (2) ^ SO(2) « ^ U (1). 

As for Spin (3), by virtue of the uniqueness of the uni¬ 
versal covering it is isomorphic to the group 

Spin (3) ^ - Sp (1). 


It is interesting that the group Spin (3) should 

be isomorphic to the group SU(2) as well. Indeed, a direct 
calculation shows that any matrix in SU(2) is of the form 

(14) where la|2+|6|2=l 


and that the mapping SU(2)-)-S^ associating matrix 
(14) with a quaternion i = a + fc/ 6 isomorphism. □ 

In particular, it follows that SU(2) doubly covers the rota¬ 
tion group SO(3). 

To obtain an explicit description of the covering SU(2) 
SO(3) we associate every matrix (14) with a linear frac¬ 
tional transformation 



az4-b 

Z z 

— bz-\-a 


of the augmented plane of a complex variable. When 
identifying by stereographic projection of the plane 
with the sphere 3^ transformations (15) turn, as is known 
(see I, 28), into rotations of a sphere, i.e. into SO(3). It 
is this that gives the covering SU(2) SU(3) since ma¬ 

trices differing in sign generate the same rotation (15). 

Further, it is easily seen that the group Spin (4) is iso¬ 
morphic to the direct product 3^ X 3^ of groups 3^ ^=5^ Spin (3). 
This is most easily established if we notice first that for 
any two quaternions r| g 3^ Ih® formula 


I ^ m, I e !H 
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defines an isometric (for | | = |g|.|^|.|T]| = |^| 

mapping of the algebra [H into itself, secondly, that the 
resulting mapping ^ SO(4) is a homomorphism 

(since h (^ 2 ^ 112 ) (?il 2 ) ^ {'^ 1 ^ 2 )) and, thirdly, that the 

kernel of that homomorphism consists of only two elements 

( 1 , 1 ) and (— 1 , — 1 ) (if ^ for all ^ then, in particu¬ 
lar ^ 1 and hence i = p; consequently from 

which, as we now know, it follows that I = ±1). This 
means (see Lemma 1) that the group X doubly covers 
SO(4). Hence the covering is universal and therefore X 
is isomorphic to Spin (4). □ 

It turns out that similar results are obtained for the 
groups Spin (5) and Spin ( 6 ). To get them we start with the 
group SL(4; C) of unimodular linear operators of the complex 
four-dimensional space C^. Every operator A ^ SL(4; C) 

obviously induces some linear operator A: (C^) 

A^ (C^) in a vector space (C^) of bilinear skew-sym¬ 
metric functionals in of (0, 2 ) type. On bivectors, the 
operator acts by the formula 

A {x /\ ij) Ax /\ Ay, X, ij e 

Since dim (C^) ^ 6 , on choosing in the space A^ (C^) 
a basis consisting of bivectors Ci A ^ < h where ^ 1 , 62 , 

A 

^4 are vectors of the standard basis of C^, we may assume A 
to be an element of GL ( 6 ; C). Moreover, on considering 
in (C^) space a quadratic functional Q associating every 
vector A of A^(C^) with a number -j- 

pi 3 ^ 42 , ^0 discover from calculation that A preserves the 
functional Q. (This can be proved geometrically without 

any calculations as well. Indeed, the operator A sends 
bivectors to bivectors and therefore preserves the equation 
^ = 0 that is equivalent to the Plucker relation charac¬ 
terizing bivectors among all functionals in A^ (C ^)5 s®® 

10, This means that the operator A leaves a second- 
degree hypersurface ^ = 0 invariant. But then by the 
theorem on the uniqueness (up to proportionality) of the 

equations of second-degree hypersurfaces, the operator A 
must send the functional ^ to a proportional functional 
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Therefore it is only necessary to prove that Xa = 1 
for any operator A g SL(4, C). But the correspondence 
A H-► is obviously a homomorphism of SL(4; C) into 
a multiplicative group C* of nonzero complex numbers 
and any such homomorphism can be easily shown to be 
trivial.) 

If we go over from the basis et /\ ej, i < /, to a basis 

/l ^1 A ^2 “h ^3 A ^4’ /2 ~ ^^1 A ^2 ^^3 A ^4» 

(16) /a = ^2 A ^3 + A ^4» A = ^^2 A ^3 — ^^1 A ^4» 

A ^1 A ^3 + ^4 A ^2» /e = ^>1 A ^3 — ^>4 A ^2» 

in which Q is written as a sum of squares, then in this basis 
every operator A will be expressed by an orthogonal matrix. 
On denoting that matrix by % (A) we thus obtain some 
(obviously homomorphous) mapping 

%: SL(4; C) 0(6; C). 

The kernel of the homomorphism % consists of matrices A 
whose columns ag, satisfy the relation A ~ 

ei A for any / and so have the property that for every 
pair (i, /) vectors ai and can be linearly expressed in 
terms of vectors et and ej, which is obviously possible only 
when ai = XiSi for every i. Besides, for any i and / the 
equation XiXj = 1 must hold, which is possible only when 
either Xi = 1 or = —1 for every i. This proves that the 
second-order group {E, — E) is the kernel of %. 

Consider now in SL(4; C) a subgroup consisting of matrices 
A for which a matrix % (A) has real coefficients, i.e. it 
is in the group 0(6) = 0(6, R). Clearly, A is in that group 

if and only if the operator A is commutative with a semi- 
linear transformation S: /\^ (C^) -> /\^ (C^) replacing all the 
coordinates of every element of the vector space /\^ (C^) 
relative to basis (16) by complex conjugate numbers. If the 
functional from the space /\^ (C^) has the coordinates 
2i, . . ., Zg in the basis (16), then in the basis consisting 
of bivectors A ^ A if coordinates 

Pl 2 ~ ^1 “h ^^2» 7^34 “ ^^2» 

7^2 3 “ ^3 ^^4» 7^14 “ ^3 ^^4’ 

7^13 “ ^5 + 7^24 ~ —^5 “1" 
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and therefore the transformation S sends it to a functional 
with coordinates 

/^34» Pl2» p23> 7^24’ 7^13* 

This means that S = T o o, where T is a linear operator 
(C^) (C^) acting in basis bivectors by the formulas 

T (ei A ^ 2 ) = A «4- T (?3 A ed = A ^ 2 . 

(17) T (^2 A «3) = A («i A ^ 4 ) = ^2 A ^ 3 . 

T {e\ A ^ 3 ) = —^2 A ^4. T (^2 A '^ 4 ) = —^1 A ^3, 

and a: -> is a semilinear isomorphism replacing the 

components of every vector by complex conjugate numbers. 
Thus X {A) ^ 0(6) if and only if 

A o T oo = T o a o A. 

We shall show below that for any operator A £ SL(4; C) 

(18) ^oT = To A\ 

where A'^ is an operator on whose matrix is obtained 
from the matrix of A by transposition and passage to the 
inverse matrix. It follows that x (^) 6 0(6) if and only if 

A^ o*a = a o i.e. if o o == a o In particular, % (4) g 
0(6) if A^ o (5 — o o A^ i.e. if = A'^, where A* is the 
conjugate (relative to the standard scalar multiplication 
in C^) operator (whose matrix is obtained from the matrix 
of A by transposition and complex conjugation). Since 
the equation A* = A characterizes unitary operators in 
the subgroup SU(4) of SL(4; C), this proves that the homo¬ 
morphism X maps the group SU(4) into 0(6) and hence, 
SU(4) being a connected group, into S0(6). It therefore 
induces a homomorphism 

Xo: SU(4)->SO(6). 

Since the kernel of Xo coincides with that of x and is there¬ 
fore a second-order group and dim SU(4) == dim S0(6) = 15, 
the homomorphism Xo is a double covering. This proves 
that the group SU(4) doubly covers SO(6) and is therejore 
isomorphic to Spin (6). 
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The group SU(4) contains a subgroup Sp(2) whose ele¬ 
ments A are characterized by the property that they leave 
invariant a skew-symmetric bilinear functional with matrix 

( 0 0 0 1 \ 

0 0 10 

0 -1 0 0 )’ 

-1 0 0 0 / 

or equivalently by the property that A^J = JA, where J 
is a linear operator on with matrix / (cf. formula (5) 

of Lecture 1). Therefore if-4 g Sp(2), then A^oJ — JoA 

and hence (see formula (18)) AoToJ = ToJ oA, Calculation 

shows that T o J = —/, where / is a linear operator (C^) 

(C^) leaving all vectors (16) fixed, except vector /g 

which goes into vector —/g. Thus Aol = /o4, which is 

A 

equivalent to 4/g = zh/ 3 . This means that x (A) is contained 
in a subgroup of SO( 6 ) isomorphic to SO(5) and even, in 
view of the connectedness of Sp(2), in the component of 
the identity SO(5) of that subgroup. Since dim Sp(2) = 
dim SO(5) — 10, this proves that the group Sp( 2 ) doubly 
covers SO (5) and is therefore isomorphic to Spin (5). 

Collecting, all the proved facts together we obtain the 
following proposition: 

Proposition 6. Groups 

s* = Sp(l) = SU(2), S* X S^ Sp(2), SU(4) 
doubly cover the groups 

SO( 2 ), SO(3), SO(4), SO(5), SO( 6 ) 

and are therefore isomorphic to the groups 

Spin (2), Spin (3), Spin (4), Spin (5), Spin ( 6 ) 

respectively. □ 

Thus we have succeeded in representing groups Spin ( 6 ) 
with w ^ 6 as matrix groups. Similar results hold for 
M > 6 , the difference, however, being that groups Spin (w), 
> 6 , are identified only with some subgroups of the 
corresponding orthogonal groups. 
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Clearly, to prove that statement it suffices to obtain 
matrix representations of complete Clifford algebras Cle(Az). 
In those representations we shall neglect Zg-graduation 
and therefore, in particular, assume all tensor products 
to be ordinary (not skew). 

We now know that Cl (1) ^ C and C1+ (1) ^ D where D 
is the algebra of double numbers a be, e- = \, It is 
easy to see, however, that the correspondence a he 
{a b, a — b) is an isomorphism D lH 0 IR. Thus 

Cl (1) » C, CI+ (1) » R © R. 


Further, a check shows that correspondences e-^v-^ i, e^^ h 
^ 1^2 ^ ^ define an isomorphism of the algebra Cl (2) with 
an algebra of quaternions [H and correspondences 


e^ 



^2 



do an isomorphism Cl-i- (2) R (2). Thus 

Cl (2) [H, C4 (2) R (2). 

Proposition 7. For any n'^ 0 there is an isomorphism 
Cle {n + 2)^ CLe (n) ® CU (2), 


i.e, two isomorphisms 

Cl {n 2) ^ C1+ {n) ® (H, 

C1+ {n-{-2)^ Cl {n) ® R (2). 

Proof. Consider a linear mapping 

a: R”+2 CLe {n) 0 Cle (2) 

for which 

^ (^i) — ® ^ 1^2 ^or j = 1, . . ., n, 

“ (^n+i) = 1 ® «!, a (e„+2) = 1 0 fia 

(we denote by the same symbols et the generators of all 
the three algebras Clg (w + 2), CLg (w) and Clg (2)). 
A check shows that a (xY = e | .r for any x £ R”+^. 
Therefore the mapping a can be extended to some 
homomorphism a#: Clg (w + 2) CLg (w) 0 Clg (2) of 
Clg (^ + 2) into an algebra CLg {n) 0 Clg (2). A similar 
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reasoning yields homomorphisms CLg {n) CIg {n + 2) 
and y^: Clg (2) Clg {n + 2) for which 

^i^n+i^n + 2» ^ • • •» 

and 

Y# (ei) = e„+i, Y* (^a) = «n+2- 

Since, as is easily seen, P"^ (et) (ej) = y# (^j) P# (^j) 
for any i = 1, . . and / = 1, 2, the homomorphisms 

P^ and y* commute and hence the mapping 

P# ® y#: CLg (n) ® Clg (2) Clg (w + 2) 

is a homomorphism of algebras. For every i == 1, . . w 
we have 

[(P# 0 Y#) o a#] (et) = p* (ej). v# (ei^a) = — e,- (e„+ie„+2)2 = 

(since {e^, = —1 for any e) and for every / = 1, 2 

we have 

I(p# 0 V#) o a#] {en+j) = 1 0 Y* {ej) = 1 ® e„+;, 

SO that (P# ® yti^) o a* = id. Similarly, for any i = 1, . . ., 
n 


[a# o (P# 0 Y#)] {ei 0 1) = a# (P* (ei)) = a# (— 

= — a# {Ci) a# (e„+i) a# (e„+2) 

= — (e* 0 ^,^ 2 ) (1 <0 fi) (1 0 Ca) 
= — ej 0 (61^2)2 = 


and for any 7 = 1, 2 

[a# o (p# 0 Y#)] (1 0 ej) = a# (y# («;■)) 

= a* (en+j) = 1 ® 

from which it follows immediately that a# o (P# (g) y#) = id. 
Thus the mappings a# and P"^ ® y* are reciprocal isomor¬ 
phisms. □ 

It follows immediately from this proposition that 

Cl (3) » (01 © R) 0 iH » [H © [H, C1+ (3) » C 0 Ot (2) « C (2), 
Cl (4) Ot (2) 0 [H !H (2), C1+ (4) IH 0 01 (2) [H (2). 
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To proceed we need the following lemma: 

Lemma 3. There are isomorphisms 

C®C«C©C, C®[H»C (2), IH ® [H « R (4). 

Proof. Clearly, C ® Cl (n) ^ C ® C1+ (n). Therefore 

C ® C + C ® Cl (1) C 0 C1+ (1) ^ C ® {K ® R) 

c ® c. 

Similarly 

C 0 m C 0 C (2) C 0 C+ (2) C 0 111 (2) C (2). 

However, these isomorphisms are easy to establish directly 
as well. For example, the isomorphism C 0 C « C © C 
is defined by the correspondences 1 01 h-^(1, 1), 

{i, 0, 1 0 i ^ (i, -0, i® i^ (-1, 1). 

The isomorphism [H 0 [H R (4) is established if we 
identify [H with R^ and associate any element of [H 0 Oi 
of the form g 0 r|, where t] g [H with a linear operator 
CO (g 0 r|): lH [H acting by the formula 

(0 0 Ti) S ^ 6 [H. 

A check shows that the operator co 0 t]) is correctly defined 
(i.e. if g 0 T] 0 r|', then co 0 r|) = co (^' 0 r|')) 
and that by linearity the mapping co can be correctly extend¬ 
ed to some homomorphism co of the algebra [H 0 iri into 
the algebra of linear operators [H [H, i.e. in view of the 
identification of [H with R^, into the algebra of matrices 

R (4). Since Hi = I, Hi = i, iji = — 7 , iki = —we 
have 

co (i 0 i) = Ell “1“ ^22 — ^33 — ^ 44 » 

and since iij = — k, iij == 7 , ijj = i, fkj = — 1 , we have 

0 ) (j 0 7) = —Eu + £'23 + £'32 — £' 41 * 

In a similar fashion we can calculate all the sixteen matrices 
co(^ 0 r|), where H, r| = 1 , 7 , k (of course, co (1 0 1 ) 

is the unit matrix E = £11 4- £22 + £33 + £ 44 )* mak¬ 
ing these calculations we at once discover that any matrix 
unit £ap, 1 ^ a, P ^ 4, can be represented as a linear 
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combination of matrices (o ® r|). For example, 

(o(l (2) ® ] ’-\-h ^ h) 

and 

-£'i2 = ‘^co(i(g)l — 1 (g)i-i-/c® 7—-/ 0 A:). 

Hence the mapping (o is an epimorphism and therefore, in 
view of the equality of the dimensions of the algebras 
m ® H and IR (4), an isomorphism as well. □ 

Given an algebra we shall denote by Jt (w) an algebra 
of square n X n matrices over i.e. with elements in ji. 
If JS'ap 6ver matrix units, then the correspondence 

a ® Eafi ^ ctEa^ is easily seen to extend to an isomorphism 

^ ® [R (w) « ^ (n). 

Since an algebra [R ni naatnces "whose 

elements are n X n matrices can be naturally identified 
with an algebra IR (mn) of order m/i, it follows in particular 
that 


IR (m) 0 IR (n) IR (mn) 

for any numbers m, ^ 0. Therefore 

(m) ® ^ {n) ^ ® K (m)) 0 0 IR (n)) 

^ 0 0 (IR (m) 0 K (n)) ^ {ji ® (mn) 

for any algebras 3S and any numbers m, /i ^ 0. 

Hence by Lemma 3 ^ 

C (m) ® h (n) ^ C {2mn)j [H (m) 0 IH (w) ^5:^ IR {imn). 
Returning to Clifford algebras we in the first place get 

C4 (2) 0 Cl (2) » IH 0 R (2) ^ [H (2). 

By applying Proposition 7 twice we therefore obtain the 
isomorphisms 

Cl {n i) ^ Cl (w) 0 iH (2) and C1+ (ai + 4) C1+ (^) 

0 IH (2) 


18-0450 
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from which, in view of the isomorphism [H ( 2 ) 0 [H(2)« 
IR (16), it then follows that 

Cl {n + 8)^ Cl (n) 0 R (16) Cl (n) (16) 
and 

C4 {n + 8)^ C4 {n) ® 0^ (16) C4 (n) (16). 

Since we have already calculated algebras Clg (n) with 
w ^ 4, this yields algebras Clg {n) for all n. We shall state 
the final result as the following theorem: 

Theorem 2, There are isomorphisms 


C1(8to—3)«C(2«’”-2), 

C1+ ( 8 m — 3) 

» H (24”‘-3) © (H (24'"-3), 

C1(8to —2)»IR(24'"-‘), 

C1+ (8m-2)«[H(24'”-2), 

Cl( 8 m —1) 

Cl+( 8 m—l)«C(24"‘-‘), 

» R ( 2 «™-*) © IR ( 2 «’”-i) 

Cl {8m) » Dl (2*’”), 

C1+ ( 8 m) » 11 (24'"), 

Cl( 8 m + l)«C(2«’"), 

CI 4 . ( 8 m+ 1 ) 

» IR (24’") © R (24*"), 

Cl ( 8 m+ 2 ) « iH ( 2 ^”*), 

Cl* ( 8 m + 2)« !R(24’”+‘), 

Cl ( 8 m+ 3) 

Cl* ( 8 m + 3) ^C (24’”+4), 

w (H ( 2 ^’") © IH (24"*), 

Cl ( 8 m + 4)»IH(24’"+‘), 

Cl+( 8 m + 4)«[H(24’"+i). □ 

Notice that 

Cl ( 8 m) « C4 ( 8 m), Cl ( 8 m + ^) ^ C4 ( 8 m + 4). 


No other algebras Cl (w) and C4 (^) sire isomorphic to 
each other. It is also useful to keep in mind that 



Cl {2n) 
C1+ {2n) 


if n = 1 , 4m, 

if n — 4m + 1, 


and similarly for C ( 2 ^) and [H ( 2 ^). It is interesting that 
the algebra K ( 4 w+ 2 j should not be isomorphic to any algebra 
Clg (n). 

It follows for groups Spin(w) (and piUg (n)) from Theo¬ 
rem 2 that they are embedded into the corresponding matrix 
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groups or their direct sums. But since any pair {A, B) 
oi n X n matrices are identified with the 2n X 2n matrix 



embedding into direct sums can be replaced by embeddings 
into groups of matrices twice their size. Thus elements of 
groups Spin {n) can be represented by matrices of some order N 
over algebras (R, C or iH, with N being equal to 2^^^\ where 


a (n) = ^ 




4m —2 
4m —1 
4m 

4m 4-1 


if n — Sm — 3, 
if w=8m —2, 

if ri — 8m —1, 8m, 8m+ 1, 8m+ 2, 
if n = 8m-f3, 8m+ 4, 


and the matrices being real at n = 8m — 2, 8m — 1, 8m, 
complex at n = 8m — 3, 8m + 1 and quaternion ones at 
n — 8m + 2, 8m + 3, 8m + 

However, when a pair {A, B) is identified with matrix 
(19) there is a certain loss of information. So it is more 
appropriate not to make the identification but represent 
elements of groups Spin {n) with n = 8m — 1 and n = 
8m + 3 by pairs of matrices of order (real or quater¬ 

nion ones respectively). 

Definition 5, Two matrix representations of a group G, 
i.e. two embeddings (or more generally two homomorphisms) 
of G into some matrix group are said to be equivalent if they 
differ by an internal automorphism of that group, i.e. if 
they are obtained from the same representation of G as 
a group of linear operators of some vector space by a dif¬ 
ferent choice of basis in that vector space. 

It is important to bear in mind that the above represen¬ 
tations of groups Spin (n) are defined up to an equivalence 
only^ since isomorphisms in Proposition 7 and Lemma 2 can 
be constructed in many ways having no advantages over 
one another (it may be assumed, for example, that a (^i) = 

1 ® ^1, a (^ 2 ) = 1 ® ^2 a (ei) — ei^^ ® ^ 1^2 ^or 2 ^ 

i w -f 2). 

It is interesting that this statement can be made more 
precise. 


18 * 
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Let us say that the matrix (over a unital algebra 
is monomial if all elements in each row and each column 
are zero, except one which is ±1* The operator correspond¬ 
ing to the monomial matrix interchanges basis vectors 
multiplying them at the same time by ±1. Therefore any 
monomial matrix is an orthogonal one when ^ = IR, a 
unitary one when Jl =C and a symplectic one when = [H. 

The arbitrariness in the isomorphisms of Proposition 7 
and Lemma 2 can obviously be restricted to interchanges 
of basis elements which would be accompanied by multi¬ 
plication of the latter by ±1- Therefore the constructed 
representations of groups Spin (n) may be assumed defined 
up to equivalences effected by monomial matrices. 

It is clear that for any monomial matrices ^ ^ IR {m) 
and jB ^ [R (n) the matrix in (R {mn) ^ IR {m) ® IR {n) cor¬ 
responding to a tensor product A ® B (by the way, this 
matrix is called the Kronecker product of A and B) is also 
monomial. 

In addition it is easy to see that under isomorphisms 
C ® [H C (2) and [H ® [H IR (4) of Lemma 2 the gen¬ 
erators ^ 0 r|, where ^ = 1, i or ^ = 1, k and r\ = 
1, i, /, k, turn into monomial matrices. The same property 
holds for the isomorphisms C1+ (2) » IR (2) (with respect 
to the generators Ci and Therefore it follows by an 
induction that under isomorphisms of Theorem 2 the genera¬ 
tors e^, . . Cyi of algebras Cl (n) turn into monomial ma¬ 
trices El, . . En {or into pairs of monomial matrices). 

In particular, if Ei, . . ., E^ are real matrices, then 
they are orthogonal and if £'i, . . ., E^ are complex or 
quaternion matrices, then they are respectively unitary or 
symplectic. In other words, these matrices satisfy the 

identity UV^ = E, where E is the identity matrix. But 
since e\ — —1, we have E\ = — E and therefore E\ = 

—El, Hence U’^ = —U for every matrix U of the form Ei 
and hence, by linearity, for every matrix U of the form 
u'^Ei representing an element u = u^ei 6 ilR” ci Cl (n). 
On the other hand, since u^ = —| 1^, we have = 

— \u\^E and, in particular, = — E for u 6 5'^’"^. 

Therefore UU’^ = E, i.e. U is an orthogonal matrix or it 
is respectively unitary or symplectic. 
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Putting for notational simplicity 

{ 0 (w) if K = (It 
U{n) if K-C 
Sp» if K = H 

we thus find that every element u g 5”“^ c= Cl (w) can be 
represented by a matrix U in the group Oj^ (n), where K = 

IR, C or !H depending on n. 

Since elements in 5””'* generate a group pin (w), this 
conclusion is true for any element u g pin {n) too, and, 
in particular, for any element u 6 Spin (n). 

Thus the group Spin (w) turns out to be embedded into 
Oj^ (2®^”^), where 

( Kforn^Sm — 2, 8m — 1, 8m, 

C/or 71 = 8m —3, 8m+l, 
m/or 71 = 8m+ 2, 8m+3, 8m+ 4. 

When K = R it is possible to state in addition, in view of 
the connectedness of the group Spin (ti), that Spin (7^) ci 
SO {n). 

In the case K R it is, of course, possible to go over by 
identifying C with R^ and [H with R* to real (necessarily 
orthogonal and unimodular) matrices; however, this will 
not only double or quadruple the dimension but also lead 
to an essential loss of information. 

When n — 8m — 1 or ti = 8m -f 3 we in fact effect the 
representation of the elements of a group Spin (ti) by pairs 
of matrices half the order. 

Note that we have ignored the possibility of obtaining 
another series of representations by using the algebra 
C1+ {n) and the isomorphism Spin \n) ^ Spin+ (ti). The 
reason for this is that these representations essentially 
give nothing new leading as they do to equivalent repre¬ 
sentations or to representations resulting from them by 
realizing, complexifying or constructing a direct sum. 

There is, however, another possibility of constructing 
representations of groups Spin (ti), which while actually 
giving nothing new helps define more precisely the structure 
of the representations already constructed. 
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This possibility is based on the fact that by definition 
the group Spin (n) is contained in a subalgebra Cl® {n) 
of Cl (n) consisting of even elements. 

Proposition 8. For any \ an algebra Cl® {n) is iso¬ 
morphic to Cl (w — 1). 

Proof. We define a linear mapping 

(o: Cl {n — 1) -> Cl® (n), 

by putting 


(d{ei) 


ej if |/| is even 
. if is odd 


for any basis element ej of an algebra Cl {n — 1), where I 
is a subset of the set \n — 1] = (1, . . n — 1}. In other 
words, CO (ej) = ej+, where 


I / if 

I / uw if 


|/| is even, 
1/| is odd. 


Denoting as before by x (/, J) the number of pairs (f, /) g 
I X J for which i'^ U we at once get 


T (/+, /+) = T (/, /) mod 2. 

In addition, it is easy to see that /■** = (/ A/)"**. Hence 

(see formula (13)) 

CO {ej) CO {Bj) = ei^ej* = (— If ej+AJ+ 

= (— e(rAj)+ = ® 

for any basis elements Cj and Bj of Cl {n — 1). Hence co 
is a homomorphism of algebras and therefore (effecting as 
it does a bijective correspondence between their bases) also 
an isomorphism. □ 

Note that the inverse isomorphism (o“^ acts by the formula 

co"^ {u + ve^) = w + y, 

where at the left-hand side u and v are elements of an algebra 
Cl {n) (in Cl® {n) and Cl^ in), respectively) that contain 
no Bn, i.e. that can be decomposed into basis vectors ei 
with / cz [n — 1], and at the right-hand side u and v are 
the “same” elements of Cl {n — 1). 
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Remark 4. As we know, Cl® (n) and Cl® (n) are isomor¬ 
phic. Therefore Cl {n — 1) is isomorphic also to Cl® {n). 
In explicit form the isomorphism (o+: Cl {n — 1) Cl® (n) 
is given by the formulas 

f Cj if |/| is even, 

[ if |/| is odd. 

It may be assumed by Proposition 8 that Spin {n) a 
Cl (az — 1). Therefore by applying again Theorem 2 we 
obtain a representation of elements of Spin (az) hy matrices of 
order over an algebra K, where 

{ R, if Ai = 8/Ai—1, Sati, 8An + l, 

C if n = 8m — 2, 8m2, 

[H if A^ = 8A7^ + 3, 8An-l-4, 8An-l-5- 

For n = 8m and n = 8An + 4, of course, we in fact obtain 
a pairwise representation of matrices of order 
Any vector u ^ can be written sls u = u' + Ke^^, where 
u' g and X £ R, with u g if and only if | i/' P + 
= 1. By definition a group Spin (ai) is generated by all 
possible elements of the form uv, where u, v ^ 5”“^, i.e. 
by elements of the form 

{u' -f- Ke^^) {u' + \iej,) == {u'v' — K\i) + {\iu' — Xv') e^, 

and hence its image in Cl {n — 1) is generated by elements 
of the form (u'v' — X\i) + ([xi/' — Xv'). But putting u* == 
v' — iie^ we find that the element 

uen-v^er, = {u'e^ — X) {v'e^ + p) = (w'y' — X\i) 

+ {\iu' — Xv') en 

has in Cl® {n — 1) the same image {u'v' — Xp) + 
{pu* — Xia') as an element uv. This shows (since uej^ ^ 
Spin (n) and y* g 5^“^ if i; 6 5”“^) that the image of Spin (A^) 
in Cl® {n — 1) is generated by the images of elements of the 
form ue^j u 6 5'"’"^. Since ue^ = — X, these images 

are of the form u — X and hence can be represented by 
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matrices of the form U — \E, Since = —U and hence 

{U — XE) {U — XE)^ = —(C7 — XE) {U + XE) 

= _C/2 + x^E = (I u' |2 + X^) E 
= E, 

all these matrices are orthogonal (or unitary or symplectic, 
respectively). This proves that the newly constructed repre¬ 
sentations are also representations in groups {N) {and, with 

K = 01, in groups SO (TV)). 

Thus, for example, we have now represented the group 
Spin {8m -f- 1) by orthogonal matrices of order 2^^ whereas 
earlier we represented it by unitary matrices of the same 
order. It is possible to show, however, by carefully examin¬ 
ing all the isomorphisms that these unitary matrices are in 
fact real and that the resulting representation by real uni¬ 
tary, i.e. orthogonal, matrices is equivalent to that just 
constructed. (This follows without any calculations from 
the general results on matrix representations of groups 
Spin {n) which will be proved in the next semester course 
within the general theory of representations of compact Lie 
groups. Therefore we shall not prove this fact here.) Con¬ 
sequently we have in fact only one representation of the 
group Spin {8m + 1) by orthogonal matrices. It is called 
a spinor representation of the group. 

For group Spin (^m) we now obtain a representation by 
pairs {A, B) of unimodular orthogonal matrices of order 
24 m-.i j|. turns out (which is again easiest to prove using 
the general theory to be developed in the next semester 
course) that on identifying these pairs with matrices (19) 
of order 2^"* we arrive at a representation equivalent to that 
constructed earlier. Thus here, too, we obtain only a slightly 
more refined representation of the previous representation. 

However, it is more common to consider not pairs of 
matrices but components of those pairs individually, i.e, 
the two homomorphisms 

(20) Spin {8m) SO {2^^-^). 

These are called semispinor representations of group Spin (8m). 
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It should be emphasized that semispinor representations 
are not monomorphisms. Indeed, under the isomorphism 
Clg (^) ^ CLg {n — 2) (g) Clg (2) of Proposition 7 an ele¬ 
ment e[n^ = ... of Clg (w) goes over into an element 

^[n-2] ® (^1^2)"“' = (-1)^“' ^[n-2] ® 1 of CLg {u - 2) ® 

Clg (2). Therefore under an iterated isomorphism Cl {n) ^ 
Cl (n — 4) ® [H (2) (we restrict ourselves to the case 
p = —1) that element goes over into ej^_^ ® E, where E 
is the identity matrix. An induction now shows that given 
n = 8m — 1 the element ® ^ in Cl (3) ® [H 
and hence the element e-^ ® \ ® E ^ (E, — E) in C1+ (1) ® 
Cl (2) ® [H (24^-3) (01 O R) ® (It (24^-1) correspond to 

an element e[^]. This proves that under one semispinor 
representation (20) an element P[8m-i] goes over into the 
identity matrix E and under the other, an element —^[gm-i] 
does. (It is assumed here that Spin (8m) c= Cl (8m — 1); 
under a natural embedding Spin (8m) ci CP (8m) there ap¬ 
pears an element ^[sm] instead of ^[sm-i]*) □ 

Remark 5. It can be shown that elements ^[gm] and —^[gm] 
are the only nontrivial elements of a group Spin (8m) that 
go over under homomorphisms (20) into an identity matrix. 

The earlier constructed “paired” representation for a group 
Spin (8m — 1) can also be split into two homomorphisms. 
These, however, will be faithful representations (i.e. mono¬ 
morphisms) and will be equivalent to a single new repre¬ 
sentation of the group Spin (8m — 1) in SO (2^^"^). 

For a group Spin (8m — 2) we now obtain a complex 
representation in a group U (2^^"^). It turns out that under 
an embedding U cz SO (24^«-^) it goes over into a 

representation equivalent to the representation constructed 
earlier in the group SO (2^"*~i). 

For a group Spin (8m — 3) the earlier constructed repre¬ 
sentation is obtained in a similar fashion from the new quater¬ 
nion representation. 

For a group Spin (8m -f- 2) the quaternion representation 
constructed earlier turns out to be in fact a complex repre¬ 
sentation equivalent to the new representation. This situation 
is similar to that arising for n = 8m -f- 1. 

For a group Spin (8m -f- 3) the “paired” quaternion repre¬ 
sentation constructed earlier consists of two representations 
equivalent to the new representation. 
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For a group Spia (8 a 72 + the quaternion representation 
constructed earlier turns out to be in fact a “block” represen¬ 
tation reducing to a “paired” new representation. 

In the last two cases the situation is similar to that for 
groups Spin {^m — 1) and Spin (Sm), respectively. 

As is already noted, all these statements follow easily from 
the general theory to be presented in the next semester’s 
lectures. Their direct verification, though tiresome, is quite 
possible. It will be left to the reader. 

We conclude this lecture by proving formula (18) from 
linear algebra which was taken above without proof. For 
the matrix of an operator A this formula is equivalent to a 
relation between its second-order minors and hence can be 
proved by a direct, though somewhat cumbersome, calcu¬ 
lation. To elucidate the intrinsic significance of that formula, 
however, we prefer to give it here a more conceptual proof 
in its natural generality. 

Let ^ be a finite-dimensional vector space over a field K 
and suppose as ever that 5^' is the conjugate space. Suppose 
further that /\^ (5^) and (f^') are spaces of skew-symmet¬ 
ric p-linear functionals on T and^', respectively: see II, 
9. For any p-vector /\ . . . /\ ojp 6 (^) 

p-covector V‘ l\ • • • A 

(^1 A • • • A • • • A ?^) = det I (xj) 

It can be easily checked that the function (,> by linearity 
can be correctly extended to any elements of vector spaces 
A^ (F) and A^ ^ pairing (see II, 4) be¬ 

tween the spaces. Thus A^ (^) A^ (^ ) naturally 
dual to each other and therefore the vector space A^ {¥'') = 
Ap (^) may be identified with a vector space A^ 
jugate to A^ {T)- 

For every skew-symmetric functional y € A^ (^) 
now convenient for us to somewhat change the notation 
adopted in II) the correspondence x ^ x l\ y, where x 6 
A^ (^), is a linear mapping (f) A^^^ 

hence defines the conjugate mapping A^^^ A^ (5^')» 

The image of a functional z ^ A^^^ under that mapping 
is denoted by y _J z and called the left internal product of 
functionals y and z. By definition, 

{x, y J z) = {x /\ y, z) for any z 6 (T'). 


Lecture 13 


283 


Similarly, the right internal product x [_ y oi functionals 
X 6 (^) y ^ (^) is charac¬ 

terized by the equation 

{X L y, z) = {x, y A for any z 6 A^ (T'). 

If ^ 1 , . . ., is the basis of then for any subset I — 

ip} of a set [azI = {1, . . n], where ii <C . . . C ip, 

a basis p-vector A • • • A denoted by Cj (see 

a similar notation above for elements of a Clifford algebra). 
In a similar fashion will denote a basis p-covector A ••• 

A where e” are vectors of the conjugate basis 

of the space As it follows directly from the anticom¬ 
mutativity of external multiplication, for any subsets 
A J d [n] there is a formula 



if /n/=0, 

otherwise. 


where t (/, /), as in (13), is the number of pairs (i, j) for 
which i 6 A ] ^ J and i ^ /. The same formula holds, of 
course, for the multi-covector A 

It follows immediately from these formulas that 



0 


if / cr /, 
otherwise, 


and similarly 


eji^e 


■-{ 


(_1)X(J. K)^J^ 
0 


if I dJj 
otherwise. 


where K = J\I is the complement of I in J, 

Consider now a linear operator A: T Setting for 

any multi vector A • • • A € A^ (^) 

'^[p] (^1 A • • • A ^p) “ Ax\ A • • • A “^^p* 

and extending A[p] by linearity to any elements of the 
vector space A^ (^) obviously define correctly some 
linear operator A[p] : A^ (^) A^ usually callgd the 

p-th external degree of the operator A . (The operator A con¬ 
sidered above is nothing but an operator A[ 2 ].) 
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It is clear that 

A[P+q^ A '/) = ^[P]^ A Mq^y 

for any functionals x ^ (V*) and y £ A® (5^)* addition 

it follows immediately from the definitions that 

(^')[p] = (^[p])'» 

where the prime designates as ever (see II, 14) the passage 
to the adjoint operator. Therefore the symbol 4 [p] is quite 
correct. 

The key to formula (10) is the following lemma: 

Lemma 4. For any junctionals x 6 (^)» V € A^^^ (^0 

and any operator A: TT we have 

X —I -4[p+g]2/=[p] y)* 

Proof. For every functional z ^ A^ (^) we have 
<z, a; J ^[p+g]j/) = {z /\x, Aip+q-^y) 

^ <^[p+-7] (z A i/) 

= (A[p^z A ^[(71^, 2/> 

~ (-^[pI^j 

= {z^ -^[p] (*^[9]^ J/))* D 

We apply Lemma 4 to the case where p -f- g = n and y = 
eM— A • • • A Since a direct calculation shows that 

= (det A) 

by Lemma 3, for any functional x £ A^ (^) op^'f- 

ator A: Y* -> TT we have a formula 

(det A) {x _J ^l”]) = ilfp] (A[g];r _J ^M). 

Putting 

Tx = X _J ^ € A^ (^’)’ 

we can write this formula as follows 

(det A) T = A[p] o T o A[q-\, where p g = n. 

The mapping T is given in explicit form by the formula 

Tej = (—l)T(i)e^, 
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where J = [n]\I is the complement of I in [^1 and x (/) = 
T (/, /) is the number of pairs (j, i) with i ^ I, j ^ I and 
/ i. In particular, it follows that T is an isomorphism 

A" (r) A”-" (T'). 

In the special case, where det A = I we obtain the formula 

^[p] = T o 

where = (-4')"^. 

So far all our constructions have been completely 
invariant (even the isomorphism T is independent of the 
choice of basis up to a constant factor since when changing 
the basis it is multiplied by the determinant of the transi¬ 
tion matrix). Now, assuming the basis to be 

chosen (i.e. going over, in fact, from the vector space V 
into the vector space K”) we identify 5^ and V' using the 
equality of coordinates in the bases and a^, . . ., a’^ 

(in invariant terms this is the same as giving in a vector 
space some scalar product, i.e. a pairing of that vector space 
with itself). Then T turns out to be an isomorphism 
A^ (^) A^"^ (^) is defined by the formula 

Tej = (-l)^(^)a^ 

and hence, for ^^ = 4, p = g = 2, coincides with the iso¬ 
morphism T defined by formulas (17) (which are extended 
to the case of a ground field K). Thus formula (18) turns out 
to be a special case of formula (21) to within notation. 

Formula (18) may thus be considered to be completely 
proved. 

Remark 6. Writing the general formula (21) in matrix 
form we obtain a formula expressing in terms oi q = n — p 
order minors of a nonsingular matrix p order minors of the 
inverse matrix. A purely computational proof of the formula 
is extremely cumbersome. 
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Doubling of algebras • Metric algebras- Normed algebras- 
Automorphisms and differentiations of metric algebras- 
Differentiations of a doubled algebra-Differentiations 
and automorphisms of the algebra [H • The algebra of 
octaves. The Lie algebra 92 constants of the 

Lie algebra -Representation of the Lie algebra 9^ by 

generators and relations 


The construction of quaternions from complex numbers 
is quite similar to the construction of complex numbers 
from reals. Moreover, both are special cases of the same 
general construction. 

Let be an arbitrary (but as ever finite-dimensional) 
algebra over the field of real numbers IR in which a conju¬ 
gation, i.e. some involutory antiautomorphism a d (the 
case d = a iov s\\ a ^ Jl is not excluded) is given. 

Consider a vector space which is a direct sum of two 
copies of a vector space i.e. which consists of pairs of the 
form ia, b), where a, b ^ Jt. We introduce into multi¬ 
plication as follows: 

(a, b) {u, v) = (au — vb, bu -f- va). 

A simple check shows that relative to that multiplication 
the vector space is an algebra (of dimension 2n, where 
n = dim jl)- We shall call that algebra a doubling of the 
algebra Ji. 

Clearly, the correspondence a (a, 0) is a monomorphism 
of jl into We shall identify elements a and (a, 0) and 
thus assume the algebra ^ to be a subalgebra of If 
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is a unit algebra, then the element 1 = (1,0) will obviously 
be an identity element in too. 

^Let e — (0, 1). Then he — (0, h) and hence (a, h) — 
a he for any elements, a, h ^ Jh, Thus every element of 
algebra is uniquely written as a + he^ with 

(1) a {he) r= {ha) {ae) h = {ah) e^ {ae) {he) = —6a, 

which together with the distributivity requirement uniquely 
defines multiplication in In particular = —1. 

A doubling of the held IR is the algebra C of complex 
numbers and a doubling of C is the algebra of quaternions 
[H. The first statement is obvious. To prove the second state¬ 
ment one should write out complex numbers in explicit 
form in every element ^ = a he oi C^, i.e. put a = ao + 
aii, h = a^ and denote e by j and iehy fe. As a result 

we obtain for | the usual quaternion notation 

^ = ap a-^t -|— a2] -f- 

The fact that i, j and k — ij satisfy the usual quaternion 
identities is checked easily. 

Since for any element a of ^ we have ea = de, the algebra 
like the quaternion algebra [H, is deliberately noncom- 
mutative if the conjugation in ^ is not an identity mapping. 
In a similar fashion, since a {he) = {ha) e, the algebra 
is nonassociative if A is noncommutative. In particular a 
douhling [H^ of the algebra IH is nonassociative. 

Thus we see that as the construction of a doubling is 
iterated the algebraic properties of the multiplication 
gradually deteriorate. 

Of course, for the construction of a doubling to be iterated 
it is necessary to define a conjugation in We shall do 
this by the formula 

a-\-he — a — be^ 

turning for A = K into the usual formula for complex 
conjugation (after replacing e by i of course). Clearly, this 
mapping is involutory and linear. A computation shows that 
it is simultaneously an antiautomorphism. For ^ = C it is 
the usual conjugation in [H. 

A unit algebra ^ over the field IR is said to be a metric 
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algebra if a conjugation a a is given in it such that given 
any element a ^ Jh the element aa is in the space K (i.e., 
more precisely, in the subspace IR*!) and is positive for 

a 0: aa > 0. A real number | a | = ]/ aa is called the 
norm of a. By definition, | a | = 0 if and only if a = 0. 

A direct check shows that in any metric algebra ^ the 
formula 

{X, y) = 

defines a scalar product. Thus, any metric algebra is a 
Euclidean space with respect to that product. The norm 
I a 1 of an element a ^ is nothing but its length. 

The orthogonal complement of the identity element in 
a metric algebra Ji is denoted by 
Any elements a ^ can be uniquely represented as a == 
^ + a', wherej ^ 6 IR' smd a' 6 Jh'• We have a = ^ — a', 

so that, in particular, a ^ A' if and only if a — —a, and 
a 6 iR i/ and only if a = a. By definition 

(2) xy + xy = 2 {x, y) 

for any elements x, y of the metric algebra^. In particular, 
if y ^ then yx = —xy if and only if x J_ y. 

It is easy to see that given any metric algebra the algebra 
is also metric. Indeed 

(a + be) (a + = (^ + be) (a — be) — aa bb 


for any element a -\-J)e ^ □ 

A scalar product in is given as follows: 

(a + 6^, a + ve) = (a, u) + (6, v), 


so that the direct sum — Jh ® Jk turns out to be a direct 
sum of Euclidean spaces.] Thus all algebras R, C = R^, 
[H = C^, [H^, . . . ar^ metric algebras, 

A finite-dimensional algebra A which is at the same time 
a Euclidean space (but not necessarily a metric one a priori) 
is said to be a normed algebra if 


I a6 I = I a 1 • 1 6 i 

for any elements a^b^A- In such an algebra, for any element 


a ^0 the mappings x 


ax 

Jo] 


and X 


xa 

ToT 


are isometric 
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and hence (A being a finite-dimensional algebra) bijective. 
Therefore for any element b ^ A the equations ax — b and 
xa — b are uniquely solvable in i.e. the normed algebra A 
is a division algebra. 

Examples of normed algebras are metric algebras (R, C 
and [H. As we shall see below, the metric algebra [H^ is also 
normed. 

Hurwitz's theorem to be proved in Semester VI says that 
there are no normed algebras other than those four algebras 
(so that, in particular, any normed algebra is necessarily 
a metric algebra). 

If an automorphism O: ^ ^ of a matric algebra is 

commutative with a conjugation (i.e. if Oa = Oa for any 
element a 6 A), then it is of course an orthogonal operator. 
Conversely, if an automorphism O: ^ ^ of a metric 

algebra A is orthogonal, then since Ol = 1 it sends to itself 
the subspace A' and is therefore commutative with the 
conjugation. 

And it is easy to see that \i A Is a normed algebra, then any 
automorphism O: A A of it is an orthogonal operator. 
Indeed it suffices to prove (see II, 21, condition (b) of Prop¬ 
osition 2) that if I a | = 1, then | Oa | = 1. But if | Oa \ <C 
1 , then I | = | (Oa)^ | = | Oa 0 as A: oo, i.e. 

Oa* 0 and hence a^ 0 . Therefore \ a \^ = \ a^ -^0, 
which is impossible for | a ] = 1. Similarly, if | Oa > 1, 
then I a oo as fc oo, which is also impossible. Hence 
1 Oa I = 1. □ 

As a rule some basis is fixed in all our algebras^. There¬ 
fore the group of orthogonal perators A A can be iden¬ 
tified with the group 0 (n) of orthogonal matrices. By 
virtue of this identification, for the group Aut A of auto¬ 
morphisms of a normed algebra A there is an inclusion 

Aut A 0 (n), where n — dim A- 

Moreover, since every automorphism A A can be 
uniquely defined by the linear mapping O': A' A' 
(if a = ^ -I- a , where K and a' 6 A\ then Oa = X -f 
O'a'), we may assume identifying O with O' that 

(3) Aut A cn 0 {n — 1). 

In particular, it is true for ^ = C when n = 2. Consequent- 

19-0450 
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ly, since 0 (1) = Zg the group Aut C is a second-order group 
Zg consisting of an identity automorphism id and an automor¬ 
phism of a complex conjugation a ^ a. 

For the Lie algebra Der = I (Aut ^), of differentiations 
of the algebra it follows from inclusion (3) that 

(4) Der ^ cz go (w — 1), 

where go {n — 1) is a Lie algebra of skew-symmetric 
n — 1 order matrices. Therefore, in particular, Der C = 0. 

However, equations Aut C = Z2 and Der C = 0 are easy 
to obtain also in a straightforward way. Indeed, being a 
linear operator over the field lH which sends 1 to 1, any 
automorphism O: C C is uniquely defined by a number 
Oi. But since i^ = —1, there must be an equation = 
—1 for that number. Hence Oi = zti, which just gives 
us an identity operator and a complex conjugation. 

Similarly, any differentiation D: CC is uniquely 
defined by a number Di which must satisfy the identity 

Di-i+i-Di = D (i^) = —Dl = 0 

that is possible only when Di = 0, 

These simple considerations allow a generalization to the 
case of any doubled algebra Namely, every differentia¬ 
tion D of an algebra defines by the formulas 

Da = DQa + Fa-e, De = ojq + 

two linear operators Dq, F\ A Jh and two elements Xq, 
l/o 6 *^9 with the differentiation D being uniquely recovered 
from Do, F and Xq, Vq in view of the equation 

D {a be) = Da + Dh*e + b*De, 
i.e. the equation 

(5) D {a be) = {DqU — Fb bxo) + {Fa + Dob -f gob) e. 

To describe the Lie algebra Der therefore it suffices to 
describe quadruples (Dq, F, Xo, l/o) for which formula (5) 
gives the differentiation of the algebra (In a similar 
fashion we can describe automorphisms, but this leads to 
complicated calculations.) 

To obtain conditions on Do, F, Xo, go ensuring the inclusion 
D 6 Der it is necessary that in the relation 
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(6) D (giri) = 

where I, = a be and '\\ — x ye are elements in 
D should be expressed in terms of (5), all multiplications 
should be carried out and the coefficients of 1 and e at the 
left and right should be compared. For example, at S = a, 
T] = a; we obtain the identity 

Dq {ax) +. F (^) ^ = {DqU-x + a-D^x) + {Fa*x + Fx*a) e 

from which it follows that Z>o is a differentiation of the algebra 
ji and F satisfies the identity 

(7) F {ax) = Fa^x + Fx^a. 

Similar identities can be obtained at ^ = fee and r| = a:, 
at I = a and r| = at | = be and r\ = ye. It turns out 
in practice, however, that it is appropriate to find first a 
general solution of the functional equation (7) and then 
consider these supplementary identities. Besides, it is 

useful to consider from the outset relations Xq = 0 

and yo + i/o = 0 resulting at h = r\ = e and implying 
that Xq, jE/o 6 

Suppose, for example, ^ = C and hence = [H. Since 
Der C = 0, we have Dq = 0. To calculate the operator F, 
we can use the fact that C = 51^, and apply the same method 
by introducing linear operators P, ^ : IR [R defined by 

Fx = Px + Qx- i, a: 6 iR- 

For a, X it follows from identity (7) that 

P {ax) = Pa*x + Px*a and Q {ax) — Qa*x + Qx-a, 

i.e. that P and Q are differentiations of the field IR. There¬ 
fore P = Q — 0, i.e. Fx = 0 iov X ^ [R. Hence F {x yi) — 
F {yi) = Fi-y, i.e. 

Fa = ZQ»lm a, where Zq = Fi. 

A direct check shows that relation (7) holds for all Zq. This 
proves that any differentiation must be (see 

formula (5)) of the form 

(8) D {a + bj) = (—Zo Im 6 -f bxo) {Zq Im a + yob) 

19 * 
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where Xq, iJq, Zq g C. Parameters and must be in C', 
i.e. be of the form Xq = where g IR. 

Substituting the obtained expression in the general formula 
(6) we now at once discover that the mapping i): [H IH 
given by formula (8) is a differentiation of the algebra [H 
if and only if Re Zq =" —where 
Cq 6 IR'* This proves that every differentiation Z>: [H -> [H o/ 
the algebra [H is given by the formula 

(9) D {a bf) — i (a© Re 6 — Im b) 

+ I—(ao Im a + 6o Idi ^ Re 6 + Cq a)] 

where ao, 6o» numbers. 

Mapping (9) sends the subspace [H' to itself and is given 
by the matrix 

( 0 ao —Co\ 

— ao 0 —bo j 

Co bo 0 / 

in the basis i^ ]y k of that subspace. 

Thus Der [H cz go (3) according to the general formula 
(4). Moreover, we now see that 

Der [H = §0 (3). 

For the group Aut [H, it follows from this equation that 
this group coincides either with a group SO (3) or with a 
group 0 (3) (since by the general formula (3) there is an 
inclusion Aut [H cz: 0 (3)). Since a mapping with a matrix 
—E is obviously not an automorphism, we have 

(10) Aut [H = SO (3). 

In particular, we see that unlike Aut C the group Aut [H 
is connected. 

Besides, comparing equation (10) with Proposition 4 of 
Lecture 13 we immediately see that any automorphism 
IH [H is an internal automorphism of the form r| 
where ses^- 

Remark 1. In fact equation (10) can be proved without 
any calculations if we use Proposition 4 of Lecture 13. In¬ 
deed, that proposition means that the group of internal 
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automorphisms r| ^ 6 algebra [H coincides 

with SO (3). Hence Aut [H id SO (3). On the other hand, 
as we have just shown, the equation Aut [H = 0 (3) is 
impossible. Therefore Aut [H = SO (3). We have never¬ 
theless given here a direct proof since it will serve us as a 
pattern for the more complicated case of the algebra [H^. 

The algebra [H^ is called an algebra of octaves (or an algebra 
of Cayley numbers or a Cayley algebra). Its elements are 
octaves (or Cayley numbers). It is common to denote this 
algebra by Ca, in honour of Cayley although Cayley was 
not the first to discover it (it was Graves). 

By definition every octave is of the form S = a + 
where a and b are quaternions and octaves are multiplied 
using formulas (1). The basis of Ca consists of 1 and seven 
elements 

(11) i, 7, k, e, f = ie, g = je, h = ke, 

the square of each of which is —1 and their pairwise products 
are diagrammatically^represented by the following picture: 


g 



The product of any two elements (11) is equal up to a sign 
to the element on the same straight line (or the circle) and 
the sign is determined by the orientation of that line. For 
example, eh = k and // = —h. 

As already noted, the algebra Ca is nonassociative. It is 
alternative^ however, i.e. for any two of its elements, ^ and t], 
we have the identities 

il^) ^ I (Eti) = (II) 

Indeed, let ^ = a be, y\ = u -{■ ve. Then 

= {au — vb) + (bu -f- va) e, 
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(^'n) — vb) u — V {bu + 

+ [{bu va) u V {au — uh)] e, 

rjT) = (u^^ — vv) + 

? (Tjiri) = la {u^ — vu) — {vu + vu) b] 

+ lb {u^ — vv) + {vu + vu) a] e, 

and since the numbers vv = vv and u u are real and so 
commute with any quaternion we have 

a {u^ — vv) — {vu -f- vu) b = au^ — avv — {u-^u) vb 

= au^ — vva — vb{u-{- u) 

= {au — vb) u — v {bu~{-va), 

b {u^ — vv) + {vU']- vu) a — bu^---bw -\-v {u-\-u)a 

= bu^ — vvb -\-va{u-\- u) 

= {bu + va) u-\-v {au — vb). 


Therefore (^t|) t) = | (r|r|). 

The equation \ (|r|) = {%%) rj can be proved similarly. □ 

According to the general theory the conjugation in Ca is 
given as follows: 

a be — a — be. 

It leaves the element 1 fixed and changes the sign of each 

element (11), so that elements (11) make up a basis of a 

subspace Ca'. 

As shown by Artin, in an alternative algebra any two 
elements generate an associative subalgebra. The same 
reasoning therefore as that for quaternions shows that the 
octave algebra Ca is normed. The proof of Artin’s theorem 
is rather cumbersome, however, and we have no time to 
spare. Therefore we prove that Ca is a normed algebra by 
direct calculation. 

Let ^ = a be and r\ = u ve he two octaves. We must 

prove that | It) | = | ? I *1 r| [. But according to the fore- 
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going 

Wy\ ^ = \ au — vh \bu va p 


= {au — vb) {ua — bv) + {bu + va) (ub + av), 

I ^ |2 I Y| p = (aa + bb) (uu + vv). 

Assuming v = X + v\ where X and u' ^ Ca' (and hence 
v' = — v'), we therefore get 


I 1^ — I ? P I 'H P “ ^ 

+ {aub + bua) v' 

— V* {aub + bua) = 0, 


for aub + bua is a real number and therefore commutes with 
the quaternion v\ □ 

In particular, it follows that Ca is a division algebra. 
However, as in the case of quaternions, it can be directly 
checked (using alternativity) that equations \x = y\ and 
x\ = 'x\ are satisfied (for ^ 0) respectively by the octaves 


X and X = where 



□ 


Remark 2. Since the construction of a doubling can be 
indefinitely iterated, there arise metric algebras Ca^, (Ca^)^, 
. . ., etc. But these algebras are of little interest, being 
neither normed (by virtue of the Hurwitz theorem) nor 
alternative (by virtue of the so-called generalized Frobenius 
theorem every alternative finite-dimensional algebra over 
the field IR is isomorphic to one of the algebras R, C, (H or 
Ca; see [12], for example). Moreover, the algebras are even 
not division algebras since using very powerful tools of 
modern algebraic topology one can prove (it was Adams 
who was the first to do so) that the dimension of a division 
algebra over Dl can have only the values 1, 2, 4 and 8 (there 
are division algebras of dimensions 4 and 8 distinct from 
algebras iH and Ca). 

For reasons we cannot now go into the group of automor¬ 
phisms Aut Ca of an algebra Ca is denoted by Gg 
Lie algebra Der Ca is by 92 accordingly. Since Ca Ls normed 
and dim Ca = 8, according to (3) 


G,czO (7) 
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and hence 

92 Cl go (7), 

where go (7) is a Lie algebra of skew-symmetric matrices 
of the seventh order. 

Unlike the preceding case, however, the algebra 92 
does not coincide with go (7), so that now we deal with 
some new Lie algebra (and new Lie group) we have not 
yet encountered. We prove that by calculating the dimension 
of 92 which turns out to be 14 (whereas dim go (7) = 21). 

The calculation of 92 is made by the method we already 
know. Every differentiation D ^ 92 is given by formula (5), 
where now and are quaternions. Do is some differen¬ 
tiation of the algebra [H and F is a linear operator [H [H 
satisfying identity (7). Assuming Fx = Px -{■ Qx*j, where 
X and P and Q are linear operators C C, we obtain, 
for P and Q, equations 

P (xy) = Px-y + Pyx, Q (xy) = Qx-y + Qy-x 

whose general solution is of the form 

Px = Uq Im X, Qx = bo Im x, 

where a©, fe© 6 C. Hence putting Fj = z© + Woj, where 
Xo, w;© 6 C, we see that a general solution of the functional 
equation (5) in [H is of the form 

(12) FI = (a© Im a: 4 - fc© Im ^ + Zoy) 

+ ( 6 © Im a; — a© Im ^ + ( 0 ©i/) /, 

I = X + yj, 

where a©, fe©, z©, w;© 6 C. A rather tedious, calculation now 
shows that the mapping D: Ca Ca defined by formula (5), 
where Z)© is some differentiation of [H, while F is mapping 
( 12 ) and Xo and yo are quaternions in is a differentiation 

of Ca, i.e. is in 92 , if and only if Xo — — i Re a© — (z© -f 
i Re bo) 7 . 

This proves the following lemma: 

Lemma 1. Every differentiation D of a Cayley algebra Ca 
is given by: 

(a) a differentiation Do of the quaternion algebra [H; 

(b) a quaternion y© satisfying the relation yo = —y^. 
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(c) four complex numbers Uq, bo, Zo, Wq- 
That differentiation acts by the formula 

D (i + ^e) = {Dol — Fy\+ r\Xo) + {FI + Dor\ + yor\) e, 

where F is a mapping [H ^ IH defined by formula (12) and 

Xo = —i Re ao — (zq + i Re bo) /. □ 

A differentiation Do is given by a skew-symmetric matrix 
of order 3 and hence depends on three real parameters, the 
quaternion yo also depends on three parameters and the 
quadruple a, fc, Xo, yo depends on eight parameters. There¬ 
fore the differentiation D is defined by giving 14 = 3 3 + 

8 independent real parameters. Hence dim 92 ^ 

In basis (11) a differentiation D is given by a matrix that can 
be represented in the following conventional but clear form 


• 

1 

• 

; 

k 

C f 


g h 




— ao 

^0 


Do 


— ^0 

— Wo 




— ^0 

do 

ao 


Co 

0 

—yo 

h 

Wo 

-do 

^0 

^0 + 2^0 


where Cq = fco + do = ao Woi and yo denotes an 
operator (from [H' to [H) of multiplication by (The oper¬ 
ator has a matrix 

-62 -63\ 

0-63 62 I 

63 0 -fe, r 

-62 61 0 / 

where b^i -f b^j + b^k = yo)- It follows that matrices in 
$2 are characterized among all skew-symmetric matrices 
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(aij) of order 7 by the following seven conditions: 

^32 + ^45 + ^76 = 

^13 ”t~ ^64 “h ^75 = 0» ^21 “f" ^65 + %7 “ 

(13) ^14 + age + a27 = 0, a^i + ^26 + ^73 “ 0, 

^17 ^42 + ^53 = ^61 + ^52 4 ~ ^34 = 0 . 

If a© = feo = 0 and 

/O 0 0\ 

^0 = 0 0 P I. 

\o -P 0/ 

i.e. if Di = 0, then the differentiation D will send to itself 
a subspace 5^* of Ca orthogonal to the elements 1 and i. 
That subspace is closed under multiplication by i and can 
therefore be considered as a vector space over C with a basis 
/, e, g. A direct calculation now shows that in that basis 
the differentiation D is given by the complex matrix 


/ —/7i —Zo —^0 

^ —Vo 

\ Vo Vo (p — bi)i 

where Vq = bgi and p and bi are real numbers. Since 
this is precisely the general form of skew-symmetric matrices 
of order 3 with a trace equal to zero, we see that differentia¬ 
tions D: Ca Ca for which Di = 0 constitute a subalgebra of 
92 which is isomorphic to a Lie algebra §u (3). 

The standard way of describing any finite-dimensional 
algebras is giving in some basis their structural constants, 
i.e. the coefficients of decompositions with respect to pair¬ 
wise products of the elements of that basis. Thus if e^, . . ., 
Cji is the basis of an algebra jl, then its structural 

constants Cij are defined by the formula 





i, 7 , k = I, 


The general number of those constants is n^. 

As applied to the Lie algebra 92 this method requires 
indicating 2744 = 14^ numbers, which of course is imprac¬ 
ticable. The situation is not improved by the skew-symmetry 
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of the constants with respect to i and / since even then there 

remain 1279 = 91 *14 = *14 constants. There is hope, 

however, that with an appropriate choice of basis these 
constants would exhibit certain regularities allowing them 
to be described in a satisfactory manner. It turns out that 
this can be really attained, the situation becoming especially 
simple after the complexification of the Lie algebra 921 

i.e. for the Lie algebra 9 ^ = 92 ® C) over the field C, 
which consists of complex matrices of order 7 satisfying 

conditions (13). Since going back from 9 ^ to 92 is easy to 
check, this gives us structural constants also for 92 . 

Consider the standard basis of the Lie algebra go (7) 
consisting of matrices 


E 


E 


[i, i] 


IJ 


E 


ji 


where i, 7 = 1, . . ., 7 and i<Cj- It follows directly from 
conditions (13) that all matrices 


Po=^[3, 2 ]+£'[ 6 , 7 ]) 
Pi=P[i, 3 ] +^[ 5 , 7 ], 
P2=^E[2, 1 ] +^[ 7 , 4 ], 
= 4 ] +^[ 7 , 2 ], 

^4 = ^[ 5 , 1 ] + £'[ 3 , 7]7 
^5 —^[ 1 , 7 ] +^[ 3 , 5 ]» 
^6 —^[ 6 , 1 ] +-^[ 4 , 3 ]» 


^0 = ^[4, 5] +^[6, 7]» 
^l = ^[6,4] + ^[5,7], 
Q2 = P[Q, 5 ] +P[7, 4 ], 
Q3 = P[S, 6] + £'[7, 2]7 

Q^ = E[2, 6] +£'[3, 7]. 

^5 = -^[ 4 , 2 ] +^[ 3 , 5 ]» 
= 2 ] + -^[ 4 , 3 ] 


are in 92 . Since these matrices are linearly independent, 
they constitute a basis (over the field 01) of the Lie algebra 92 . 
Particular attention will be paid to linear combinations 

( 14 ) H — aPQ-\-bQQ = aE[s^ 2 ] + ^£"[ 4 , 5 ] + ^^[ 7 , 6 ] 

of matrices P© and Qo, where a + fc + c = 0. Notice that 
[/^i, ^ 2 ^ = 0 for any elements and H 2 of the form (14). 
A direct calculation with matrices shows that 


IF, PJ ^ aP 2 + CQ 2 , [F, = {c-b )Q 2 , 

[F, P 2 I = -aPi - [F, Q 2 ] = (b-c) Q„ 


300 


Semester V 


[/f, jPg] — hPi^ + cQk', 
\H^ P4I = —3 
[H^ P5] = cPq 4" 

[H, Pq] -= —CP 5 — a^5, 


[H, Q3] = (c — a) (?4, 
[H, Q^] = {a — c) Qs, 
[H, Q5] = {a — b) Qq, 
[H, Q^] = {b — a) ^5, 


from which it follows at once that the elements 


- { 2 P, -Q,)±i ( 2 Pi - (?2), T^±i =-Q2± tQi, 

U±2~ — ^^4) 4 = i ( 2/^3 — ^3), V±2 = dti iQz'> 

C /^3 = ( 2 Pe -Q,)±i {2Ps - Q5). ^±3 = ^6 ± iQ, 

which constitutes the basis of the complexified algebra 
satisfy the relations 

[H, C/±J - ±iaU:ti. F±J = ±i {c - b) 

( 15 ) [H, C/iJ = ±ihU^^, [H, FiJ = ±i{c^ a) F^^, 

[H, U±^] = zizicU±Qj [jET, F^g] = zb^ — b) V±^, 

To write these relations more compactly, it is appropriate 
to introduce a two-dimensional real space 1)* conjugate 
to the two-dimensional space 1} of all elements of the form 
( 14 ). Let ^1, €2 be a basis of I)* conjugate to the basis Pq, Qo 
of 1 ). Then for every element ( 14 ) of 1 ) there are formulas 


K 

1 


16 ) (H) = a, 62 (H) = b, 


iff) 


c, 


where = —(^1 + ^2)* 

It is convenient (though not obligatory) to assume that 
a Euclidean structure and rectangular coordinates in which 

vectors Ci and €2 have coordinates 

( ) respectively are introduced into I)*. Then 

the vectors d=^i, ±^2» ±^3 together with d=/i, d=/27 dzfs^ 
where 

/l — ^2 /2 “ ^3 f S ~ ^2 


are radius vectors of the vertices of a regular star-shaped 
dodecagon. The collection of these twelve vectors in a 
plane will be called a configuration G2. 
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We associate now with every vector a £ Gg an element 
Za of the Lie algebra gp, putting 

if a = 

I Fife if a=±A. 

In view of relations (16) formulas (15) can then be written 
as the following single formula: 

(17) IH, XJ = ia (H) Zc. 

Elements Z^, a g Gg, together with any pair jETj, H 2 of 
linearly independent elements of fi constitute a basis of 

92 - Since by construction Z^ = Z_a» the basis of gg 
will be made up of the elements Hi, and elements Z^ + 

^-a» — ^-a)- Since the structural constants of the 

last basis can be expressed in terms of the structural con¬ 
stants of the basis Hi, H^^, Z^, it is sufficient for us to find 
only the latter. Since the brackets [Hi, Z^] and l^ 2 » 
are directly calculated by formula (17) and the bracket 
[^ 1 , H^] is known to be zero, all we thus need is to calculate 
the brackets [Z^, Zp] for all unordered pairs (a, P) of 
different pairs of Gg (the number of these pairs is 66). 

It is easy to see that every vector a 6 is uniquely 
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written as a == ae^ + 6^2 + where a + fc + c = 0 , 
the isomorphism i) induced by the Euclidean structure 

introduced by us into I)* sending that vector just to element 
(14) of the space I). Considering this we can denote element 

(14) also by a. An element a multiplied by will be 

denoted by Thus . In explicit form the 

I ^ I 

element is defined by the formula 

2 

(^^[ 3 , 2 ] + &^[ 4 . 5 ] + cEn^ 6 ]), 

since it is easy to see that | a 1 ^ = + c^. 

Proposition 1. For any vectors a, P 6 

(18) 

(19) [X«, Xpl =0, if and a + H 

( 20 ) [Xa, Xpl = A^a.p^a+p» ^ + P 6 Gg {hencc p ^ —a). 

Here iV*a,p are some integers whose absolute values are subject 
to the formula 

(21) l^a.pl -=/>+!, 


where p is the largest integer having the property that for every 
/ = 0 , 1 , . . /7 the vector P — ja is in the configuration Gg.D 

The proof of this proposition will be obtained in Semester 
VI using a general theory. For the present all we can do is 
to suggest that the reader should honestly verify the proof 
by a calculation in all 66 cases. 

Remark 3. That calculation will, of course, give us coef¬ 
ficients with different signs (there will result in all 

30 pairs (a, P) for which 0). We could formulate a 

rule defining the signs, but for one thing, it is quite com¬ 
plicated and, for another, it has no invariant character. 
The thing is that relations (17), (18) together with the 

equation characterize elements X^ up to sign. 

In this sense the elements are given in in an in¬ 

variant way without any arbitrariness. The choice of signs 
which affect also the signs of coefficients V^^.p, however, 
do not admit any invariant characterization. 
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With regard for this remark it can be said that Proposition 
1 gives a complete definition of structural constants of the 

Lie algebra (and hence of the Lie algebra 92 )• 

Algebras can be given by generators and relations as well 
as by structural constants. 

Proposition 2. The Lie algebra 9 p can be given by four 
generators Yi, X 2 , Y 2 satisfying fifteen relations 

iiXi, yj, 1X2,Y2]] - 0, iXi, yj - 0, [X2, yj = o, 
[[Xi, yj, xj - 2X1 = 0, [[Xi, yj, X2I + X2 - 0, 

[IX2, y^], XJ + 3 Xi = 0, 11X2, Y2IX2] - 2X2 = 0, 

liXi, yj, yj + 2yi = o, [[x^, yj, y2i - y2 = o, 

(22) [[X2, y^i, yj - SY, = 0, [IX2, Y2h Y2] + 2y2 = o, 

IX, ix„ X2]] = 0, [y^, [y^, y2]] = o, 

[X2, [X2 [X21X2, xjii] - 0, [y2, [y^, [Y2 [Y2, yjiii - o. 

Before giving a formal proof of Proposition 2 we discuss 
informally relations (22). 

Assuming by definition H, = —i [X„ Y,], H 2 = 

— i [X 2 , Y 2 ] and introducing numbers 

n,, = 7^22 “ ^12 “ ^21 “ 

we can rewrite relations (22) in the following form 

[Hp^ Hq] — 0 , [Xp, y^i = 0 if p = 7 ^ 

(23) [^p> Xq] = inp^qXq, [Hp^ qYq, 

(ad Xp)'^P9'+^ Xq = 0, (ad yp)^^^’^^ Yq = 0. 

It is in this form that we shall use them. 

It can easily be seen that relations (23) hold in 9p for 
Y, = X_^„ X 2 = x,„ y 2 = x_., (and H, = 
H 2 = Indeed, the first relation holds because, 

as was noticed above, the Lie bracket is zero for any elements 
in The second relation follows from formula (19) since 
fi — €2 = — 2^2 ^ ^2 and €2 — fi = 2^2 *“ ^3 $ ^2- The 

third and fourth relations are special cases of formula (17) 
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since 

a{H^)= [a, 


2 p \ _ 2 ((x. p) 

IPI" 



if a = p = /„ ^2 
if a = /i, P = e2 
if a = e2. P = /i 


(we use the identification I) = 1 )* here) and the last two 
relations follow from formulas (19) and (20) of Proposition 1 
since 

/i + ^2 — ^3 t Gg, but /i + ^3 ^ Gg, 

(24) ^2 /l “ ^3 ^ G27 ^2 ^3 “ —^1 6 G 2 , 

^2 — ^1 — —fz 6 G 2 , but ^2 — /s ^ Gg. □ 


If we consider a free Lie algebra ( with generators 

y 2 its homomorphism cp into 9 ^ defined by the 

formulas 


cp (Xi) = X,„ cp (X 2 ) - X.,, 


Cp {¥,) = X_,,, cp (^ 2 ) = 


then the statement proved will mean that the homomorphism 
cp nullifies the left-hand sides of all relations ( 22 ) and hence 

induces some homomorphism cp: I 9 ^ into the Lie 

algebra 9 ^ of the quotient algebra I of a Lie algebra 1 
mod the ideal generated by those left-hand sides. Proposition 

2 is now equivalent to the statement that the homomorphism cp 
is an isomorphism. It is in this form that we shall prove it. 
To avoid introducing unnecessary notation we permit 

ourselves to denote the elements of f by the same symbols 
as the corresponding elements of I. The symbol X ^ y 

means the proportionality of elements X and Y in { (i.e. 
they differ from each other by a numerical factor). 

Consider in the algebra ( the elements 

= [Xi, yj, i/2 = 1X2, y2i, 


X 


n 



X3 = [X2, XJ, 






X5 == [X2, X4] 

y3 == [y2, yj, 
== lY,, YJ, 




Xe = [X4, X3], 

Y, = lY^, ^ 3 ], 

Y, = [1^4, Y,l 


(25) 
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It turns out that for any two elements U, V in the list (25) 
the element [U, V] is either zero or proportional to some element 
in the same list. Indeed, by hypothesis, [Hi, H<^ == 0, 
[Hi, Xil Xi, [Hi;' XJ ^ X 2 , i = 1, 2. But if [H, U] ^ U 
and [H, V] ^ F, then by the Jacobi identity 

[H, [U, V]] = [[H, Ul V] + [U, [H, V]] ^ [U, V]. 


Hence by induction 

[Hp, Xq] ^ Xq 

for any q. Similarly, it can be shown that 

[Hp, Yq] - 


Further, by hypothesis [X^, Xg] = X3 and [Xi, X3] = 
[Xi, [Xi, X^ll = 0. Therefore [X^, X 4 ] - [[X^, X^], X 3 ] + 
[X2, [Xi, X3]] = 0, IXi, X5] = [X3, X4I = -Xe and 
[Xi, Xe] - 0. Since [X^, yj = H^, [Xj, Y^] = 0, we have 

[Xi, y3] = I[Xi, y^j, yj + [y^, [x^, yj] = -[[x^, yj, 

y^] - [i/i, y^j - y^ and hence [x^, y 4 ] = -[[x^, y 3 ], 
y^j = 0, [Xi, Y,] = 0, [X,: Ye] - [[Xi, Y,h YJ - 
[yg, y 4 ] = ys- A11 the other brackets are calculated in 
exactly the same way. □ 

It follows from the statement proved that the span of 

elements (25) is a subalgebra of the Lie algebra \ and hence, 
since it contains the generators Xi, Xg and Yi, yg, coin¬ 
cides with that algebra. In particular, this proves that 

dim t ^ 14. Now it is easy to prove Proposition 2. 

Proof of Proposition 2. It is immediate from the above 
results (see, in particular, formulas (24)) that the homo¬ 
morphism cp sends elements (25) to elements proportional, 
respectively, to the elements 

(26) Hf,, He,, X^„ X.„ X. 3 , X..„ 










(with regard to the elements Xq and Yq this follows from 
the equation — ^1 = / 2 )- Since elements (26) constitute 

a basis of the algebra 9 "^, it follows that the homomorphism 

92 is an epimorphism and hence, in view of the inequality 

dim ( ^ 14 = dim 9 ^, also an isomorphism. 

Thus we have studied the Lie algebra 92 practically 
from all possible points of view. 
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Identities in the octave algebra CsL^Subalgehras of the 
octave algebra CsL>The Lie group G^^The triplicity 
principle for the group Spin (8) •The analogue of the 
triplicity principle for the group Spin •The Albert 
algebra Al^The octave projection plane 


With the Lie algebra 92 studied, we can now turn to the 
corresponding Lie group Gg Ca. The results of the 

preceding lecture characterize up to a covering the algebraic 
construction of the component of the identity of the group G 2 . 
The main question, therefore, that remains to be discussed 
is that of determining whether Gg is a connected group 
and, if so, what its fundamental group is. 

To do this we must study in more detail the algebraic 
structure of the group Ca. 

Suppose first that is an alternative algebra. Replacing 
in the identity of alternativity (ab) b = a (bb) the element 
b hy X y, removing the parentheses and grouping similar 
terms we obtain the identity 

ax^y ay •x = a^xy + a^yx 

(for simplicity we write dots instead of parentheses). This 
method of obtaining one identity from another is called 
polarization (or linearization). 

Similarly, by polarizing the second identity of alter¬ 
nativity b (ba) = (bb) a we obtain, with the variables 
rewritten, the identity 

ax'y xa^y = a^xy + x^ay. 
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The first identity implies that the expression {ax) y — a (xy) 
(called the associator of the elements a, x, y) is skew-sym¬ 
metric in X and y, and the second that the expression is 
skew-symmetric in a and x. Then it is skew-symmetric in a 
and y, which yields a third identity of altcrnativity, 

ax •y yx*a = a •xy -]- y 'xa^ 

which, at y — a, assumes the form (ax) a — a (xa) (this 
identity is also known as the identity of elasticity). 

If the algebra like Ca, is in addition a metric algebra, 
then for any elements a ^ Jh and b = X + b\ where X ^ H 
and b' _L 1, we have (ab) (X -f b') — a*b {X b'), i.e. 
ab'b' = a^bb'. Hence ab'X — ab*b' = a>bX — a>bb\ i.e. 

ab'b = a»bb = a {b, b). Polarizing this identity we obtain 
the identity 

(1) ax>y ay 'X = 2 {x, y) a, 

a generalization of identity (2) of the preceding lecture 
(which results when a = i). 

Now let ^ be a normal algebra, i.e. let us have an identity 
(a6, ab) = (a, a) {b, b) in it. Then by polarizing the identity 
first by b = X y and then hy a = u u we obtain an 
identity 

(2) {ux, vy) -f {vx, uy) = 2 (iz, v) {x, y) 

which holds for any elements iz, i;, :r, ^ of a normed algebra 
(and hence in particular of an algebra Ca). 

Of particular interest to us is the subset of the vector space 
Ca' consisting of elements ^ such that | ^ | = 1. That set is 
a 6-dimensional sphere. It will be denoted by 5®. 

It can easily be seen that \ ^ if and only if = —1. 

Indeed, if ^ 6 Ca', then f = —| and therefore | I |^. 

Hence if | | | = 1, then ^ —1. Conversely if == —1, 

then I ^ I — 1 and hence = 1, i.e. ^ (—1) = —1 = 
Hence ^ i.e. ^ g Ca', and since | ^ | = 1, we have 

□ 

It follows from linearity that ^ g Ca' if and only if = 

-I ^ 1^ 

Now let a'^ be a unital (and therefore closed under con¬ 
jugation) subalgebra of Ca other than Ca and let £ be an 
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octave in orthogonal to Then for any element b ^ S/y 
the octave is orthogonal to Indeed, assuming in (2) 
= V b, X = ^ and y = a, where a 6 and con¬ 
sidering that {ab, 0 = 0 (since ab 6 and (0 1) = 0 
(by assumption) we at once see that (60 a) = 0 for any 
element a ^ SB • □ 

In particular, 6^ _L 1 (since 1 6 SB), so that 6^ = —60 
Besides, for any elements a, b ^ SB, 

(3) a-bt, = 6a-0 CL^•b = db*l>, 

aO^S = — ba. 

Indeed, assuming in {i) x = Z,, y = b and considering that 
^ _L 6 and hence ^ J_ 6, we obtain an equation 

aO^ + = 0, 

equivalent to the second of identities (3). In a similar 

fashion, assuming in (1) a = 1, x = a^ y — b^ = — 60 

we get 

—a-bZ, + bZ,-d = —2 (a, 60 = 0, 

and hence 

a-bl = bl^d, 

an equation equivalent to the first of identities (3) owing 
to the second identity already proved. Finally, with 6 £ [R, 
the third of identities (3) becomes aO^^ = —ba and hence 
reduces to the second identity. It suffices therefore to prove 
that identity only for 6 J_ 1. But in this case, by putting 

in (1) X = Z^ and y — b^Q = —6^ we get 

aO6S + (a.60S = -2 (0 60^ = 0, 

since it follows, for a = l, v = b, x = y = from (2) 
that (0 ^0 = (0 0 — 0* Hence, by the identities 

already proved, a^»b^ = —(6a) = ba = — ba, □ 

Now it is easy to see that SB is an associative algebra. Indeed, 
if a, 6, c 6 SB, then replacing in (1) a by 60 ^ by c and 
^ by a 2 we obtain an identity 

{bZ,-c)-al + {bl-ai) c = 2 (c, aQ-b^ = 0 
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equivalent to the associative relation {ab) c = a {pc) by 
virtue of identities (3). □ 

Now we are ready to prove our main lemma on auto¬ 
morphisms of an algebra Ca. 

An automorphism O: Ca Ca sends elements i, / and e 
to elements ^ = Of, r\ = O/ while ^ = Oe in such that 
T] is orthogonal to ^ and ^ is orthogonal to r\ and It 
turns out that the latter conditions are not only necessary 
but also sufficient for the existence of the automorphism O: 

Lemma 1. For any elements t], ^ ^ such that: 

(a) r| is orthogonal to 

(b) I is orthogonal to r| and ^t] there is an automorphism O 
{obviously unique) of an algebra Ca for which 

g = Oi, r\ — O/, ^ 

Proof. Since ^ 6 *5® and r\ 6 5®, we have = —1 and 

yf = —1, and since i J_ r|, we have ^t] = —r|^. Therefore 

^r| = T]^ = T]^ = —^T| and hence |r| 6 (since | gr| | = 

I I I'lri I = 1). Consequently (^r|)^ = —1. Besides, by 
alternativity ^ (|t]) = —t] and (|r|) r| = —I and, by putting 
in (28) u = 1= X = y\ and z/ = 1, we get (|t], 1) = 
(?» ?) (r|, 1) = 0, from which it follows that (^rj) g = 
—I (|t]) = T]. Since similarly y\ (^r|) = we see that 
multiplying any number of the elements ^ and r\ in any 
order we shall obtain only elements ±1, zbri and 

ih^r|. This means that elements of the form 

« + + ^ + a, b^ Cj d ^ 01, 

constitute a subalgebra of Ca which is of dimension 4 
and hence, according to the foregoing, is an associative 
algebra. Then it can be easily seen that the correspondences 
1 1, i f ^ y\, k ^r\ define an isomorphism of the 

algebra of quaternions !H onto the algebra 

Further, the ^element ^ orthogonal by hypothesis to 
elements 1, t]. and'^^p is orthogonal to^the entire algebra 

Therefore there^are identities (3) holding for it. Comparing 
identities (3) with formulas (1) we immediately discover 
that the isomorphism ->■ Si we have constructed can be 
extended to a homomorphism (in which ^ Q of an algebra 
Ca onto a subalgebra generated by the subalgebra [H and 
the element Since any nonzero homomorphism of a unital 
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division algebra is necessarily a monomorphism (if 
goes into zero where does go?) and since any mono- 
morphic mapping of a finite-dimensional algebra into itself 
is necessarily an automorphism (for an injective linear 
operator acting in a finite-dimensional space is bijective), 
it follows that we have constructed an automorphism Ca 
Ta sending elements i, /, e to elements t|, 

This completes the proof of Lemma 1. □ 

From Lemma 1 it follows, in particular, that the group 
Gg = Aut Ca acts transitively on 5®, i.e. that the mapping 
Gg defined by the formula O Oi is surjective. This 

means that the sphere G® is diffeomorphic to the quotient 
manifold GJK of the group Gg mod the subgroup K con¬ 
sisting of all automorphisms leaving the element i fixed: 

GJK ^ S^. 

For any automorphism O £ TiT the element r| = O/ in 
is orthogonal to an element i and hence is in some five¬ 
dimensional sphere G® (in the equator of the sphere G® with 
pole i). By Lemma 1, the mapping O i—► O; of the group K 
onto is surjective. Hence 

KIL ^ S\ 

where L is a subgroup of K consisting of automorphisms 
leaving the element j fixed. 

For automorphisms O in L the element ^ in is 

orthogonal to elements i, /, k, i.e. it is in some three-dimen¬ 
sional sphere cz G®. By th same Lemma 1, the mapping 
O is a diffeomorphism of the group L onto the 

sphere S^: 

L » 53. 

In topological terms this means that the group Gg stratifies 
over 5® into manifolds diffeomorphic to K which in turn 
stratify over a sphere into three-dimensional spheres 53. 

Proposition 1. The group Gg is connected and simply con¬ 
nected. Every Lie group locally isomorphic t Gg is isomorphic 
to it. 

Proof. The first statement is immediate from th obtained 
results by virtue of Lemma 2, Lecture 1, the corollary to 
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Lemma 1 of Lecture 9 and Proposition 7 of Lecture 12. 
The second statement means that {^2 has no nontrivial dis¬ 
crete invariant subgroups. Since (Lemma 6 of Lecture 9) 
all discrete invariant subgroups of a connected Lie group are 
contained in its centre, to prove the statement it suffices 
to establish that the centre of Gg is trivial, i.e. that the 
automorphism O© of an algebra Ca commutative with each 
of its automorphisms O is necessarily an identity automor¬ 
phism. If Oo is commutative with O and if O ^ K, i.e. 
Oi == i, then O (OqO = OqL It is, however, immediate 
from Lemma 1 that the last equation is possible for all 
elements of the group K only when 0©^ = L In a similar 
fashion it can be proved that O©; == /. Hence O© = id. □ 

In view of the simple connectedness of the Lie group Gg 
its algebraic structure is completely determined by the 
algebraic structure of 92 studied above. 

Remark 1, As already noted in Lecture 14, the subspace T' 
of the algebra Ca orthogonal to the elements 1 and i is a 
vector space over the field C with a basis /, e, g. The scalar 
product in Ca defines in 5^ a Hermitian scalar product with 
respect to which the basis /, e, g is orthonormal. Any auto¬ 
morphism O: CaCa which leaves i fixed, i.e. which is 
in the subgroup defines an operator TT linear over C. 
This operator preserves the scalar product, i.e. it is a unitary 
operator. Since its determinant is readily seen to be equal 
to unity, the group K is thus identified with some subgroup 
of the group SU (3). It is immediate from Lemma 1 that 
in fact the group K coincides with the entire group SU (3). 
Thus it may be assumed that SU (3) c: Gg, with Gg/SU (3) « 
5®. The Lie group \ of the group K consists of differentiations 
D for which Di — 0. This proves anew that these differentia¬ 
tions constitute a Lie algebra isomorphic to the Lie algebra 
(3). 

An algebra Ca can be used to study the group SO (8) as 
well, since every element of SO (8) may be assumed to be 
an orthogonal operator Ca Ca. Here it is more convenient, 
however, to go from the group SO (8) to its universal covering 
group Spin (8). 

The results to be presented below concerning the groups 
Spin (8) and Spin (9) are due to Jacobson, 
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Ignoring in Ca multiplication, i.e. considering Ca 
simply as a Euclidean space we can construct Clifford algebras 
C1+ (Ca) and Cl (Ca'). Thus elements i, j\ k, e, f = ie, g = 
je^ h = ke will now be generators of Cl (Ca'). In this capacity 
we shall denote them, following Lecture 13, by . . ., e^. 
In Cl-I- (Ca) we add to these generators yet another one, 
the identity element of the algebra Ca. Deviating some¬ 
what from the notation adopted in Lecture 13 we shall 
denote that additional generator by Cq, 

According to the remark to Proposition 8 of Lecture 13 
the algebra Cl (Ca') is isomorphic to C1+ (Ca), with the role 
of in the isomorphism of that remark now being played 
by ^01 of course. Thus the isomorphism will be defined by 
the formula 

{ Bj, if |/| is even 

o>+ (^j) = 1 - 

t e^ej, if |/| is odd, 

where / is a subset of the set (1, . . ., 7). 

The vector space Ca is, by definition, embedded into the 
algebra C1+ (Ca). We shall assume it to be embedded into 
Cl (Ca') as well by identifying for this purpose its identity 
element with the identity 1 of Cl (Ca'). It is easy to see 
that by this identification, for every element of C1+ (Ca) 
of the form where w 6 Ca, 

{CqU) = u. 

Indeed, i{ u = ^ » where X ^ K and u' g Ca', then 

BqU = X + Bqu' and therefore (^o^) — X u = 

^4-w'= 1 / (conjugation is regarded here as conjugation 

in C1+ (Ca) rather than in Ca, so u = u). □ 

In view of the alternativity of Ca, for any elements x 6 Ca 
and u ^ Ca', 

{xu) u — x-u^ = —\ u X 

(recall that = —\ u if u ^ Ca'), which implies that 
for a linear operator R^: x xu, u g Ca', we have 

Rl = —\u p E, 
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Therefore the correspondence u is extended to some 

homomorphism 

R: Cl (Ca') End Ca, 

where End Ca is the algebra of all linear operators Ca-> Ca. 

Since for any element ^ = X -f w' £ Ca c: Cl (Ca') we have 
/? (A, -f w') = + Ru' = the homomorphism R is 

an extension of a R^ for any ^ Ca as well. 

In a similar fashion we can prove the existence of such 
a homomorphism 

L: Cl (Ca') End Ca, 

Lit = Lj^: X ux for any element u £ Ca. 

Since the algebra Cl(Ca) is identified with C1+ (8) and 
the algebra End Ca with the algebra [R(8), this gives rise 
to two composition homomorphisms 

(4) Spin, (8) 6 Cl« (8) 

n, L 

= C1» (Ca) 4. Cl (Ca') End Ca= K (8). 

Since (e^u) = u, associated with every element of 
Spin (8) of the form BqU, where w 6 ^ Ca, is the operator 

IRit* Ca~>-Ca for one of these homomorphisms and the 
operator L^: Ca Ca for the other. Since \ u \ = I and Ca 
is normed, these operators are orthogonal. As elements of 
the form e^u, u g generate the group Spin+ (8), this 
proves that homomorphisms (4) map the group Spin+ (8) 
into SO (8) (or, without making the last identification, 
into the group Ort Ca of orthogonal operators Ca Ca). 

Elements of SO (8) (or Ort Ca) which are the images of an 
element a 6 Spin+ (8) under homomorphisms (4) will be 
denoted by and respectively. 

According to the above calculations, if a = {e^u^) . . . 
(^o^r)> where w,. 6 then 

(i^ = Rjj^^ o • . . o Rji^ and ° ° 

Remark 2. It follows immediately from the general theory 
of matrix representations of groups Spin (/?) that homo¬ 
morphisms ai-> and a ^ are equivalent to semispinor 
representations of the group Spin (8) Spin+ (8) (see 
formula (20) of Lecture 13 for m = i) which, we notice, 
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having a discrete kernel, are in this case coverings (obvious¬ 
ly, double ones). However, this equivalence is easy to 
prove directly as well (one should only keep in mind that 
exactly representations (20) of Lecture 13 will result if for 
the identification C1+ (8) = C1+ (Ca) one takes as basis 
elements of Ca the elements e,h, g, i, /, —/, k and for the 
identification End Ca = Tl (8) one takes the elements —1, i, 
—/, — k, e, /, g, h). We shall not need this equivalence and 
therefore shall not prove it. 

Besides homomorphisms and a we also have 

the homomorphism (po*. Spin+ (8) — SO (8) in Proposition 4 
of Lecture 13 which associates every element a 6 Spin+ (8) 

with an orthogonal operator (po ia): x^axa acting in the 
vector space Ca. This operator will now be denoted by 
Since Kercpo={l, —1}, we have (—a)^ = and, in 
particular, (e^uY ~ On the other hand, = 

with a symmetry with respect to the hyperplane 
perpendicular to a vector u (see proof of Proposition 4 in 
Lecture 13). But by formula (2) of the preceding lecture, for 

any octaves a:, 6 Ca we have uxu = uxu = (2 (i/, x) — x\i)u 

(conjugation in Ca) from which it follows at | | = 1 that 

uxu — — u^ (x), i.e. that uxu = (^) since e^x = 

— X, Introducing an operator x\-^uxu, i.e. an operator 
Tjj^ ~ o Lu = o we thus obtain = u^e^ and 
hence = {uBqY — (^o^)^* Therefore if a = (^o^i) • • • 
(eQUr), then 

— Tui o . . . o Tuj. 

as well as for the operators and a^. 

Lemma 2 (central Moufang identity). In every alternative 
algebra there is an identity 

( 5 ) u^xy*u = ux*yu. 

Proof. In view of the identities of alternativity and elastic¬ 
ity there is an identity 

y^x-ij = (y-yx) y = y (yx-y) = y (y-xy) = y^-xy 

and hence, in view of the skew-symmetry of the associators, 
an identity 

xy^'ij = x-y^t 
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i.e. an identity 

x-y^ = (xij-y) y. 

Polarizing this identity by y, i.e. putting y = a h and 
grouping similar terms, we obtain an identity 

x*a^b 4* x*ba^ + x-aba -f- x-bab + x-ab'^ -f x-b'^a 

= xa?*b xb-a^ + {xa^b) a + {xb*a) b xa-b^^ xb^-a. 

By the skew-symmetry of the associators, the sums of the 
two first terms in each row are equal. For the same reason 
so are the sums of the last two terms. Therefore 

x*aba -f x*bab = (xa-b) a -f- {xb*a) b. 

Replacing b by Kb, where X g [R, reducing by K and putting 
= 0 we obtain an identity 

x-aba = {xa-b) a 

called the right Moufang identity. 

By this identity and the skew-symmetry of the associators, 

ab-xa — a-bx-a = ab»xa — (ab-x) a + {ab-x — a-bx) a 

= {x-ab) a — x-aba {xa-b — x-ab) a 

= {xa-b) a — x-aba = 0, 

which differ only in notation from identity (5). □ 

Lemma 2 implies that 

Til {xy) = LyX- Ryy, 

from which by virtue of the formulas for a^, a^ and a^, 
proved above, we get by induction 

a^ {xy) = a^x-a^y 

for any octaves x, y ^ Csl and any element a 6 Spin+ (8). 

Now we can go from the group Spin+ (8) to the group 
Spin (8) isomorphic to it. Denoting by a+ an element in 
Spin+ (8) corresponding to any element a in Spin (8) and 
putting a^ = a^, where K — T, L, R, we obtain the 
following proposition: 

Proposition 2. For an element a 6 Spin (8) there is an 
identity 

qT {xy) = a^x-a^y, x, y ^ Ca, 
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This proposition is called the triplicity principle for the 
group Spin (8). 

Remark 3. As we know, the homomorphism is a 

covering, and according to Remark 1 so are the homomor- 
phisms a and a a^. For any K= T, L, R therefore 

the homomorphism a induces an isomorphism of the 

Lie algebra f (Spin (8)) onto ( (SO (8)) = go (8). Iden¬ 
tifying these Lie algebras by means of the first one of these 
isomorphisms we obtain from the remaining two some auto¬ 
morphisms of the Lie algebra go (8). Denoting by and 

images of a matrix A 6 §0 (8) under those automorphisms 
we have, as can be easily seen, an identity 

(6) A^x-ij + x-A^ij — A (xij), X, ij ^ A ^ §0 (8). 

This is called the infinitesimal principle of triplicity. 
Its direct proof is available in [11]. 

The following proposition can be regarded as the converse 
of the triplicity principle. 

Proposition 3. If orthogonal operators A, 5, C: CaCa 
have the property that 

A (xy) = Bx-Cy 

for any octaves x, y ^ Ca, then those operators are necessarily 
unimodular {i,e, they are in SO (8)) and there is one and only 
one element a 6 Spin (8) for which 

(7) A = ar, B = a^, C = a^. 

Proof, If A 6 SO (8) and so there is an element a 6 Spin (8) 
such that A = a^, then xy = B'x-C'y, where B* == (a^)"^ o 
B and C" = (a^)"^ o C, Then B'x — xb, with b = (C'l)"'^, 
and C'y = cy, with c — (5'1)"^, and hence 

xy = xb-cy. 

Setting here a; = y = 1, we get fee = 1, and replacing x 
by xc — xb'^ we get xc^y = x^cy. It is easy to see (taking 
as X and y all possible basis elements of the vector space Ca') 
that, with X and y arbitrary, that equation is possible only 
when c ^ [R, i.e., the operator C' being orthogonal, when 
c = zbl. If c = 1, then the element a satisfies relations (7), 
and if c = —1, then it should be replaced by —a. The 
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uniqueness of this element is obvious (for if then 

a = zkb and therefore — zkb^)- 

Notice that the operators B and C liave turned out to be 
in the group SO (8). To complete the proof therefore it only 
remains to be shown that the inclusion A ^ 0 (8)\SO (8) 
is impossible. Without loss of generality we may clearly 

assume that A: x-^x^ i.e. that Bx*Cy = xy. Then Bx = 
xb, with b = (Cl)"^, and Cy = cy, with c = i.e. 

xb-cy — xy and hence (with x replaced by x and y by y) 

xb-cy — yx. 

It follows for X = y — i that he = I and hence x>cy — 
y-xc. In particular, cy = yc for all y g Ca, which is possible 
only when c ^ K. Therefore xy = yx^ which is absurd. Hence 
the case A ^ 0 (8)\SO (8) is impossible. □ 

Remark 4. A similar converse is possible for the infinites¬ 
imal principle of triplicity (6) as well: if A, B, C are skew- 
symmetric operators Ca Ca such that 

A {xy) — Bx^yA' X'Cy for any x, y ^ Ca, 

then B = A and C = A^. Indeed, for the operators B' = 

B — A^ and C' = C — A^ there is an identity B'x^y = 
— x*C'y, from which it follows that B'x = xb, with b = 
—C'l, and C'y = cy, with ^ = — B'i. Thus xb-y = — x^cy, 
from which it follows for x = y = I that b = —c and 
hence xb>y = x*by. Therefore b ^ K, i.e. the operator B' 
is diagonal. Hence, by virtue of skew-symmetry, B' = 0 
and therefore C' = 0. □ 

The analogue of the triplicity principle holds for the 
group Spin (9) as well. To obtain it we introduce vector 
spaces Ca® = IR 0 Ca and Ca^ == Ca © Ca. To avoid 
confusion with a scalar product the elements of the vector 
space Ca^ will be denoted by {^, q}, where r| 6 Ca, and 
accordingly the elements of Ca® will be denoted by (r, p}, 
where r 6 IR, p 6 Ca. 

We associate every element x = {|, q} of Ca^ and every 
element u = {r, p} of Ca® with an element xu of Ca^ defined 
by the formula 

XU ={—rl -f pq, rr] -f |p}. 
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Clearly, this multiplication is bilinear (over R) and has 
the property that if xu = xv for all x 6 Ca^, then u — v 

(if —rg 1- pT] — —5^ 4 Gi] for all ^ and t], then —— 

—5^ and tliereforc r = s and p^ Gr\ and therefore p -- o). 

Lemma 3, For any elements x 6 Ca‘^ and u, v ^ Ca® there 
is an identity 

( 8 ) xu^v = — xv^v^u, 

where is as ever a symmetry in the hyperplane perpendicular 
to the vector v. 

Proof, Let u ={r, p}, v ={ 5 , a}. Clearly, it may be as¬ 
sumed without loss of generality that u and v are unit 
vectors, i.e. vectors satisfying the relations + | p p — 1, 
s'^ \ a \^ = I, Then v^u = {r — 2 {u, v) s, p — 2 (a, v) g}, 

where 2 (u, v) = 2rs + pa + ap. 

By virtue of its linearity it suffices to prove identity (8) 
only for x ={^, 0} and x = {0, t]}. But if x 0}, then 

xu = { — r^, Ip}, XV —{ — s^, la}, 

xu-v = {rsl-\-G-pl, ^Ip —r|a} 

and 

xv-v^u = {(r — 2{u, v)s)s^ 

+ (p —2(i/, v)g)-gI, (r —2 (u, v)s)lo 

— 4(p~2(j^, z;)a)} 

= {rs^ — 2{u, i;)5^^ +p-a^— 2 (w, v)goI, r%G 

— 2(w, v)sIg — sIp + 2{u, i;)4a} 

r={[rs — 2{u, z;) ( 52 +|a| 2 )] ^ + p.a^, r|a—4p}, 

and hence (since rs — 2 (u, v) ( 5 ^ + I cr |^)= rs — 2 {u, v) — 
—rs — pa ~ ap) 

xu'V + xv*v^u ={a*p^ — ap*^ + pa»^ — p’cr?7 0}» 

which is equal to {0, 0} by virtue of the skew-symmetry of 
the associators and because of the obvious fact that when 
one of the elements is replaced by its conjugate the associator 
changes sign. 
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The case x = {0, r)} is considered in a similar way. □ 
Now associate every element u 6 Ca® with a linear 
operator R^: xu acting in the space Ca‘^. Since, as can be 

shown by a direct calculation, xu^u = \ | x for any 

elements x 6 Ca^, u 6 Ca®, i.e. Ri = \ \ £*, the linear 

mapping u Ru of the space Ga® into the algebra of 
linear operators End Ga^ can be extended uniquely to some 
homomorphism of algebras 

R: C1+ (Ca®) -> End Ca^. 

Since the algebras C1+ (Ca^) and End Ca^ can be identified 
with C1+ (9) and K (16), respectively, there arises a com¬ 
position homomorphism 

(9) Spin+ (9) c= C4 (9) = Cl (Ca®) -t End Ca^ = ft (16). 

If u =={r, p} g 5® d Ca®, i.e. -f- | p |^ = 1 and x = 
1 g, T] I 6 Ca2, then 

\xu\^=\{■^rl+p^, rT]+lp}|2 

= (— + pil) (— +'np) + (^11 + ip) (^'H + P^) 

= r2^| — • r|p — rpT] • |+ pr) • T]p 

+ r^y\r\ + rr] • p^ + rip* rj + |p- p5 

= (r2+ |p|2)(|^|2_j_ \x\^ + rz, 

where 


z= —g-Tlp — pTl-l+Ti-pg+gp-r). 

But putting [^, T]] = —Til and (^, t], Q = — I-riS, 

is easily seen to yield 

z=^ly]P, ^1 —('n» Pi i) + [l, Ml + d, p, V)- 

As was noted earlier, when any element is replaced by its 
conjugate the associator (g, rj, Q changes sign. Therefore 

(I, P, 'n) = —{I, p, r\). Similarly [|, pr)] = fl, ripl = 
15, r|p]. Therefore 

2 [tip, 1] + [^, Tip] — (t), p, 1) — (I, p,y]) = 0 
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due to the skew-symmetry of the associators. Thus \ xu = 

\ X This means that the linear operator = Ru is 
orthogonal, from which it follows immediately that homo¬ 
morphism (9) sends the group Spin^, (9) (even pin+ (9)) to 
SO (9). 

The image of an element a 6 Spin+ (9) in SO (9) under 
the homomorphism (9), interpreted as an orthogonal operator 
in the space Ca^, will be denoted by a®. 

Remark 5, The homomorphism is a spinor repre¬ 

sentation of the group Spin^ (9) ^ Spin (9), but we shall 
not need this fact and shall not prove it. 

The image of an element a 6 Spin+ (9) under the homo¬ 
morphism q)o: Spin+ (9) SO (9) in Proposition 4 of 
Lecture 13, interpreted as an orthogonal operator in the 
space Ca^, will be denoted by a^. 

Besides, as above, for any element a ^ Spin (9) we set 
and — aj, where aj^ is an element of Spin+ (9) 
corresponding to the element a under the isomorphism 
Spin (9) ^ Spin+ (9). Then the following proposition holds: 

Proposition 4. For an element a g Spin (9) there is an 
identity 

(10) a^ (xu) — x 6 Ca^, u 6 Ca®. 

Proof. Since the group Spin (9) is generated by elements 
of the form vw, where u, w ^ cz Ca^, it suffices to prove 
identity (10) only for a = vw. But by Lemma 2 and the 
definition of the homomorphism R 

{vw)^ (xu) = {v^ o w^) (xu) — {Rjj o R^) {xu) 

= Rjj (xu-w) = Rjj {-xw-w-^u) 

= — {xw-w^u)>v =1 {xw-v)>v^ {w^u) 

= {Rjj o RJ) X-{v-^ o w^) u 
= (vw)^ x-{vw)'^ u 

(recall that (vw)'^ = v-^ ow^). □ 

The analogue of Proposition 3 also holds: 

Proposition 5. If orthogonal operators A: Ca®-^ Ca® and 
B: Ca^ -> Ca^ have the property that 

(11) B {xu) = Bx^Au 
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for any elements x 6 Ca^ and u 6 Ca^, then they are necessarily 
unimodular and there is one and only one element a ^ Spin (9) 
for which 

(12) A^a^, B = a^. 

As a preliminary we prove the following lemma: 

Lemma 4. If B is an orthogonal operator Ca^ Ca^ such 
that 

(13) B (xu) = Bx-u 

for any elements x £ Ca^ and w 6 Ca (i.e. for u ={0, p}, 
where p 6 Ca), then B = ±E, 

Proof, Let 


{Cl, c,l} if X = {1, 0}, 
{Z)iTi, D^} if a;=:{0, tj}, 


and hence 

Bx ={Cl + Dir\, Cil +i)Ti} if x 6{|, r]}. 

In this notation relation (13), with u ={0, p}, becomes 


{<^(p. 11)+A (ip). C'i(p, Tj) + Z)(|, p) 

= {p (C’li+^n). (^^I+Aii)p}, 


from which it follows (first assuming § = 0 and then t] = 0 ), 
that 

C(pTi) = p-5^j, Ci(pii)=^.p, 

A(ip) = P'C’ii. ^(lp) = Ci-p. 

When p = 1 this yields 

and hence (replacing p by p and rj by ^) 

(14) C(pg) =p.Cg, Ci(pS) = Cl^p. 

Therefore Cp = pc and C^p = c^p, where c = Cl, = 
Cjl, and hence identity (14) assumes the form 

pg-c = p-lc, c^^pl = Cip*g. 
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As we already know, the first identity yields c g [R, But 
assuming in the second identity — u ve, p = w and 
^ = e, where u, v, w ^ IH, and considering that {u + ve)x 

we = —wv + wu-e and (u + ve) e»w — —wu — wv*e, we 

obtain in the algebra IHI relations wu = wu, wu = —wu 
possible for any w only when u u = 0, i.e. for q = 0. 
This proves that = 0 (and hence = 0) and that the 
operator C coincides with D and is an operator of multi¬ 
plying by a real number c. Hence the operator B is also an 
operator of multiplying by c, which by virtue of the orthogon¬ 
ality of B is possible only if c = ±1. □ 

Proof of Proposition 5. If the operator A is unimodular 
and so there is an element a 6 Spin (9) such that A = 
then relation (13) holds for the operator B o (even 

for any u) and hence by Lemma 4 5 = = (it«)^. 

Since (—a)^ = this proves equations (11). The uni¬ 
queness of a in (11) follows from the fact that is 

possible only if fc = ±a and (— a)^ = —a^ 

To complete the proof of Proposition 5 it thus remains 
to be established that identity (11) may hold only for a 
unimodular operator A, But if this identity holds for some 
nonunimodular orthogonal operator A, then it obviously 
does so for any other such operator (with a different B of 
course). It suffices therefore to arrive at a contradiction 
with the supposition that identity (11) holds for the oper¬ 
ator A: u^Uy where u ={— r, p}, if u ={r, p}, i.e. the 
supposition that there is an orthogonal operator B: Ca^ Ca^ 
such that 

(15) B (xu) == Bx-u. 

When u = {0, p} identity (15) coincides with (13) and so by 
Lemma 4, fi = ±E. Hence (15) is equivalent to the identity 

XU = xu which yields an absurd equation u — u. This 
completes the proof of Proposition 5. □ 

Besides the octaves themselves one can consider, for 
example, matrices whose elements are octaves. Since there 
is a conjugation in the algebra Ca, for any octave matrix X 
a Hermitian conjugate matrix X* is defined that results from 
the transposed matrix if all its elements are replaced 
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by conjugate octaves. By analogy with the complex case 
the octave matrix X for which X* = X is called Hermitian. 

On defining the product Xl" of octave matrices X and Y 
by the usual formula we at once see (after a calculation re¬ 
peating completely the corresponding calculation for com¬ 
plex matrices) that for any octave matrices X and Y, just 
as for complex matrices, there is an equation (XY)* == 
y*X*, from which it follows immediately that the col¬ 
lection of all Hermitian octave matrices of a given order n 
is an algebra under the Jordan multiplication 

That algebra is a commutative and unital one. Its identity 
element is the unit matrix E, 

We study the algebra for n = S, It derives its name A1 
from the American mathematician Albert who was one of 
the first to pay attention to it. 

Remark 6, The operation of Jordan multiplication has 
meaning in any algebra. It is obviously commutative and 
in an associative algebra it satisfies the identity 

(16) (x^ O y) O X — O (y o x), 

where x^ = x o x = xx. Algebras with commutative mul¬ 
tiplication that satisfy this identity are called Jordan 
algebras, (Incidentally, identity (16) holds in any alternative 
algebra, as was shown above in the proof of Lemma 1; there¬ 
fore the commutative alternative algebra is Jordan.) Of 
course, since the octave algebra is nonassociative, there are 
no general reasons for the algebra of octave Hermitian ma¬ 
trices of order w to be a Jordan algebra. Nevertheless it turns 
out that because of the alternativity of the algebra Ca this 
algebra is nonetheless Jordan for w ^ 3, it being impos¬ 
sible, as was shown by Albert, to obtain it from any associa¬ 
tive algebra for n = S, This accounts for the particular role 
of A1 and for our interest in it. We shall not need, however, 
the Jordan property of A1 and shall not prove it. 

Any element X of A1 can be represented uniquely as 

(17) X = a^E^ + a,E, + a.E^ + {I,) + (^2) + X3 (^3), 

21* 
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where 

/I 0 0\ /O 0 0\ /O 0 0\ 

0 0 0 , £:2 = 0 i o , ^3= 0 0 o| 

\0 0 0 / \0 0 0 / \0 0 1 / 

and 




0 0 

0 0 0, 
i 0 0/ 



0 0 , 
0 0 / 


and, as is shown by calculation, 

f Ej if 7 = i, 

/ A 0 \ n TTt \ J ^ 


(18) 


_ I Ef It 7 = 1 , 

^-| 0 if /^i. 


(19) 


EfO E 


f 0 if 7 = i, 


(20) X,a)oX 




(I, r\)(E-Ei) if j==i. 


+2 (I'n) if 7 = ^ + 1 


(it is implied in the last formula that the indices are reduced 
mod 3; since by this convention i = / + 1 with 7 = i + 2, 
the case / = i + 2 reduces to the case 7 = i + 1 ). 

This completely defines the algebraic structure of Al. 

One of the most important characteristics of an algebra 
is the structure of the set of its idempotents^ i.e. of elements 
X for which = x. For the algebra Al we shall study the 
set of all its idempotents X whose trace Tr X is 1. Such 
idempotents will be called primitive idempotents. 

For element (17) the condition Tr X = 1 implies that 

(21) + ^2 + ^3 = 1 


Lecture 15 


325 


and the condition = X is reduced to six equations 

+ I ^i+i 1^ + I ^1 + 2 1^ = 
i = 1, 2, 3 mod 3, 

^i + 2 ii+l + i^i + l + ^i + 2 ) Si = Si? 
equivalent by virtue of equation ( 21 ) to the equations 

(22) Uf {ai+i + ai+ 2 ) = I Si+i P + I Si+2 

i = 1, 2, 3 mod 3. 

(23) aili = 

It follows from equations (23) that Ui | 
and at the same time that ^i I Si 1^ — Si+iSi+ 2 Si* Hence the 
real number K = + 1 ^ 1+2 remains unchanged when i 

is replaced by i + 1 and hence is the same for all i, with 

(24) Ui \ \^ — X for every i = 1, 2, 3. 

Now it can be easily seen that 

(25) I 5i 1^ = ^i+i^i +2 for i = 1? 2, 3 mod 3. 

Indeed, multiplying equation (22) by aiJ^iai +2 yields by 
virtue of (24) the equation 

^i^l + l^i + 2 (^i+l + ^i + 2 ) ~ CLi + 2^ + di+lX^ 

from which it follows that X = if ^i+i + ^i +2 ^ 

0, i.e. ^ 1. Hence if in addition 0, then (25) follows 
from (24). If, however, = 0 or + ^i +2 = 0, then 
it follows immediately from ( 22 ) that = ti +2 == 0 , and 
hence (25) follows from relation (22) for all i + 1. □ 
Conversely, if conditions (25) hold for all i, then for all i 
conditions (22) do. This proves that a matrix X ^ A\ is a 
primitive idempotent if andfonly if its elements satisfy con¬ 
ditions (21), (23) and (25). 

Notice that it follows immediately from (25) and (21) 
that for any i = 1 , 2 , 3 we have the inequality ai > 0 . 

It can be shown without much difficulty that with 
S 2 ? S 3 6 C equations ( 21 ), (23) and (25) define a manifold 
diffeomorphic to a complex projective plane CP^ (the difteo- 
morphism [z^ : Zg • ^ 3 ] ^ (li, ^ 2 ? Sa? ^ 2 ? ^ 3 ) is defined by 
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the formulas 

£ __ ^i-t-l^i +2 _ _ _ \^i\^ _ 

UiP+Iz2p+h3P ’ 

where i = 1, 2 , 3 mod 3) and with ^3 6 H they define 

a manifold diffeomorphic to a quaternion projective plane 
[HP^ (a projective w-dimensional space over an algebra A 
is defined for any associative division algebra A, and in 
particular for an algebra of quaternions !H, as a factor set of 
the set modulo the proportionality relation of 

vectors; the associativity is necessary for the transitivity 
of this relation). That is why the set of all primitive idem- 
potents of an algebra A 1 is called an octave projective plane 
and symbolized CaP^. (There are also deeper reasons for 
this terminology; thus, see [11], one can define in Ca 
“straight lines” that are in fact 8 -dimensional spheres for 
which the incidence axioms of projective geometry are 
true; but all this is beyond the scope of our presentation.) 

Let ?/£, j = 1, 2, 3, be an open subset of Ca P^ consisting 
of points (^ 1 , ^ 3 » ^i> ^ 3 ) for which a^ ^ 0. It is easily 

seen that that set is diffeomorphic to the product Ca X Ca 
(for i = 3, for example, the diffeomorphism Ca X Ca 

? ^ - 

52 1+|T1i|2+| TI 2 |2 ’ 

. 1^1 IV - 

l+|r]il 2 +|r] 2 p’ 

__ 1 _ 

1+1 T)i |*+| TI 2 1“ ’ 

where rji, r |2 6 Ca) and is hence simply connected. Since the 
intersections fl U 2 and {U^ fl U<^ fl C ^3 are obviously 
connected (the former is diffeomorphic to the product 
Ca X (Ca\{0}) and the latter to (Ca\{0}) X (Ca\{0})), 
Ca P^ = C/i U U from which it follows that the 
octave projective plane Ca P^ is a connected and simply con¬ 
nected manifold (of dimension 16). 


is given by the formulas 

£ ^_n 2 _ 

l + l%P+|ri 2 l*’ 

£ %% 

1+1 ■ni l*+l 1121®’ 

a _ 

^■" 1+1 T ), 1^+1 % I *’ 
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Scalar products in the algebra AX*Automorphisms and differ¬ 
entiations of the algebra A1 •Adjoint differentiations of the 
algebra A\*The Freudenthal theorem •Consequences of the Freu- 
denthal theorem •The Lie group Fi^^The Lie algebra f 4 * The 

structure of the Lie algebra 


The statement that for an element X of the algebra Al, there 
is an equation 

Z - a^E^ + a^E^ + a^E^ + + Z^ {U) + Z3 (^3) 

(see formula (17) of Lecture 15) implies that the vector 
space Al is a direct sum of three vector spaces K and three 
vector spaces Ca (so that in particular dim Al = 3 + 3 *8 = 
27). Since vector spaces K and Ca are Euclidean, it follows 
that a Euclidean structure (a scalar product) is defined in 
the vector space Al as well. For the norm (the length) | Z | 
of an element Z of Al we have the formula 

(1) \X\^=^al+ al + fl| + I + I ^ II3 |2. 

The scalar product (Z, Y) of elements Z, Y of Al can be 
expressed in terms of their Jordan product by the formula 

(2) (Z, Y) =Tr(Xo Y) 

which can be immediately verified by a direct calculation. 

From this formula it follows in particular that the idem- 
potent X ^ A\ is primitive if and only if \ X \ =1. 

Note that we introduce no conjugation into Al, so that 
Al is not a metric algebra. Nor can it be a normed algebra 
by virtue of the Hurwitz theorem. 
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Besides the scalar product, the algebra A1 carries another 
important functional, to construct it we must start some¬ 
what from afar. 

Since in view of skew-commutativity the associator 
{ax) y — a {xy) changes sign under the interchanging 
(a, x^ y) ^ {y, a, x), in any alternative algebra there is an 
identity 

(ax) y + y (ax) = a (xy) + (ya) x. 

Denoting the element a by aj, the element x by Xj and the 
element y by y^ we can write the identity as 


yi + yi = “I (^jyD + (yi^P 


It obviously remains valid if the summation is extended 
with respect to all indices from 1 to w (we need only the case 

w = 3, though). But introducing matrices A = (aj), X — 
(xh) and y = (y^) we can write the resulting identity as 

(3) Tr {AX oT) -f Tr;(y o AX) = Tr (A o XY) + Tr {YA o X) 

which is true for any matrices with elements in an arbitrary 
alternative algebra and hence, in particular, for matrices 
in Al. 

Notice that this method has a quite general character and 
is applicable to any multilinear identity. Denoting, for 
example, by Re | the coefficient of 1 in an octave i.e. the 
scalar product (|, 1), we obtain an identity 

Re {ab) = Re {ba) 


which is true for any octaves a and 6. For matrices over 
octaves therefore there is an identity 

(4) Re Tr {AB) = Re Tr (BA) 

which implies that after applying RejTr the multiplication 
of octave matrices becomes commutative. 

By commutativity, identity (3) yields the identity 

2 Re Tr (AX -F) = Re Tr (A -XY) + Re Tr (YA -X). 

By a cyclic permutation here of A, X and Y, we next obtain 
an identity 

2 Re Tr {XY-A) = Re Tr (X-FA) -f Re Tr (AX-F). 
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Subtracting these identities from each other and using 
again commutativity we obtain, after dividing by 3, an 
identity 

(5) Re Tr {AX-Y) = Re Tr {A ^XY) 

which implies that, after dividing by Re Tr, the multipli¬ 
cation of octave matrices becomes also associative. 

So does the Jordan multiplication of octave matrices: 

Re Tr {{A o Z) o F) = Re Tr {{A oX)oY) 

=-|-IReTr (^X.y)4-ReTr 

= [Re Tr (^. ZF) + Re Tr (FX -A )] 

= Re Tr (^ • (X o F)) --= Re Tr o (X o F)). 

Since for matrices in A1 the trace is real it finally follows that 

Tr {{A o X) o Y) = Tr (A o (Z o Y)) 

for any matrices A, X, F 6 Al. In view of formula (2) this 
means that in A1 there is an identity 

{A o Z, F) = {A, X o F) 

from which it follows (by the commutativity of Al) that the 
trilinear functional 

(6) (Z, F, Z) = Tr ((Z o F) o Z) - (Z o F, Z), 

Z, F, Z 6 Al, 

is symmetric in X, Y and Z. 

We shall call functional (6) a scalar triproduct. 

If an automorphism O: Al Al of the algebra Al pre¬ 
serves the trace, i.e. if Tr (OZ) = Tr Z for any element 
Z 6 Al, then, of course, it does both scalar products, 

(7) (cDZ, OF) = (Z, F) and (OZ, OF, OZ) - (Z, F, Z), 

for any of elements Z, F, Z 6 Al. 

It follows in particular that the group of all trace-preserv¬ 
ing automorphisms of the algebra is a closed subgroup of 
the orthogonal group 0 (27) and so is a compact Lie group. 
We shall denote this group, for reasons to be explained in 
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Semester VI, by Fi^ and its Lie algebra by f 4 . Elements of 
the Lie algebra f 4 are differentiations D: A1 -> A1 annulling 
the trace, i.e. such that Tr [DA) — 0 for any matrix A 6 Al. 

Remark 1. We show below that any automorphism pre¬ 
serves the trace, so that in fact the group is the group of 
all automorphisms of the algebra Al but it is convenient 
for us to postpone the proof of this fact for the time being. 

It is remarkable that, conversely, any linear operator O: 
Al-^ Al preserving both scalar products is a trace-preserving 
automorphism of the algebra AL Indeed 

((DX o or - O (X o Y), OZ) 

- (OX, or, OZ) - (o (X o r), oz) 
= (X, r, z) - (X o r, z) - 0 

for any X, r, Z g Al and hence OX q Or — O (X o r), 
because the operator O is singular, being an isometry with 
respect to the scalar product ( 2 ) and therefore any element 
of Al can be represented as OZ. This proves that the operator 
O is an automorphism of Al. Therefore OJ? = E and hence 
Tr (OX) - Tr X, since Tr X - (X, £') for any X 6 Al. □ 
Thus irrespective of the algebra Al the group F^ can be 
characterized as a group of isometries of a 27-dimensional 
Euclidean space that preserve some trilinear functional. 

As we know, preserving a scalar product (isometry) for 
operators O of the form e^^ is equivalent to the skew-symme¬ 
try of the operator D, i.e. to the identity 

(DX, Y) + (X, DY) = 0. 

Similarly, preserving the scalar triproduct is equivalent to 
the identity 

( 8 ) (DX, y, Z) + (X, DY, Z) + (X, y, dz) = o 

for any elements X, y, Z g Al. Indeed, differentiating the 
function / {t) == {e^^X, e^^Y, e^^Z) with respect to t, we 
immediately find by virtue of linearity that f ( 0 ) is equal 
to the left-hand side of identity (8). Therefore if / (t) — 
const, then (7) holds. Conversely, if ( 8 ) holds, then /' (t) = 0 
for all t and therefore / (t) = const, which is equivalent to 
the second identity of (7). □ 
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By analogy, linear operators D satisfying identity ( 8 ) will 
be called skew-symmetric with respect to the scalar triple 
product ( 6 ). 

According to the foregoing a linear operator D: A1A1 
is a trace-nullifying differentiation of the algebra A1 {i,e, it 
is in the Lie algebra f 4 ) if and only if it is skew-symmetric 
with respect to both scalar products (2) and (6). 

An octave matrix A is said to be skew Hermitian if A* — 
—A. A direct calculation shows that if A is a skew Hermit¬ 
ian matrix, then for any Hermitian matrix X the matrix 
[A, X] — AX — XA is also Hermitian. Thus any skew 
Hermitian matrix A of order 3 defines some linear operator 
ad A: A1A1 by the formula 

(ad A)X - [A, Z], Z 6 Al. 

Since by identities (3) and (5), for any octave matrices, 
Re Tr ([A, Xl o y) = Re Tr ([A, X] Y) 

= Re Tr (AX -7) - Re Tr (XA -7) 

= Re Tr (7-AX) - Re Tr (X-A7) 

= Re Tr (7A -X) - Re Tr (X ^AY) 

-~Re Tr (X-[A, 7]) = -Re Tr (X o [A, 7]), 

we have, given X, 7 6 Al for any skew Hermitian matrix A 

([A, XI, 7) + (X, [A, 71) = 0, 

an equation implying that ad A is skew-symmetric with 
respect to the scalar product ( 2 ). 

Further, as we know, in an alternative algebra the as¬ 
sociative relation holds for elements a, fe, c, if there are 
identical elements among them. It also holds, of course, 
if at least one element a, fc, c is in R from which it follows 
its validity if there are conjugate elements among a, fc, c. 
Applying this fact to the elements of a matrix X (XX) — 

(XX) X, where X = {xl) is an octave Hermitian n X n 
matrix, enables us to assume that in the expressions 

Xi {xjXk) — of nonzero elements the summation 

over 7 and k is extended only to different indices / and k 
other than i and L For n — 3 therefore i is necessarily 
equal to I, so that for any matrix X 6 Al the matrix X (XX) — 
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{XX) X is necessarily diagonal, i.e. is of the form 

/a 0 0\ 

jo p 0 j, where a, p, y ^ Ca, 

Vo 0 y) 

If a matrix X is of the form (1), then for octaves a, p, y, 
there are formulas 

^ ^3 (^1^2) + ^2 (^213) (^3^1) ^2 ^3> 

P = ^1 (^2^3) +13 (l 2 ^l) (^1^2) ^3 (l 3 l 2 )fl» 

y = (? 3 ^i)+li (I3I2) — (^2^3) (^i%) i2 

from which by virtue of the skew-symmetric of the associa- 
tors it follows that a = p == y. 

Since for any octave matrix A there is an equation 
Tr {A • aE) = Tr A-a and hence Tr {A • aE) = 0 when 
Tr ^ = 0, it follows that for any skew-Hermitian matrix A 
of order 3 with a trace equal to zero and for any matrix 
X 6 Al we have 

Tr (A-X (XX)) = Tr (A-(XX) X) 

and therefore (see formulas (4) and (5)) also an equation 

Re Tr (AX-XX) = Re Tr (XA-XX) 

which implies that 

Re Tr ((ad A) X-XX) = 0, 

i.e. (since (ad A) X ^ Al and XX = X o X) that 

((ad A) X, X, X) = 0. 

Polarizing the obtained identity by X we find at once that 
for the linear mapping ad A: A1 -> A1 we have identity ( 8 ). 

Thus ad A is skew-symmetric with respect to both scalar 
products (2) and ( 6 ). Hence it is a trace-nullifying differen¬ 
tiation of the algebra Al. 

The vector space of all skew-symmetric octave matrices 
of order 3 with a trace equal to zero will be symbolized M. 
According to the foregoing, for any matrix A 6 M the linear 
operator ad A is in the Lie algebra f 4 . The resulting (obvious- 
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ly linear) mapping 


ad: M f/ 


is injective. Indeed, a trivial calculation shows that only 
scalar matrices of the form aE^ with a 6 R' sire commutative 
with every matrix in A1 and such a matrix has a zero trace 
only for a = 0. □ 

Differentiations of A1 of the form ad A, A 6 M, will be 
called adjoint differentiations. 

Of particular importance to us will be matrices in M all 
of whose diagonal elements are zero. These matrices con¬ 
stitute a vector subspace of the space M. Let 


Yi (ri) = 




0 

0 

0 



Then any matrix A 6 can be uniquely written as 


A = Yi (%) + ( 1 I 2 ) + ^8 ( 1 I 3 ). ■'ll. 1 I 2 . 1 I 3 6 Ca, 

from which it follows in particular that dim == 24. 
Now we can prove the important Freudenthal theorem 

which makes the study of Al and significantly easier. 
As ever (F^)g denotes the component of the identity of 
Proposition 1 (Freudenthal theorem). For any element 
X 6 Al there is an automorphism O £ {F^)e such that 

OX = %-^E^ -j- K 2 E 2 "F ^ 3 ^ 3 j where ^ 3 * 

The numbers ^ ^ X 3 are uniquely defined by X. 

Two elements 0 / Al can be sent to each other by an auto¬ 
morphism in {F^)g if and only if the corresponding numbers 
^1 ^ Xg ^ X 3 coincide. 

In terms of the theory of transformation groups this state¬ 
ment says that every orbit of the group (F^g in Al contains 
a unique diagonal matrix %iE^ + X 2^2 + X 3£'3 for which 
Xi ^ Xg ^ X 3 . It is in this form that we shall prove the 
statement. 
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Being a closed subgroup of a compact group SO(26) the 
group (FJe is compact. Therefore in any orbit of it there 
is a matrix X of the form (1) for which the sum a\ a\ 

has the largest value (on that orbit). It turns out that such 
a matrix is always a diagonal one. 

Indeed, for any matrix A 6 AI and any ^ 6 01^ the matrix 
= e^^^^X is in the orbit of X (since ad ^ 6 {4 and 
hence a g (Z^^)^) and therefore for its diagonal elements 
di {t), ^2 ^3 W we have f {t) ( 0 ), where / (^) = 

% + ^2 (0^ + ^3 (0^- But, as we know (see p. 49), Xf is 

a solution of the matrix differential equation 

-^ = (ad4)X„ Xo = X, 

equivalent to three differential equations for octave elements 
h ^2 (0 ^3 (0 of Xt and to three differential equa¬ 
tions for its number elements (t), (^), a^ {t). In the case, 

where A (t]) these equations are shown by a simple 

calculation using formula ( 2 ) of Lecture 14, to be of the 
form 

Hence (t) = const and {t) + a^ (t) = const. In addi¬ 
tion f (t) = 2 (a' {t) ai (t) + a; (t) (t) + a'^ (t) (t)) = 
^ ti (0) (^2 ( 1 ) — ^3 (0) from which it follows by equa¬ 
tion /' (0) = 0 that for (r|, (0)) 0 we have ag (0) = 
ag (0). Therefore Ui (t) = Ui (0) and ag {t) + a^ (t) = 2a2 (0) 
and hence f (t) = f (0) 2 (ag (0) — (t))^, which is pos¬ 
sible, in view of f (t) (0), only when ag (t) = ag (0). Then 

a' {t) = 0 and hence (t], (t)) = 0, which contradicts the 

condition (t], h (0)) 0 when ^ = 0. Consequently, 

(r,, I, ( 0 )) = 0 

for any octave t] which is possible only when ( 0 ) = 0 . 

In a similar fashion it can be proved that ^2 (0) = 0 and 
^3 (0) = 0. Hence the matrix X = Xq is a diagonal one. □ 
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We now show that any diagonal matrix X = aiEi-{- a 2 £' 2 + 
a^E^ can he transformed by an automorphism in {F^)e 
again into a diagonal matrix for which ai ^ a 2 ^ a^. It is 
clear that to do this it suffices to prove that it is possible 
to interchange in the diagonal matrix X = a-,^E^ + a 2£'2 + 
aoE^ by using an automorphism in any two diagonal 
elements, say, a 2 and a^. To this end we again consider the 
matrix = e^^^^X with A = Yi (^). It follows im¬ 
mediately from equations (9) that for this matrix the func¬ 
tion a 2 (t) — ag (t) satisfies the differential equation 

^ 4 (f)) 


with the initial condition a' ( 0 ) — a' ( 0 ) = 0 (since h ( 0 ) = 
0 by virtue of X being a diagonsil matrix). Hence 

(i) — (0 = («2 (0) — (0)) COS 2 I T] U. 


Assuming for simplicity that | t] | = 1 it follows in par¬ 
ticular that 


(x) = — («2(0) —^3(0)) 


and hence (since a^ (^) + cLz (0 “ const) that a^ = ^3 ( 0 ) = 

ag and a^ =^ 2 (t^) = ^ 2 * Thus the automorphism 

- ad YiC-n) 

(for any rj with |q|==l) does interchange ^2 and 

ag. □ 

This completes the proof of the first statement of Pro¬ 
position 1. By that statement to every matrix X 6 A1 there 
correspond (possibly not uniquely) three numbers, Ki ^ 
^2 ^ ^ 3 » having the property that OX = K^Ei + ^ 2^2 + 
X^gJS'g for some automorphism O 6 (F^)^. 

Lemma 1. There are equations 

+ ^2 + ^3 = (^» 

K + K + K = X), 

K + ^^2 + K = (X, X, X). 

Proof. For the diagonal matrix OX these equations are 
obvious (since (X,. £•) = Tr X, (X, X) = Tr (X o X) and 



336 


Semesfer V 


(X, X, X) = Tr (X o X o X). Since ((DX,^£) = (cDX, cD£') = 
(X,j E), (OX, OX) = (X, X) and (OX, OX, OX) - 
(X,^X, X), they are true also for any matrix X 6 Al. □ 

Now we are in a position to complete the proof of 
Proposition 1. 

Proof of Proposition 1. Since the first statement of Prop¬ 
osition 1 is already proved and the third is immediate 
from the first two, it remains to prove only the second state¬ 
ment. This follows immediately from Lemma 1, since by 
the well-known formulas of the theory of symmetric poly¬ 
nomials, the numbers Xj, Xg, X 3 can be restored uniquely up 
to an order from the number (Tfe = X^ -j- X^ + X^, k = 
1, 2 , 3. □ 

Numbers X^ ^ X 2 ^ X 3 will be called eigenvalues of an 
octave matrix X. We emphasize that their sum is equal to the 
trace Tr X of that matrix. 

The Freudenthal theorem makes the study of the algebra 
Al significantly easier. It follows immediately from it, for 
example, that the degrees of any element X 6 Al are associa¬ 
tive^ i.e. that for every X 6 Al all w-fold products of the 
element by itself are the same regardless of bracket arrange¬ 
ment, since this is obviously the case for a diagonal matrix 
X. (In a similar fashion we can also prove for Al the Jordan 
identity (16) in Lecture 15, for in the case where one of the 
factors is diagonal (16) is obvious.) 

The degrees being associative, the nth degree of an 
element X 6 Al is correctly defined for every n^ 0. There¬ 
fore for any polynomial p {T) with real coefficients the same 
holds true for an element p (X) 6 AL If p (x) = 0, then 
the polynomial p (T) is called the nullifying polynomial of 
the element X. 

A nullifying polynomial of least degree with the leading 
coefficient equal to 1 is referred to as a minimal polynomial 
of an element X 6 AL It is obvious that it is uniquely defined 
and that for any authomorphism O: Al Al (which is not 
assumed to preserve the trace) the minimal polynomials of 
the elements X and OX are the same. 

If X is a diagonal matrix, then its diagonal elements are 
roots of every nullifying polynomial and conversely any 
polynomial whose roots are these elements nullifies the 
matrix X. It follows that for any matrix X 6 Al the degree 
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of its minimal polynomial is at most three, the degreS being 
three if and only if the eigenvalues of the matrix X are all 
different. 

In addition we see that in the last case the coefficient of 
in the minimal polynomial is —— 
—Tr X. Hence by the invariance of the minimal polynomial, 
for any automorphism O: A 1 A 1 we have 

Tr cDX = Tr X. 

By continuity, that equation remains valid also when some 
eigenvalues of X coincide. This proves that any automor¬ 
phism of Al is trace-preserving, i.e. that is the group 
Aut Al of all automorphisms of Al. 

It is also immediate from the Freudenthal theorem that 
acts transitively in the octave projective plane CaP^ of 
primitive idempotents of Al, i.e. any primitive idempotent 
can be sent by some automorphism to any other^ primitive 
idempotent. It is clear that a diagonal matrix is an idem- 
potent if and only if all its diagonal elements are 0 or 1. 
The eigenvalues of a primitive idempotent are therefore 
0, 0, 1 and hence every such idempotent can be sent to an 
idempotent by some automorphism. □ 

This means that the octave projective plane CaP^ is homeo- 
morphic to the quotient manifold FJK of the Lie group F^ 
mod its subgroup K which leaves fixed some primitive idem- 
potent, say for definiteness, an idempotent 

Let O 6 A. Since 0 £'i = O sends to itself the annulet 
Ann £'i of the element E^, i.e. the vector space of all ele¬ 
ments X 6 Al such that X © E^— 0 . It is easy to see how¬ 
ever that Ann E^ consists of elements ( 1 ) for which = 0 
and ^2 = ~ 0 and so is a direct sum of a one-dimensional 

subspace of matrices of the form a {E^ + E^) and the sub¬ 
space Ann® El which consists of matrices of the form 

X = r {E^ — Eq) + Xj (p), where r p £ Ca. 

Since the operator O is orthogonal and O {E^ + £'3) = 
O (£* — El) = E — £'1 = £'a + £3, it follows that the 
automorphism O sends to itself the subspace Ann® Ei and 
therefore induces some orthogonal operator 

O® : Ann® E^ Ann® £4. 
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Similarly the automorphism O sends to itself the vector 
space g of all elements X ^ Al for which 2Ei o X = X and 
so induces some orthogonal operator 


As is immediate from formulas (18) to (20) of the preceding 
lecture, g consists of all matrices of the form X^ (^) + 
^2 ('n)» 'll € Ca, and therefore the algebra A1 can be decom¬ 
posed into a direct sum of two vector spaces g and Ann® 
and two one-dimensional vector spaces generated by the 
elements E^ and E^ + £’ 3 . Hence the automorphism O is 
uniquely defined by the operators O® and O'. 

We also see that the vector space g is naturally iso¬ 
morphic to the vector space Ca^ of octave pairs (^, rj} while 
the vector space Ann® Ei is isomorphic to the vector space 
Ca® of pairs {r, p}, where r ^ 01 and p 6 Ca. The operators 
O' and O® therefore can be regarded as the operators Ca^ 

Ca^ and Ca® Ca®, respectively. Given any elements 
X = T)} in Ca^ and u = {r, p} in Ca® the element xu = 

{—+ P'n> + Ip) Ca^ will have in g the corre¬ 
sponding matrix 

/ 0 rrj+lp —rl+rip \ /O /OO 0\ 

I r^+pl 0 0 j = |ri 00 o| 0 r pj, 

V —r^ + pT] 0 0 / 0 0 / \0 p —r/ 

which is a Jordan product of the matrices in g and Ann® Ei 
which correspond to elements x and u. Since O' and O® 
are induced by an automorphism O of Al, for these operators 
(regarded as operators Ca^ Ca^ and Ca® -> Ca®) there 
is an identity 

(10) O' (xu) = 0'a:*0®i/, X 6 Ca^, u 6 Ca®. 

Hence there is by Proposition 5 of Lecture 15 one and only 
one element a 6 Spin(9) with the property that O' = a^ 
and O® = a^. 

Thus we have associated every automorphism O 6 £ 
with some element a 6 Spin(9). It is clear that the mapping 
obtained is a homomorphism. Moreover, since identity (10) 
is obviously necessary and sufficient for the corresponding 
mapping O to be an automorphism of the algebra Al that 
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mapping is an isomorphism. We thus see that the subgroup K 
is naturally isomorphic to the spinor group Spin(9). 

Identifying via that isomorphism the subgroup K with 
Spin(9) we finally discover that Spin(9) is contained in the 
group F 4 , with the corresponding quotient manifold being 
diijeomorphic to the octave projective plane: 

( 11 ) /^4/Spin(9) CaP^. 

It follows, in particular, that dim = dim Spin(9) + 
dim CaP^ = 36 16 = 52. 

Now we are ready to prove for a proposition completely 
similar to Proposition 1 of Lecture 15 for the group Gg* 

Proposition 2. The group F^ is connected and simply con¬ 
nected. Every Lie group which is locally isomorphic to F^ is iso¬ 
morphic to it. 

Proof. The first statement follows immediately from the 
existence of diffeomorphism ( 11 ), since Spin(9) and pro¬ 
jective plane CaP^ are connected and simply connected. 

To prove the second statement it suffices for us to establish 
that the centre of F^ is trivial (i.e. it consists only of an 
identity automorphism). But if the automorphism Oq*. 
A1 A1 is in the centre of the group F 4 , then since not a 
single idempotent, except Ei, leaves fixed all the elements 
of the subgroup K ^ Spin(9) the reasoning we have already 
used (see the proof of Proposition 1 in Lecture 15) shows that 
Oo 6 ^ smd so Oq = ±id (for the centre of Spin(9) consists 
only of elements ±1). Since (— EiY = E^^ —£* 1 , the 
operator —id is not an automorphism. Therefore (1)^ = id. □ 

Remark 2. If an automorphism O: A1 A1 leaves fixed 
every idempotent Ef, i = 1 , 2 , 3, then, as is easily seen, it 
sends every matrix of the form Xi (|), i = 1 , 2, 3, to a 
matrix Xi (1^^^), i = 1, 2 , 3, where is some octave 
linearly dependent on an octave Thus we obtain three 
(obviously orthogonal) operators O: | acting in the 

vector space Ca, and a direct calculation using formula (20) 
of Lecture 15 shows that for these operators we have an 
identity 

== ^3 Ca. 

By Proposition 3 of Lecture 15, therefore, there is one and 
only one element a 6 Spin( 8 ) for which Oj = a^, Og = 
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and O' o (T = where a: | h-> g is a conjugation in the 
algebra Ca. Since the resulting correspondence O a is 
obviously an isomorphism, this proves that the group 
Aut® A1 of automorphisms of the algebra A1 that leave fixed 
all idempotents i = 1, 2, 3, w isomorphic to Spin( 8 ). 

Since the Lie group /^4 = Aut A1 is simply connected, its 
algebraic structure is completely defined by that of the Lie 
algebra f 4 = Der Al. It only remains for us to study that 
Lie algebra. 

To this end we select in f 4 a subalgebra Der® Al consisting 
of differentiations nullifying every idempotent Et, i — 
1, 2, 3. That subalgebra is clearly a Lie algebra of the sub¬ 
group Aut® Al (see Remark 2) and is therefore isomorphic to 
the Lie algebra ( (Spin( 8 )) ^ §o( 8 ). This isomorphism 
is easy to establish also directly, though. Indeed, if DEi = 
0, 1 = 1, 2, 3, then, as is immediate from formulas (19) 
of Lecture 15, for any i = 1, 2, 3 the element DXi (^) is of 
the form Xi (A^, ^), where Aj is a linear operator Ca -> Ca. 
The operators A^ are skew-symmetric and (as is immediate 
at i = 1 from formulas (20) of Lecture 15) satisfy the identity 

(12) Ail-f] + = As (fri). 

Therefore (see Remark 2 of Lecture 15) A^ = (^i ^)‘’ and 

Ag = Aj o a, where a: Ca Ca is a conjugation. Since, 
conversely, any operators Ai, Ag, A 3 which satisfy identity 
(12) obviously correspond to some differentiation D 6 
Der®Al, this proves that the correspondence Z> Ai is 
an isomorphism. □ 

We shall denote a differentiation in Der® Al corresponding 
to an operator A 6 §0 ( 8 ) by xA. Thus D = xAj if and 
only if DEi = 0 for any i = 1, 2, 3 and DXi (|) = Xi (A|) 
for I 6 Ca. 

Now let Z) be a differentiation in Al and let 

DEi = anEi -j- (?li) 4" ^2 (?2*) 4“ ^3 (^3i)* 

Since El = Ei, we have 2DEi o Ef = DEi from which by 
formulas (18) to (20) of Lecture 15 it follows immediately 
that aij = 0 for any i, /, and = 0. Besides, since Ei o Ej 
= 0 for i we have DEi o Ej Ei o DEj = 0, from 
which it follows that gf, j+i -f- i +2 — 0 for any j = 1, 2, 3. 
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Hence putting It = we get 

(13) DEi = Xe+i (ii+i) - (h+ 2 ). i = U2,Z mod 3. 

On the other hand, a direct calculation shows that for an 
adjoint differentiation D — Sid A corresponding to a matrix 
A = Yi (^i) + y 2 ( 12 ) +^3 (^ 3 ) hsiYe the same 

formulas (13). This means that for any differentiation D ^ 
Der A1 there is one and only one adjoint differentiation 
did A, A € M®, with the property that D — ad A 6 Der® A1 = 
^ (§0 (8)), i.e. that 

(14) f 4 = X (§0 (8)) © ad M®. 

Since the mappings x: §0 ( 8 ) E 4 and ad: M® -> f 4 are 
monomorphisms, this proves that 


f4 « §0 (8) © M®. 


Since dim §0 (8) = 28 and dim M® = 24, this again proves 
in particular that dim f 4 = 52. 

In view of decomposition (14), for the structure of f 4 to 
be completely defined it suffices to calculate all possible 
commutators of elements of the form xA and ad Yi (5), 
where A 6 §0 (8), | g Ca, i = 1, 2, 3. It turns out that 


(15) 

(16) 

(17) 


[ad Yt (i), ad Yt (rj)] 


[xA, x5] = X [A, 5], 
[xA, ady,. il)] = SidYi {AD, 

_ 

ad yj+2 (—|ti), 


r ^ W 

A 


if 7 = 1, 
if7 = f+l, 


where A and B are elements of go (8) (interpreted as skew- 

symmetric operators Ca -> Ca), t] are octaves and C\^ 
are operators Ca -> Ca defined respectively by formulas 


4(^, ri)Ti —4(ri, g)i, 

^ C€Ca. 

Indeed formula (15) is equivalent to the statement that 
the mapping x is a homomorphism while formulas (16) and 
(17) can be verified by direct calculation. It is easy to see, 
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for example, that 

[Y, il) E,] = 0, lY, (^), E^] = (I), [Y^ il) E,] 

= (i). 

i.e. that (ad Yi (^)) Et = e^Xi (^), where = 0 , — 1 , 1 
for j == 1, 2, 3. Therefore (since by definition (kA) Ei ^ 0 
for any i = 1, 2, 3) 

[kA, ad Y, (i)] El = (kA) (ad Y^ (g)) Ei 

= EiX, (Al) = (ad Fi (AD) El 

and hence the differentiation D = [kA, ad Yi (^)] — 
ad Fi (A|) is in Der® Al. As an obvious calculation shows, 

15^1 m, X, (Q] = 2 il, t) {E, - E,) 

and hence the formula 

DX, a) = (kA) (2 il, 0 {E, - Es)) 

- lY, (I), Xi (^?)] - iFi (Al), X, (01 

= -2 1(1, (Al) + (Al, 01 (E, - E,) = 0, 

holds for D, since by hypothesis the operator A is skew- 
symmetric. Consequently, D = 0, which proves formula 
(16) for i == 1. Similarly 
[ad Y, (I), ad Y, (ri)] E^ 

= Bi (ad Y, (D) X, (ri) - ei (ad Y^ (t])) Xi (1) 

= 2ei ((I, ri) - (ri, |)) (E, - £ 3 ) = 0 

and 

[ad Fi (I), ad Yi (r])] (C) 

= 2 ((ri, 0 ad Y, (|) - (|, 0 ad Y, (tj)) (E, - E,) 

= 4 (-(n, C) (I) + (1,1) X, (ri)), 

which proves formula (17) at i = / = 1. The remaining for¬ 
mulas (16) and (17) can be verified in exactly the same 
way. n 

The results obtained make it possible to prove for the 
Lie algebra f 4 an analogue of Proposition 1 of Lecture 14. 

Let ^ be a four-dimensional subspace of f 4 consisting of 
linear combinations of elements xJS'fi, ?]» >^^[ 3 . 6 ] 


I 
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and x£'[ 4 ^ 5 ], Since these elements commute with one another, 
we have [J?i, = 0 for any elements 7/26 Let 

^i> ^4 ^ basis of the conjugate vector space 

dual to the basis %E[i^ 8]» x^[ 2 , ?]» >«^[ 3 .6]» —x^[ 4 , 5 ] of 
the vector space Introducing into t)* a Euclidean structure 
in which the basis € 2 , ^ 3 , is orthonormal we give the 
name of configuration F 4 to the collection of all possible 
vectors of the form 

ih ih dz 
\ 

(dz di ^2 di ^3 di ^ 4 ), 

where any combinations of signs (the number of the vectors 
is 48) are admissible. 

By virtue of the identification t)* = ^ induced by the 
Euclidean structure we may consider vectors a 6 F 4 as 

elements in 1 ). Following the example of the Lie algebra 9 ^ 
(see Lecture 14) we put 

Next, denoting the imaginary unit of the field C by |/^—1 
to avoid confusion with an element in Ca, we define the 
elements a = dz^p zb eq, of the complexified Lie 

algebra ff = f 4 ® C by setting 
^ei±e^ = X (F[7, 8]dzF'[i,2]) + V — 1 • X (£[7, 1] ± E[2, 8])» 
*^-ei±c* = X ( —£*[ 7 , 8 ] ± £^[1, 2]) + K —1 - X (£[ 7 , 1 ] =F £[ 2 , 8 ]) 

and assuming that the other vectors X±ep±eq are given by 
the formulas resulting from replacing the indices (7, 8) by 
(2, 7), (3, 6), (5, 4) when p is equal to 2, 3, 4 and, respectively, 
the indices (1, 2) by (1, 8), (3, 6), (5, 4) when q is equal to 
1, 3, 4. 

For a = dz^p we set 

= ad Ti (|„) ± K=T ad Y, (rip), 

where 

^1 = ^2 “ L — J f ^4 = 

= —h, tIj = —g, ri3 = —/, ri^ = —e, 
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and at a = -^ (±ei ± ^2 ± ± e^) we set 


if 



adFadjO+K-ladnC^p). 

ady3(l3) + l/'^ady3(Tip), 


( — ^1 + ^ 2 + ^ 3 + ^4)9 
±-^ ( — ^1 + ^2 — ^3 — ^4)? 

±-y ( — ^1—^2 + ^3 —^4). 
it ^2 ~~ ^3 ^4) > 

or respectively 

it ^2 ^3 ^4) > 

it “|-(^l +^2 — ^3 — ^4)7 

a= 1 

it — ^ 2 "r ^3 — ^4)7 

I 

it —^ 2~^3 + ^ 4 )» 

where p is the number of the corresponding vector a in these 
formulas. 

It then turns out that Proposition 1 of Lecture 14 {together 
with formula (17) of the lecture) will hold also for the algebra 

fj" (with respect to the configuration F 4 , of course). 

This statement can be proved by choosing in fp an 
appropriate basis and repeating step by step'the"calculations 
proving Proposition 1 and formula (17) for'the^^Lie algebra 

3^1 but the amount of work required will now be sub¬ 
stantially larger. Next semester we shall develop a general 
theory allowing this work to be reduced, and therefore we 
put off the proof for the time being. 

After what has been said it is not surprising that there is 
also an analogue of Propositions 2 of Lecture 14 holding for 
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f^. To obtain a formulation of that proposition for fp it 
suffices to assume in formulas (23) of Lecture 14 that the 
indices p and q change from 1 to 4 and the numbers ripq are 
elements of the matrix 

/ 2 -1 0 0 \ 

I -1 2 ~2 0 1 

I 0 -1 2 —1 r 

Vo 0—1 2/ 

This statement can be proved using the same considerations 
but, of course, it requires much more work to be done. The 
role of vectors /i, ^2 will be played by vectors 

(^1 ^2 ^3 ^ 4 )? ^3 ^ 4 » ^2 ^ 3 * 

The details of the calculations will be left to the reader. 
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We now turn to the general theory of Lie algebras so as to 
prove the Ado theorem and thus fill in the remaining gap in 
the proof of the Cartan theorem in Lecture 10. 

The proof of the Ado theorem is based on a rather advanced 
structural theory of Lie algebras that is of independent 
interest. Unfortunately, we shall be able to touch only in 
a very perfunctory way upon this theory. 

Unless otherwise specified, in what follows a ground field 
K is taken to be a field of characteristic 0. All Lie algebras 
over K are assumed finite-dimensional. 

Let g be a Lie algebra over K. For any two subspaces a 
and B of g we denote by la, B] a subspace generated by 
elements of the form [a, b] where a 6 a, fc 6 B. In this 
notation the property for the subspace a of being a sub¬ 
algebra is equivalent to the inclusion [a, al c= a and the 
property of being an ideal is equivalent to the inclusion 

fa, 3 ] c= a. Since by the Jacobi identity [[a, Bl, c] 

IlB, cl, a] -f- [c, al, B] it follows in particular that if 

a and B are ideals^ then [a, B] is also an ideal. 

Therefore formulas 

= 9, 9 <*^ = [9. 9I. • • •) 9 <'^’ = l 9 <''“^\ 9 <'‘"^>], . . . 
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define in 9 a descending (more precisely, nonascending) 
chain of ideals 

9 == 9 ( 1 ) ZD 9 ^^^ • • • . 

Note that 9 (^)(^) = 

The ideal 9 (*> is also symbolized by some mathe¬ 

maticians. 

Definition 1. A Lie algebra 9 is said to be solvable if 
there is A: ^ 0 such that 9 ^^^ = 0. 

Let n = dim 9 . A descending chain of subspaces 

9 = 3o => 3l • • • ZD^i ID . . . ZD^n = 0 

is said to be a flag if the dimension of every subspace is a 
unity smaller than that of the preceding subspace, i.e. if 
dim = n — i for any i = 0, 1, . . n. A flag consisting 
of subalgebras is called a flag of subalgebras. 

Proposition 1. A Lie algebra 9 is solvable if and only if 
it has a flag of subalgebras 

3 ^ 3o ^ 3i ^ 3i • • • ^ 3n — 

in which every subalgebra 9 /, z = 1 , . . w aw ideal of 

the preceding subalgebra 9 ^^i (satisfies the relation 

[37-1» 3il ^ 3i)* 

Proof. By hypothesis dim 9 /_i = dim 9 ^ + 1. There¬ 
fore any element in 9 ,\_i is of the form x where x ^ 9 i, 

X ^ K and ^ is a fixed element. Since 

[x + Xe, y + X U’, e] — \i [y, e] 

and [x, y], lx, e], [y, e] 6 91 (for 9 ^- is an ideal in 
it follows that [ 9 ^^!, di-J <== 3z* Hence if 9 ^'^ <== 3i-i? 

then 9 (^+^) = [ 9 (^), 9(^)1 ci [ 9 ,_i, 9 ^^il c= 9 ,-. Since the 
inclusion 9 (^> c= 9 j_i is true for i = 1 , it is thus proved 
for all i == 1, . . w -f 1. In particular, 9 (”+^) c= 9 ^ = 0, 
i.e. 9 (^+ 1 ) = 0 . 

Conversely, if there is k'^ 0 such that 9 ^*^ = 0 (and 
g(ft-i) ^ then in the chain of ideals 

9 — 9 (®> m 9^^^=> ... =3 9^^^ = 0 

the inclusions are all strict and therefore that chain can be 
embedded into some flag 

3 “ $0 ^ 3i • • • ^ 3n “ 
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Let i = 0 , 1 , . . and let a be the greatest index for which 

d g(“). If ^ g(“), then d and so aJd 
[9(«), g(«)] = g(«+i) d If, however, = ^(®), then 
9j-i Cl and so g,] d 3(“>] d = 9,-. 

Thus in all the cases [9i_i, 9,] d 9^*, from which it follows 
that the flag under consideration is a flag of subalgebras 
(because [9^-, 9J d [9f_i, 9i] d 9,) in which every subalgebra 
is an ideal of the previous algebra, n 

Under any epimorphism Q ideals 9(^> obviously 

go over into ideals Similarly, if ^ d 9, then d 

9^^) n Therefore every quotient algebra and every sub- 
algebra of a solvable Lie algebra is solvable. Besides, it is 
easy to see that ^ is a solvable algebra if it contains a solvable 
ideal for which the quotient algebra 9/^ mod is solvable. 
Indeed, if = 0 , then ^ and hence if t /0 — 0 , 

then 9 (*+^“0 _ _ Q Q 

For any two ideals a and 6 their sum a + B is also 
an ideal, the quotient algebra (a + B)/b being (by the 
so-called first theorem on isomorphisms) isomorphic to 
a/a n b therefore solvable if the ideal a is solvable. 
Consequently, if the ideal 6 is also solvable, so is the ideal 
a 6. Thus the sum a -f- B 0/ two solvable ideals a and B 
is a solvable ideal. In any finite-dimensional Lie algebra 9 
therefore there is a largest solvable ideal t containing all 
solvable ideals of that algebra: it is the sum of all solvable 
ideals of 9. 

Definition 2 . The ideal t is called the radical of a Lie 
algebra 9. If r = 0 , the Lie algebra is called semisimple 
algebra. 

Note that any homomorphism maps the radical 

of 9 into the radical of 

The natural epimorphism 9 -> 9/t sets up a bijective 
correspondence between ideals a of 9 which contains an 
ideal t and ideals B of the algebra 9/t. An ideal B cor¬ 
responding to an ideal a is isomorphic to the quotient al¬ 
gebra a/t and hence solvable if and only if the ideal a is 
solvable. By the maximality of the radical r the ideal 
a ZD r is solvable if and only if a = r. This proves that 
there are no nonzero solvable ideals in the quotient algebra 
9/r, i.e. 9/r is semisimple algebra^ 
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Definition 3 . A Lie algebra g is said to be Abelian if 
g(2) =r 0, i.e. if [x, z/] = 0 for any elements 6 d* 

If a Lie algebra g is not semisimple, i.e. if its radical r is 
nonzero, and if k is the smallest exponent for which == 0, 
then the ideal a = (which is obviously an ideal in 9 

as well) is nonzero and Abelian (la, a] = = 

x(^)== 0 ). Conversely, if in a Lie algebra 9 there is an 
Abelian ideal a 0 (which is consequently solvable) then 
t 0 and hence 9 is not semisimple. Thus a Lie algebra 9 

is semisimple if and only if there are no nonzero Abelian ideals 
in it. 

The centre of a Lie algebra 9 is its annulet in the sense 
of the general theory of algebras, i.e. the largest subspace 
j d 9 for which Ij, 9I = 0 . It can be verified in an 
obvious way that the centre is an ideal. 

An algebra ft is Abelian if and only if j = 9 . 

Since a centre is an Abelian ideal, the centre of a semi- 
simple algebra is zero. 

Along with the ideals one can also consider ideals 
9(^) defined by induction using the formula 

s'* = fa, (3^ = a)- 

Note that 9^ = 9(^>. 

Definition 4. A Lie algebra 9 is said to be nilpotent if 
there is A: ^ 1 such that 9^ = 0 . 

Since 9^ = 9^^) we see in particular that any Abelian Lie 
algebra is nilpotent. 

By induction on i we immediately find that 9^^) cz 9^ 
for any i. Therefore any nilpotent Lie algebra is solvable. 

If 3* = 0 and 9^"^ =/= 0 , then the nonzero ideal a = 
9^"^ has the property that [a, 9I = 0 and therefore is in 
the centre j of the algebra 9. Hence the centre of a nil- 
potent Lie algebra is nonzero. 

Note that the centre of a solvable Lie algebra may well 
be zero. 

Proposition 2. A Lie algebra 9 is nilpotent if and only if 
there is a flag of subalgebras 

8 “do ^81 ^ • • ^8n “0, 

in it^ such that for any i — I, . . ., n there is an inclusion 
8i-il cz 9f (so that^ in particular, every subalgebra 
9i_i is an ideal of 9), 
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Proof. (Cf. the proof of Proposition 1 .) If 3^ ci 
then 3*+^ = [3, 3*] <= [3, 3j_i] cr 3^. Since 3^ = 3o, 

this proves by induction that 3^ ci 3j-_i for any i = 1 , . . 
n. In particular, 3^^^ c: 3^ = 0 and hence 3^^+^ = 0 . 

Conversely, if there is /c ^ 1 such that 3^ = 0 , then 
(provided 3^”^ 0) all inclusions in the chain of ideals 

3 = 3 ‘ =) 3^ =) . . . ZD d'‘ = 0 

are strict and so the chain can be embedded into the flag of 
subspaces 

9 do ^ di ^ ^ 9 n “ 

If now a is the largest index for which 3^ cz 3^^, then 
3^+1 CI 3.^^ and therefore 

13 , 8j 1 cr I 3 , 3“] = 3“'^^ cz 3 <+i. □ 

It can be proved, just as for the case of solvable algebras, 
that any subalgebra and any quotient algebra of a nilpotent 
algebra are nilpotent algebras. The corresponding statement 
for extensions is in general false, however. One may only say 
that a Lie algebra 3 is nilpotent if so is its quotient algebra 
3/^ mod some ideal which is contained in its centre j. 
Indeed, if = 0 , then 3^ cz ^ cz j and so 3^*^^ = 

[8. 3*] cz [ 3 , 8l = 0. □ 

For every ideal a of a Lie algebra 3 its ideals are 
obviously ideals in 3 as well. More generally, if we con¬ 
sider two ideals a and then all subspaces 

Cq — ho> Cl = [Co» hil, • • •» Cj = bjl) 

where b©, bi, . . bj, . . . are ideals, each coinciding with 
either a or b, will also be ideals in 3. It is easy to see that 
for any 0 there is an inclusion 

Cft cz a', 

where I is the number of indices i ^ k such that b^ = a. 
Indeed, for /c = 0 that inclusion is obviously true (we agree 
to assume that a® = 3) and if it is true for some k, then 
Cfe+i = [Cfe, b/fl cz [a^ bfel and therefore Cfe+i cz if bft = b 
and Cfe+i cz if bh+i = a. □ 

By symmetry there is, of course, also an inclusion Ck cz 
where m is the number of indices i ^ k such that bj = b. 
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Clearly, either Z or m is at least p ~ [kI 2 ]. Therefore 
either Ck or Ck c: 6^, i.e. 

Cft cz U 

On the other hand, it is clear that the ideal (a + B)^ 
is the sum of ideals of the form Ck which correspond to all 
possible sequences bo» bi, . . ., bfe of ideals a and B. For 
that ideal therefore there is an inclusion 

(a + B)^czaPUB^ 

It follows immediately in particular that as with solvable 
ideals, the sum a h of nilpotent ideals a and h is a 
nilpotent ideal. In any Lie algebra 9 therefore there is a larg- 
est nilpotent ideal n containing all nilpotent ideals of the 
algebra. That ideal is called the nilradical of the Lie al¬ 
gebra 9. 

Note that in contrast to the case of the radical the quotient 
algebra 9/n of a Lie algebra 9 mod its nilradical n may 
well have a nonzero nilradical. 

For subalgebras of the commutator algebra [^] of an 
arbitrary (in general, finite-dimensional) associative algebra 
^ and, in particular, for linear Lie algebras (subalgebras of 
the commutator algebra [End T*] of linear operators acting 
in some vector space one can indicate a very useful suf¬ 
ficient condition for their nilpotency. 

Recall that a linear operator acting in a vector space 5 ^ 
(or, more generally, an element of an associative algebra^ 
is said to be nilpotent if certain degree of it is zero (see II, 15 ). 
Similarly, a set of linear operators (or elements of an associa¬ 
tive algebra c 4 ) is said to be nilpotent if there is such 
that the product of any k elements of that set is zero. 

We shall apply the latter term to subsets which are sub¬ 
spaces (and, in particular, subalgebras) of[^] and so, to 
avoid terminological confusion, subspaces nilpoint in this 
sense will be called associativelij nilpotent subspaces (sub¬ 
algebras). Besides, in accordance with the general ter¬ 
minology accepted in the theory of associative algebras, 
subalgebras 9 c: [^1 consisting of nilpotent elements will 
be called Lie nilsubalgebras. Any associatively nilpotent 
Lie subalgebra is clearly a nilsubalgebra. It is remarkable 
that the converse is also true: 
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Proposition 3 . Any finite-dimensional Lie nilsubalgebra g 
is associatively nilpotent. 

We shall prove even a more general statement. 

Proposition 3 * (Jacobson theorem). Letjt be an associative 
algebra (not improbable that it is infinite-dimensional) and 
let Q, be its finite-dimensional subspace generated by some 
subset Q closed under commutation. If every element a 6 9 
is nilpotent^ then Q, is associatively nilpotent. 

Proof. It is easy to see that there are associatively nil- 
potent subsets (the null set, for example) in g. Since the 
rank of the set 3 is finite by hypothesis, there are also 
maximal associatively nilpotent subsets ^ in it. Since a 
subspace generated by an associatively nilpotent subset is 
easily seen to be also associatively nilpotent, it suffices to 
prove that ^ = 9. Let us assume that ^ =7^ 9 and arrive 
at a contradiction. 

Let ^ be the span of a maximal associatively nilpotent 
subset ij and let be a number such that the product of any 
p elements in ^ is zero. Then commuting successively any 
element a ^ 3 with any 2 p — 1 elements in ^ results in zero. 
Indeed, commuting a with elements 61, . . ., ftgp-i of ^ we 
ultimately obtain an algebraic sum of products of the form 
bac, where b is the product of some of the elements fci, . . ., 
^2P~i c is the product of the rest of these elements. It is 
clear that either 6 or c contains at least p factors fcj, . , 
62P-1 and therefore that product is zero. Consequently all 
elements of the form box: are zero and hence so is their sum. 

It is now clear that for any element a 6 9 there is a number 
5^0 such that the result of successively commuting it with 
any s elements in is in with s ^ 2 p — 1. 

It follows that if ^ 3, then there is an element ao ^ ^ 

such that [ao, 6] 6 ^ for any b^^. For this to be proved 
it suffices to choose an element a g 3 \ I) and apply to it 
the statement proved, noticing that if s is chosen to be the 
smallest, then there are elements 61, . . ., in ^ such 
that the result a^ (which is in 3) of a successive commutation 
of a with 61, . . ., b^^i is not in but has the property that 
[ao, 61 6 ^ for any 6 6^ and hence also for any b ^ 

A monomial is the product of elements in ^ alternated 
by the element ao (any number in any order). Let r be the 
number of factors of a monomial a that are in It turns 
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out that if r ^ p, then a = 0 , Indeed, suppose that there is 
a factor of the form baQ in a, with & £ Since lao, b\ $ 
replacing ba^ by a^b — [aQ, b] we represent a as a sum of 
two monomials with the same r. The number of factors of 
the form in the first monomial will be by one less and in 
the second monomial such a factor will be shifted one posi¬ 
tion left. On repeating this transformation a required 
number of times we represent a as a sum of monomials which 
either have no factors of the form at all or have all these 
factors collected at the left. Every such monomial is ob¬ 
tained by multiplying an element of the algebra jh by an 
element that is a product otr'^p elements in ^ and is there¬ 
fore zero. Hence so is the original monomial a. 

Since 6 g, there is by hypothesis an exponent such 
that ajo = 0 . Therefore a monomial a can be nonzero only 
when exponents of are smaller than These degrees 
are alternated by factors in ^ and so their number is not 
larger than the number r of those factors. Since according to 
the foregoing for a it is necessary that r d p, the 

general number of factors of any nonzero monomial a is at 
most 

r — 1 + r (A^o — IX — 1 + p (ko — i) = pk^ — 

This proves that if the number of all factors of a monomial a is 
at least pk^^ then a = 0 . > 

In particular this means that so is the product of any pk^ 

elements of the set 1 ) = (f), ao}, i.e. that that set is associa- 
tively nilpotent. This contradicts the maximality of the set 
ij, which completes the proof of Proposition 3 *. □ 

Corollary 1. Every finite-dimensional Lie nilsubalgebra 
g d 1^1 is nilpotent. 

Proof. Every element of an ideal is a linear combi¬ 
nation of ft-fold commutators of the form 

• • •» ... 11 , • • •> ^ d 

and hence (as an element of an algebra Jl) an algebraic sum 

of all possible products of the form x\ . . . x^. Consequently, 
if the Lie algebra g is associatively nilpotent, then = 0 
for a sufficiently large k, i.e. that algebra is nilpotent. For 
the proof to be completed therefore it remains to use Pro¬ 
position 3 . □ 

23-0450 
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In general, this sufficient condition for subalgebras of 
commutator Lie algebras (and linear Lie algebras, in partic¬ 
ular) to be nilpotent is not necessary. It is easy to see, for 
example, that the collection of all matrices of the form 
XE A, where A = {an) is a strict upper triangular 
matrix (i.e. such that atj = 0 for i^j), is a nilpotent 
subalgebra of a Lie algebra [iR (n)] and at the same time the 
matrix XE + 4 is nilpotent only for ^ = 0 . 

We now return to arbitrary (but as ever finite-dimensional) 
Lie algebras. 

Defined for such an algebra g is its homomorphism ad into 
the commutator algebra of the algebra of all linear operators 
g g (see Lecture 3 ). By definition, for any element a 6 d 
the linear operator ad a: g g sends any element a: 6 d 
to an element [a, x]. Therefore, in particular, any ft-fold com¬ 
mutator [xi, Ug, . . ... 1 ] is nothing than the 

result of applying a linear operator ad a:i o ad 0:2 o . . . 
ad Xk^i to the element x^. This means that a Lie algebra g 
is nilpotent if and only if the linear Lie algebra ad g is as- 
sociatively nilpotent. By virtue of Proposition 3 this proves 
Corollary 2 . 

Corollary 2. A Lie algebra g is nilpotent if and only if for 
any element a 6 d linear operator ad a is nilpotent. □ 

This corollary is known as the Engel theorem. However, 
it is very often Corollary 1 or even Proposition 3 itself that 
are referred to as the Engel theorem. 

Becoming of particular importance in connection with 
the Engel theorem are the various criteria of nilpotency of 
a linear operator. Now we prove the first two criteria of 
this kind. 

Recall that a trace of a linear operator^ acting in a vector 
space T" is the sum of diagonal elements of its matrix in a 
basis of 5 ^. The trace is defined correctly (i.e. it is independ¬ 
ent of the basis) and symbolized Hv A. 

The properties of a trace. 

1 °. The number Tr A is linearly dependent on the oper¬ 
ator A (i.e. it is a linear functional on the space End^ of all 
linear operators T TT)- 

2 °. For any two operators A and B 

Tr AB = Tr BA. 
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3®. The trace is the sum of all characteristic roots of the 
operator A (repeated as many times as is their multiplicity): 

Tr + • • • + 

Property 1° is obvious. Property 2° can be proved by a 
direct computation, while the easiest way to prove Property 
3° is by considering the normal Jordan form of the operator A . 
(Notice that in Property 3° we go over to the algebraic clo¬ 
sure of the held K, i.e. to the field C when K = (It, but the 
trace of the operator remains unchanged when the ground 
field is extended since so does its matrix.) 

Since for a nilpotent operator all characteristic roots are 
zero (see II, 15), it follows from 3° in particular that the 
trace of any nilpotent operator is zero. 

This necessary condition for nilpotency is not sufficent, 
of course. However, since any degree of a nilpotent operator 
is also a nilpotent operator, it follows that if an operator A 
is nilpotent^ then Tr = 0 for any k. 

It turns out that this condition is now not only necessary 
but also sufficient, i.e. if Ti A^ = 0 for any k, then the 
operator A is nilpotent. Indeed, since characteristic roots of 
the operator A^ are the degrees Xf, . . ., of the character¬ 
istic roots of the operator A, there is, for the trace Tr A^ of 
the operator A^, a formula 

Tr + . . . + 

saying that the number Tr .4^ is the sum of the fcth degrees 
of the characteristic polynomial of the operator A, But 
it is known from the theory of polynomials that the coeffi¬ 
cients of any polynomial can be polynomially expressed in 
terms of the sums of degrees of its roots (these are the so-called 
Waring formulas) and are zero if all those sums are zero. 
As applied to the characteristic polynomial {%) of the 
operator A, this proves that if Tr =0 for all k, then 
/a (^) = Therefore by the Hamilton-Cayley theorem 
(see II, 16) A^ = 0. □ 

Another, more special sufficient condition for nilpotency 
relates to operators of the form 

(1) A = [fii, CJ + . . . + [B„ CJ 

23 * 
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which are commutator sums. It turns out that if an operator 
A of the form ( 1 ) is commutative with each of the operators 
Bg (i,e, [A, 5|1 = 0 , . . B^] = 0 ), then that 

operator is nilpotent. Indeed, for any k the operator A^ is 
also a commutator sum: 

= C,]+...+15,, CJ) 

= A'^-^ + ... + B,C, - C,B,) 

= iB,A’^-iC^-A^-^CtBi)+ ... +{B,A’^-^C,-A>>-^C,B,) 

= [Bi, A>‘-^C,] + ... +[B„ A>^-^C,], 

and therefore Tr . 4 ^ = 0 (see Properties 1 ° and 2 ° of a 
trace). Hence the operator A is nilpotent. □ 

It follows from this criterion that for any linear Lie algebra 
9 the intersection J fl centre and the ideal 9^ con¬ 

sists of nilpotent operators. Indeed, any operator A in 9^ 
is of the form (1), where Bi, C^. . . ., C, f 9, and if 
A e a then U, B^] = 0 , . . U, BJ = 0 . □ 

In a similar fashion one can prove that for every Abelian 
ideal a of a linear Lie algebra 9 the ideal [a, 9] consists of 
nilpotent operators. 

More exact results can be obtained under the assumption 
that the linear Lie algebra 9 is irreducible, i.e. that f" has no 
nontrivial subspaces invariant under all operators in 9. 

For any subset a of a linear Lie algebra 9 acting in a space 
T the symbol olT* will denote the span of all vectors of the 
form Ax, where A and x 

It is easy to see that if a is an ideal, then the subspace o!T 
is invariant under all operators in 9. Indeed, if A ^ a, 
5^9 and x then 

B (Ax) ~ IB, A] X A (Bx) 6 
since [ 5 , 41 ] 6 a. □ 

It follows that if a linear Lie algebra 9 is irreducible, then 
there is a nonnilpotent operator in every nonzero ideal a of it. 
Indeed, if all operators in a are nilpotent, i.e. if a is a 
nilalgebra, then by Proposition 3 the ideal a is associatively 
nilpotent. Let m be the smallest number with the property 
that the product of any m elements in a is zero. Then in the 
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series of subspaces 

^1 — 0 ^, ^2 ~ 1» • • •> ^ m-1 ~ m-2’ ^m ~ m-1 

the subspace ^rn is zero and ¥= 0 - According to the 
preceding statement (which was applied m — 1 times) ^rn-i 
is invariant under every operator in Hence by irreduci- 
bility ^yn-i = T* and therefore ^ = aT* = a^m-i = = 

0, which is possible only when a = 0. □ 

Applying this general statement to the ideal J fl 9^ 
we immediately see that for any linear irreducible Lie algebra 
g ive have 

3 n 9^ = 0. 

Besides, we see that any Abelian ideal a of a linear ir¬ 
reducible Lie algebra g is in its centre 5. Indeed, since there 
are no nonnilpotent operators in the ideal la, 3] this ideal 
is zero, but the equation la, 3] = 0 implies exactly that 
a c= j. □ 

Definition 5. A Lie algebra 3 is said to be reductive if 
every Abelian ideal of it is in its centre 3 and 3 f| 3^ = 0 . 

We have thus proved that any linear irreducible algebra 
is reductive. 

Let 3 be a reductive Lie algebra. Since 3 f| 3^ = 0 , we 
can extend 3^ to a subspace m such that 9 = 3 © m, 
and since I3, ml c: [3, 3] c= m, the subspace m is an 
ideal. Moreover, it is easy to see that every ideal a in m 
is an ideal in 3 as well (since 9 = 3 + m, wo have 
[3, a] c= [3, a] + a 1 = Im, a] c= a). Therefore if 
the ideal a cz m is Abelian, then a cz 3 and hence a = 0 . 
Thus the ideal m has no nonzero Abelian ideals and is there¬ 
fore semisimple. 

Conversely, if a Lie algebra 3 is of the form 3 © m, 
where m is a semisimple ideal, then 3^ = m^ cz m and so 
3 PI ^2 _ Q Besides, under the natural epimorphism 
9--^9/3 every Abelian ideal a of 3 can be mapped into 
an Abelian ideal of the semisimple algebra 3/3 ^ m, 
i.e. into zero. Therefore a c= 3 and hence the Lie algebra 3 
is reductive. 

This proves that a Lie algebra 3 is reductive if and only 
if it is a direct sum of its centre and some semisimpte ideal m: 

3 ^ 5 ©^’ 



358 


Semester V 


(Note that in fact m = 3^. Indeed it follows from 3 = 
3 0m that 3^ = and, as we show in the next lecture, 
for any semisimple Lie algebra m we have = m.) 

Now it is easy to see that the radical t of a reductive Lie 
algebra 3 coincides with its centre 3. Indeed, under the 
natural epimorphism 3->-3/3 the radical r is mapped into 
zero (for the algebra 3/3 is isomorphic to the ideal m and 
hence semisimple). Therefore r c= 3 and hence ^ — s* n 

So a reductive Lie algebra is solvable if and only if it is 
Abelian, 

Thus, in particular, every linear irreducible solvable Lie 
algebra is Abelian, 

To apply this statement to not only irreducible algebras 
we first prove one general lemma from linear algebra which 
relates to a linear operator in a linear vector space 5^ 

having an invariant subspace As we know, such an oper¬ 
ator induces an operator Aj: on ^ and an operator A 3: 

on T/^. 

Lemma 1 . If operators Ai and A2 are nilpotent, then the 
operator A is also nilpotent. 

Proof. Let = 0 and = 0 . Then sends T to 
^ while A^^^ sends ^ to zero. Therefore _ A^^A^'^ 

sends T to 0, i.e. ^ q. □ 

Now it is easy to see that if 3 is a linear solvable Lie algebra 
and the operator A 6 d nilpotent^ then for any operator 
5^3 the operator AB is also nilpotent. Indeed, proceed by 
induction on the dimension w of a vector space W" in which 
a Lie algebra 3 acts, considering that given n = I the 
statement is trivial. If T' has no nontrivial subspaces in¬ 
variant under every operator in 3, i.e. if 3 is irreducible, 
then according to the foregoing 3 is Abelian and hence 
AB = BA. Therefore (AB)^ = A^B^ for any k '^0 and 
hence (AB)^ = 0 when A^ = 0 . If there is a nontrivial 
invariant subspace ^ in then restricting all operators in 
3 to ^ we obtain in ^ an algebra of operators which is a 
homomorphic image of the algebra 3 and is therefore solv¬ 
able. Hence, by induction hypothesis, the operator AB on 
^ is nilpotent. Similarly, going over to the factor space 
we see that the operator A 5 induces there a nilpotent 
operator. By Lemma 1 therefore A 5 is a nilpotent operator. □ 
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Note that in general AB $ 

Similarly it can be proved that for any linear Lie algebra g 
with radical r the ideal 1^, r] consists of nilpotent operators. 
Indeed, if g is irreducible, then, as we know, t = j and 
therefore t] = 0 . Hence in this case the statement is 
automatically true. In the general case we again proceed 
by induction on dim^. Let ^ be a subspace in 5^ invariant 
under all operators in Then, restricting all operators in g 
to ^ we obtain in ^ an operator algebra g isomorphic to the 
quotient algebra of ^ mod an ideal (consisting of operators 
equal to zero on ^). By induction hypothesis, the ideal 
l^', x'], where r' is the radical of g', consists of nilpotent 
operators. Since under the epimorphism ^ the ideal 

x] is mapped into Ig', x'], this proves that any oper¬ 
ator 4 in [g, x] induces in ^ a nilpotent operator. Similarly 
it can be proved that A induces a nilpotent operator in the 
factor space 5 ^/^ as well. Hence by Lemma 1 4 is a nilpotent 
operator. □ 

It follows by the Engel theorem that for any linear Lie 
algebra g the ideal [g, xl is nilpotent. It is easy to see, 
however, that this statement is true for arbitrary Lie algebras 
as well. 

Proposition 4 . In any Lie algebra q the ideal [g, x] is 
nilpotent. 

Proof. Let 9' = ad 9 and let x be a radical of the Lie 
algebra 9'. According to the foregoing, the ideal [9', x'l 
is nilpotent. On the other hand, under the homomorphism 
ad*, dd' the ideal [9, x] goes over to I9', x'] and the 
centre of the algebra 9 serves as the kernel of that homo¬ 
morphism. Thus factorization of [9, $] mod an ideal of 
the centre yields a nilpotent algebra. Hence the ideal [9, x] 
is also nilpotent. □ 

Corollary. A Lie algebra 9 is solvable if and only if the 
ideal 9^ is nilpotent. 

Proof. If the algebra 9 is solvable, i.e. if 9 — x, then 
the ideal 9^ = I9, 9] = Id, x] is nilpotent. Conversely, 
if 9^ is nilpotent (and hence solvable), then 9 is solvable, 
since the quotient algebra 9/9^ is Abelian, n 

The ideal [9, x] is usually called the nilpotent radical of 
a Lie algebra 9. It is contained in the nilradical n, but is 
in general different from n, 
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Wc continue the study of linear Lie algebras we began in 
the preceding lecture. 

It is immediate from the properties of a trace that the 
formula 

t {A, B) = Hr AB 

defines on any Lie algebra g some bilinear symmetric func¬ 
tional t. We shall refer to that functional as the 
of the Lie algebra 9. 

A bilinear functional 5 on 9 is said to be invariant (there 
is no need to explain the origin of this term here) if 

s (I^, y^, z) = s (x, Ii/, z]) 

for any elements .r, y, z 6 d? Le. if all linear operators of 
the form ad y, y 6 skew-symmetric with respect to s. 

Since for any operators A, B and C the trace of the oper¬ 
ator \A^ B] C = ABC — BAC equals the trace of the oper¬ 
ator A [ 5 , Cl = ABC — ACBy the trace functional of any 
linear Lie algebra 9 is invariant. 

Let r be the radical of a linear Lie algebra 9 and let 
4, ^ ^ 3 and C 6 Since [ 5 , C] ^ [3, rl the operator 
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[fi, C] is nilpotent. Since r is an ideal, the subspace a of 
9 generated by x and A has the property that [a, a] c= r. 
Hence a is a subalgebra of 9 and is solvable. Since A ^ cl, 
[fi, C] 6 t] ci t a, and since in addition the Lie 
algebra a is solvable and the operator [B, C] is nilpotent, 
the operator A IB, C] is also nilpotent. Therefore its trace 
is zero, i.e. t {A, [B, C]) = 0 . By invariance then t ([ 4 , 5 ], 
C) = 0 . This proves that in any linear Lie algebra 9 the 
ideals 9^ and r are orthogonal with respect to the trace func¬ 
tional t. 

In conventional but illustrative notation we have 

t ( 3 ^ ic) = 0. 

In particular, when 9 = r it follows that in linear solvable 
Lie algebra 9 

t (9^ d) = 

i.e. with respect to the trace functional the ideal 9^ is 
orthogonal to the entire algebra 9. 

To obtain similar results for an arbitrary (in general, 
nonlinear) Lie algebra 9 we proceed to a linear Lie algebra 
9' = ad 9. The trace functional defined on that linear 
algebra will be transferred to a Lie algebra 9 by means of 
a homomorphism ad. That is, we define on 9 a bilinear 
symmetric functional by the formula 

^9 y) = X, ad y) = Tr (ad x ad y). 

Definition 1 . A functional is called Killing's functional 
of a Lie algebra 9. 

Since ad is a homomorphism of Lie algebras. Killing's 
functional is invariant. 

For any effectively given Lie algebra Killing’s functional 
is usually calculated without any difficulty. 

Example 1 . Find Killing’s functional of the Lie algebra 
9( (n) of all n X n matrices. The basis of this algebra is 
composed of matrix units Eij, 

Since we have 

n 

i^l 
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n 

for any matrix X = ^ XiiEij in so that 

i, i=l 

n 

(ad -X) £'oj;p = S 


in the Lie algebra {n). 
Hence 


n 

(ad X o ad Y) ^ 

i, i=l 

n 

+ ^^iUij^aj) — S (^ia^/Pi + ^fijUia) ^ij 

ij ;=i 

and therefore 

n 

Tr(adXoadF) = n S (ar./y/i+^;i'/o-) 

i, i=l 

-2 s Xiiy,, = 2nTT(XY)-2TiX-TTY. 

I, J = 1 

This proves that Killing's functional of (n) is expressed 
hy the formula 

(Z, Y) = 2n Tr {XY) - 2 Tr X-Tr Y, 

i.e. by 

h\(n) (X, y) - 2 ^ (X, E)-i (y, £). 

Note that this functional is singular^ i.e. that (^)^ ^ 
0 . Indeed it is clear that for any scalar matrix aE there is 
an identity (X, aE) = 0 , X £ 9( {n), implying that 

aE G dt (^)-^- 

Example 2 . In the Lie algebra g( {n) oi n X n matrices 
with a zero trace the basis consists of matrices 



if 

if I =7, 


where i, /~1, . 

n 

X= 2 in 


., n and (i, j)=^[n, n). The matrix 
§( (w) is expressed in terms of that 
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basis by the formula 

X: 


2 /V. 

i, j—\ ij • 

(i, j)^(Ti, n) 


It is immediate from relation ( 1 ) that 


(ad X) = I 


n 


W V 

S —if a^p. 

i=l 

i=l 

i^ac, 

n- 1 

- S -Xntm, if a = P- 

i=l 


On carrying out the necessary calculation we obtain for 
Killing’s functional of §1 {n) the formula 

y) = 2 ^ Tr {XY) = 2 nt (X, Y). 


Thus for §( (w) Killing's functional tract? 

functional t differ only by a factor. 

Now it is easy to see that in contrast to the previous case 
the functional is nonsingular, i.e. §( {n)-^ — 0 . In¬ 
deed, if Tr (Xy) = 0 for any matrix Y 6 then in 

particular Xij = Tr (XEij) = 0 for i f and Xa — x^n == 
Tr (X {Eii — EJ^n)) = 0 for any i. Therefore the matrix X 
is of the form aE and so in view of the condition Tr X = 0 
it is zero. 

Example 3 . In the Lie algebra go (n) of skew-symmetric 
n X n matrices the basis consists of matrices 


Eii.n= o . i<h 


n 


By the same formula (1), for any matrix X — 2 

2, i=l 

in go (a) there is a formula 


n 


(ad X) -£'[a, P] S i])» 

i=l 
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For the functional this yields the formula 

(XY) = {n-i) Tr (XY) = {n - 1 ) t {X, Y). 

Therefore for go (n) the functionals ^ differ 

only by a factor, 

n 

Since Xij = Tr {XE^i^j^ for any matrix X = 2 

i, i=l 

in go (n), it follows in particular that, as in the previous 
case, the functional %o(m) nonsingular. 

The construction of the Killing functional allows a very 
far-reaching generalization. 

Definition 2 . A representation of a Lie algebra g in a 
vector space T* (called the space of the representation) is a 
homomorphism p: ^ [End^l of the algebra 9 into the 
Lie algebra [End T*] of linear operators in Y", 

Note that giving a representation p of a Lie algebra g 
defines in the space of p the structure of a module (see 
Lecture 5 ) over the Lie algebra g (by the formula xv — 
p (x) V, where 6 9, v and, conversely, any module 

over 9 is the space of p for which p (r) y = xv, x ^ 

V g Thus the concept of module over a Lie algebra 9 
and that of representation of a Lie algebra 9 are essentially 
idejitical. That these concepts duplicating each other should 
both remain is due exclusively to tradition. 

An example of a representation is a homomorphism ad. 
This representation is termed adjoint. 

By using the formula 

tp y) = t ip (x), p (y)) = Tr (p (a;) p ((/)), 

any representation p defines a symmetric invariant bilinear 
functional on 9 known as the trace functional of the represen¬ 
tation. 

Thus the Killing functional is nothing than the trace func¬ 
tional of an adjoint representation: 

“ ^ad* 

The trace functional of a linear Lie algebra is in this ter¬ 
minology the trace functional of an identity representation: 

t = 
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Proposition 1 . In every Lie algebra ^ the ideals and I 
are orthogonal with respect to the trace functional of any repre¬ 
sentation p. In particular, these ideals are orthogonal with 
respect to Killing's functional. 

Proof, Let x, y 6 ^ and z ^ It is necessary to prove 
that tp (k, y], z) — 0 . By definition 

tp i[x, y],z) = t (p [x, y], pz) = t (Ipo;, p^], pz) 

and therefore tp {\x, y], z) = 0 since fp^, p^] is in the ideal 
(p9)^ of the linear Lie algebra pg and pz is its radical. □ 

Corollary i. In a solvable Lie algebra g the ideal is 

orthogonal (with respect to Killing's functional) to the entire 
algebra: 

(^^ d) = 0. □ 

It turns out that this necessary solvability condition is 
also a sufficient one: 

Proposition 2 (Gartan’s criterion for solvability). A Lie 
algebra g is solvable if and only if 9) = 0. 

The proof of this proposition uses a number of facts from 
linear algebra. We shall begin by presenting them. 

For simplicity we shall assume for the time being the field 
K to be algebraically closed (say, to be the field C of com¬ 
plex numbers). 


Let .4 be a linear operator in a finite-dimensional vector 
space f". We reduce this operator to Jordan normal form 
(see II, 16 ), i.e. we find in 5^ a basis in which the matrix 
of the operator A is the direct sum of Jordan cells of the 
form 


0 



1 0 ... 01 

\ 1 ... 0 


... 0 A, 1 




By replacing ones by zeros in each of these cells we obtain 
a diagonalizable operator A^ which has the same character¬ 
istic roots and hence the same characteristic polynomial as 
the operator A. The operator A^^ = A —Ad is obviously 
obtained by replacing all roots A by zeros. This operator 
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is nilpotent and commutative with (and hence with A). 
Moreover, it is easy to see that there is a polynomial p (T) 
such that Ad p (^) (any polynomial with the property 
that p (Xj) = Xi and p^^^ (kt) = 0 given /c = 1, . . — 1 

for every characteristic root ki of A, where jii is the mul¬ 
tiplicity of the root ki) and hence a polynomial q (T) such 
that An — q ( 4 ) (it suffices to put q (T) = T — p (T)), 
Therefore any operator commutative with A is commutative 
with Ad and A^- 

If now A = A' + A", where is a diagonalizable 
operator A" is sl nilpotent operator and the operators A' 
and A " are commutative with each other and hence with A, 
then A' and A" are commutative with Ad and A^ and we 
have A' — Ad = An — 4 But it is easy to see that the 
difference of two commutative diagonalizable (respectively, 
nilpotent) operators is a diagonalizable (respectively, nil- 
potent) operator. Since the only both diagonalizable and 
nilpotent operator is the zero operator, it follows that the 
equation A' — Ad = An — A" is possible only when A' = 
Ad and 4 " = An- 

This proves the following lemma: 

Lemma 1 . Any operator A acting in a finite-dimensional 
vector space TT can he uniquely represented as the sum 

(2) A — Ad + An 

of operators Ad and An such that: 

(i) the operator Ad is diagonalizable^ 

(ii) the operator An is nilpotent; 

(iii) the operators Ad and An are commutative with each 
other and with the operator A. 

The operators Ad and An are both polynomials in A, □ 

The operator An is called the nilpotent part of A and the 
operator Ad is the diagonalizable part of A. (Bourbaki 
refers to Ad as the semisimple part of A). Decomposition 
(2) is called the Jordan decomposition of the operator A. 

According to the general definitions, it is possible to 
associate every linear operator A: JT with a linear 
operator ad A acting in the vector space End JT by the 
formula 


(ad A) X = AX —XA, 


X 6 End T- 
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Lemma 2 . We have 

(ad A)d = ad Ad, (ad A)^ = ad A^- 

Proof. Let e^, .. be a basis of a space in which the 
matrix of the operator Ad is diagonal. This means that 


Ad ~ ^ 1^11 + • • • + 


nn» 


where Eij are basis operators defined by the formula 

I eu if k = i 
“ 1 0, if & ^ 


(these operators constitute the basis of the vector space 
End ^ and their matrices in the basis ^re the 

matrix units Eu), Since 


we have 





if 7 = a 
if ] a 


(ad Ad) Eij = {Xi — Xj) Eij. 

This means that in the basis the matrix of the oper¬ 

ator ad is diagonal (with elements Xt — Xj along the 
principal diagonal). Thus the operator ad Ad is diagonaliz- 
able. 

It is clear, on the other hand, that for any k^O and any 
X 6 End T* the operator (ad A^)^ X is the sum of operators 
±Aj^XA}^, where i -[- / = ft. Therefore if An = 0 , then 
(ad An)^^~^ = 0, i.e. the operator ad An is nilpotent. 

Finally, since ad is a homomorphism of Lie algebras, we 
have lad Ad, ad An] = ad [Ad, An] = 0 and ad Ad + 
ad An — ad {Ad + An) = ad 4 , i.e. the operators ad Ad 
and ad An are commutative and their sum is equal to the 
operator ad A. 

Thus did Ad and ad have with respect to ad A charac¬ 
teristic properties (i) to (iii) of Lemma 1 . Therefore did A = 
(ad A)d and ad An = (ad A)n- □ 

Corollary. Operators ad Ad and ad An are polynomials in 
the operator ad A. □ 

Now we can prove our key proposition about linear Lie 
algebras: 
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Proposition 3 (Cartan’s criterion). If the trace functional of 
a linear Lie algebra 3 is identically zero, then 3 is solvable. 

Proof. Let A be an operator in 3^ and let 
be all its eigenvalues (characteristic roots) repeated as many 
times as their multiplicity is. Proposition 3 is immediate 
from the following lemma: 

Lemma. For any additive mapping P: K IK of the field 
K into itself {i,e, such that P (a + fc) = Pa + pfc) 

P (A^i) + • • • + P i^n) = 0. 

Indeed, the field K is a vector space (finite-dimensional) 
over the field Q of rational numbers. Choosing a basis 
{Ui, i ^ 1 } ot the field K over Q (the index set I is infinite 
but this interferes with nothing) we denote the ith {i g I) 
coordinate of an element a £ K in that basis by p^ (u). Since 
Q cz K, we may consider p^: a i-> P^ (u) as an (obviously 
additive) mapping K K. Hence in the field K, by the 
lemma, 

Pt (^1) ^1 + • • • + Pi (^n) = 0. 

Passing in this equation to the ith coordinate we get 

Pi (^1)^ + • • • + Pi = 0, 

i.e. (since all numbers P^ (^1), . . ., Pj {Xn) are rational) 

Pi (^1) =0, ...» Pi (kn) = 0. 

Since the index i ^ I is arbitrary, this is possible only when 
= 0 , . . ., when Ad = 0 . Hence the oper¬ 

ator .4 = . 4 ^ is nilpotent. 

This proves that the ideal 3^ is a Lie nilalgebra. Hence, 
by the Engel theorem, this ideal is nilpotent and so the Lie 
algebra 3 itself is solvable. 

Thus to complete the proof of Proposition 3 it only remains 
to prove the lemma. 

Proof of the lemma. As above, it may be assumed without 
loss of generality that 

~ ^ 1^11 + • • • + '^n^nrf 

We introduce into consideration an operator 

Z) = P (Xi) Ell + • • • + P Q^n) ^nn* 
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If p {T) is a polynomial such that p (Xj) = p (kt) for all 
then D = p {Aa) and therefore D = p (q (A)), where q {T) 
is a polynomial such that q {A) = Ad- Consequently D 
is commutative with A and hence also with An (and Ad). 
But then (DAn)^ = D^A^ for any k'^ 0 and therefore the 
operator DAn is nilpotent. Hence it has a zero trace: 

TrDAn = 0 

and therefore 

P (K) + . . . + p (kj kn = Tr DAd = Tr DA. 

Thus we only need to prove that Tr DA = 0 . 

Since A 6 the algebra g has operators 5 ^, . * 5^, 

Cl, . . Cg such that 

A = [ 5 i, Cil + • • . + C^], 

and therefore 

Tr DA =TvD IB,, CJ + . . . + Tr D CJ 
= Tr [D, 5 i] Cl + . . . + Tr ID, DJ C,. 

But 


(ad D) E,j = (P (ki) - p (kj)) Etj 

and hence ad D = g (ad Aa), where g (T) is a polynomial 
such that g (ki — kj) = P (Xf) — p (^y) for any i and /. 
Such a polynomial does exist since at ki — kj = ka — kb 

p (ki) - p (kj) = ^{ki^ kj) = P (X, - kb) 

= P (ka) - P (K)- 

Since ad Ad is, as we know, a polynomial in ad 4 , this 
proves that there is a polynomial / (T) such that ad D = 
/ (ad- 4 ). Since 4 , Bt^q, we have 14 , DJ g g, i.e. 
(ad A) Bi 6 g. Hence (ad A)^ Bf g g for any m ^ 0 and 
therefore (ad D) Bi = f (ad 4 ) Bt g g, i.e. [D, DJ g g. 
So by hypothesis 

Tr ID, Bi] Ci = t (ID, 5 |], CO = 0 

for any i = 1 , . . ., s and therefore Tr D 4 = 0 . □ 

Note that Proposition 3 is true for Lie algebras over any 
field K of characteristic 0 (and not only over an algebraically 

24-0450 



370 


Semester V 


closed one). Indeed in passing from the field K to its al¬ 
gebraic closure K the hypothesis of Proposition 3 remains 
valid and its conclusion remains true also over K (a Lie 
algebra over X is solvable if it is solvable as the algebra 

over K). □ 

Corollary 1 . The radical I o/ a Lie algebra 9 is the annulet 
of the ideal 9^ with respect to the Killing functional: 

t = (9^)-^- 

Proof. We already know that (9^, r) — 0 , i.e. x a 

Oil Ih® other hand, the image g of the ideal (9^)-*- 
in the adjoint algebra ad 9 has obviously the property that 
on the trace functional t is zero. Thus the ideal is 
solvable and hence so is (9^)^. Consequently (9^)-^ c: r. □ 

Corollary 2 . A Lie algebra is solvable if 


( 3 ) 

^0 (3^ 9 ^) = 0, 

i.e. ij 


( 4 ) 

Tr (ad xY = 0 


for any element x 6 9^. 

Proof. By the identity 

Tr (ad.r + ad yY Tr (ad xY + 2 Tr (ad x Sidy) Tr (ad y)^ 

condition ( 4 ) is equivalent to the fact that for any two ele¬ 
ments a;, ^ 6 9“ there is an equation Tr (ad a; ad = 0 im¬ 
plying that the trace functional of the linear Lie algebra ad 9^ 
is identically zero. Equivalent to the same fact is, by defini¬ 
tion, condition ( 3 ). Therefore, if these conditions are satis¬ 
fied the linear Lie algebra ad 9^ is solvable. But then so 
is the algebra 9 since ^ Sid ^ and the algebra ad 9/ 
ad 9^ is Abelian. □ 

The requirement that a; 6 is essential in this corollary. 

Example 4 . Consider a three-dimensional Lie algebra 
with a basis e^. e^, multiplication being defined by the 
formulas 

^3^ — ae-^ —j— be^^ ^ 3 ^ ce-^ —j— de^^^ 

where ad — be ^ Q and -j- -|- 2 bc ^ 0 . For this Lie 

algebra the ideal 9^ is the span of the elements e^ and ^2 
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and is therefore an Abelian Lie algebra. Hence the Lie 
algebra 9 is solvable. Moreover, for any element x = 
•^1^1 + ^2^2 + ^3^2 d fhe operator ad x has (in the basis 
^2» ^3) ^ matrix 

— ax^ — cx^ axj^ + cx^ 

— 60:3 — dx^ bx^ + dx^ I 

0 0 0 / 

and hence the operator (ad xY has a matrix 

( a^ 4- be) xl {a + d) cx\ — (a^ + cb) x^x^ — {a-\-d) cx^ cx^ \ 

(a + d) bx\ {be + x\ — (a + d) bx^x^ — {be + d^) x^x^ | 

0 0 0 / 

with a trace {a^ d^ 2bc) x\ equal to zero only when 
0:3 = 0 (i.e. when x 6 9^). 

Now we are ready to prove Proposition 2 . 

Proof of Proposition 2. It suffices to note that if 
d) = 0» then all the more so (9^, 9^) = 0. □ 

We now consider linear Lie algebras whose trace functional 
is nonsingular. 

Proposition 4. A linear Lie algebra with a nonsingular 
trace functional t is reductive. 

Proof, Since t (9^, r) = 0 and t is invariant, we have 
t (d» [9» 1^1) == ^ = 0? from which in view of non¬ 

singularity we get [9, r] = 0 , i.e. t c= j. Therefore, in 
particular, any Abelian ideal of 9 is in j. Further, as was 
shown in the preceding lecture, any operator A in 3 fl 
is nilpotent. So is therefore the operator AB for every oper¬ 
ator 5 in 9 (since AB = BA) and therefore the trace 
Tt AB = t {A, B) is zero. In view of the nonsingularity 
of the functional t this is possible only when A = 0 . So 
3 PI 32 _ Q hence the Lie algebra 9 is reductive. □ 
The converse is true only “up to isomorphism”. Namely, 
it can be shown that any reductive Lie algebra is isomorphic 
to a linear algebra with a nonsingular trace functional^ but 
we shall not need this statement and shall not prove it. 

Another converse of Proposition 4 is contained in the 
following proposition which on the contrary is very useful 
to us: 
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Proposition 5 .SThe trace functional of a linear semisimple 
Lie algebra 9 is nonsingular. 

We first prove two lemmas. 

Lemma 3 . Let ^ be a Lie algebra and let t be a symmetric 
bilinear invariant functional on 9. Then for any ideal a of 
9 its annulet a-*- with respect to t is also an ideal. 

Proof. If .r 6 a-L, y and z ^ ay then 

t (\Xy y]y Z) = t {Xy [ij y Z]) = 0 

and therefore [xy y] ^ a-^. □ 

Lemma 4 . Let q be a linear semisimple algebruy let a be 
its ideal and its annulet with respect to the trace functional 
t. Then a fj = 0 . 

Proof. By Lemma 3 the annulet and hence the in¬ 
tersection a fl is an ideal, with the trace functional 
identically zero on the ideal a f] ciJ-. By Proposition 3 
therefore the ideal a fl a-*- is solvable, and hence zero, 

9 being semisimple. 

Proof of Proposition 5 . Applying Lemma 2 to the ideal 
a = 9 we get 9-*- = 0 . This means exactly that the func¬ 
tional t is nonsingular. □ 

A representation p of a Lie algebra 9 is said to be faithful 
if it is a monomorphism, i.e. if it effects an isomorphism of 
9 with a linear algebra p (9). Since the trace functional 
of p (9) is nothing than the trace functional of p, Proposition 5 
is equivalent to the statement that the trace functional of 
any faithful representation of a semisimple Lie algebra is 
nonsingular. 

In particular, this statement is applicable to the adjoint 
representation ad (it is faithful, the centre of a semisimple 
Lie algebra being zero). Since the trace functional of the 
adjoint representation is exactly Killing’s functional, this 
proves that Killing's functional of a semisimple Lie algebra 
9 is nonsingular. 

For any ideal a of 9 therefore its annulet a^- with respect 
to Killing’s functional has an extra dimension, i.e. 

dim a + dim a-*- = dim 9. 

On the other hand, since ad effects an isomorphism of a with 
a linear algebra ad 9 which sends to the trace functional 

t of ad 9, by Lemma 4 a fl = 0 . 
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Hence ^ = a 0 a-*-. 

We formulate this statement as a Proposition 6: 

Proposition 6. a semisimple Lie algebra ^ any ideal a 
is a direct summand, i,e, there is an ideal a-^ such that 

g = a © a-L. 

The additional ideal a-^ is the annulet of a with respect to 
Killing's functional. 

Corollary. Any ideal and any quotient algebra of a semi¬ 
simple Lie algebra ^ are semisimple Lie algebras. 

Proof. If the annulet of a subspace with respect to a non¬ 
singular bilinear functional is a direct complement of that 
subspace, then the restriction of the functional to the sub¬ 
space is obviously nonsingular too. On every ideal a of ^ 
therefore Killing’s functional is nonsingular. This means that 
under the isomorphism ad: g ad 9 the ideal a goes 
over into a linear Lie algebra ad a with a nonsingular 
trace functional. By Proposition 4 , therefore, the algebra 
ad a, and hence the ideal a, is a reductive Lie algebra, i.e. 
can be decomposed into a direct sum of its centre j and 
a semisimple ideal m. Since the direct summand of the ideal 
is obviously the ideal of the entire algebra, the centre j, 
the algebra 9 being semisimple, must be zero. Hence the 
ideal a = m is semisimple. 

The statement about quotient algebras reduces to the 
statement about ideals since a quotient algebra mod an 
ideal a is isomorphic to an additional ideal a a-^. □ 

It also follows from the nonsingularity of Killing’s func¬ 
tional that for any semisimple Lie algebra 9 we have 9 = 9^. 
Indeed, by Corollary 1 to Proposition 3 the annulet (9^)-^ 
of the ideal 9^ with respect to Killing’s functional is zero 
for a semisimple Lie algebra. In view of the nonsingularity 
of Killing’s functional therefore 9^ = 9. □ 

The condition that the Killing functional should be non¬ 
singular is not only necessary but also sufficient for a Lie 
algebra to be semisimple. To show this we note in the first 
place that if the trace functional of a, representation p 0/ a 
Lie algebra 9 is nonsingular, then p is a faithful representation. 
Indeed, if pa = 0 , then tp [a, x) = Tr (pa, px) = 0 for all 
cr ^ 9 and hence a = 0. Q 
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In particular, if the Lie algebra q has nonsingular Kil¬ 
ling’s functional, then its adjoint representation is faithful, 
so that the linear algebra ad 9 is isomorphic to 9 (and the 
centre of 9 is trivial). Since under this isomorphism the 
trace functional of ad 9 corresponds to Killing’s functional 
of 9, it is also nonsingular. Hence the linear algebra ad 9 
is reductive and, its centre being trivial, semisimple. Also 
semisimple is therefore the algebra 9 ^5:;^ ad 9. 

This proves the following proposition: 

Proposition 7 (Gartan’s criterion for semisimplicity). A Lie 
algebra 9 is semisimple if and only if its Killing's functional 
is nonsingular, n 

By this proposition and the results of Examples 1 to 3 
the Lie algebras §l {n) and go (n) are semisimple and the 
Lie algebra 9! {n) is not. □ 

Now let p be a nontrivial (i.e. such that pa =7^ 0 at least 
for one element a g 9) representation of a semisimple algebra 
9 and let t be its kernel. Then by Proposition 6 there is 
an ideal 1 ) = in 9, such that 9 = t 0 The repre¬ 
sentation p restricted to t) is faithful, and since I) is semi¬ 
simple (see the corollary to Proposition 6), the trace func¬ 
tional fp of p on the ideal t) is nonsingular. Therefore for 
any basis e-^, . . of I) (as a vector space over a field K) 
there is a ;fp-dual basis e^, .... e^ having the property that 

tp{ei, e^) = 6i, i, 7 = 1, . • n. 

For any element a: 6 9 we put 

[x, ei] = al{x)ej, \x, e^=^^i{x)ef. 

Thus {ai (x)) is the matrix of restricting a linear operator 

9 

ad or to 1) in ^1, . . and (Pi (a:)) is the matrix of the same 
operator in . . ., e'^. 

Lemma 5 . For any element x ^ ^ there are equations 

ai(:r)4-p|(^)=-0, i, 7 = 1, ...,n. 

Proof. These equations are just another form of the in¬ 
variance (the skew symmetry of the linear operator ad.r) 
of the functional tp: 

{x)^tp{lx, ei], e^)= —tp{e^, [x, e^])= --^\{x). □ 
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Lemma 6. The linear operator 

c = P (^i) P {e') 

is independent of the choice of basis ej^, . . Cn, 

Proof. For any other basis ei^ = c\, ei of the vector space t) 

the dual basis can be expressed by the formula e^' = c^^eK 
Therefore 

P («<•') P (e^') = fij'P {«i’) P (e^') 

= 6)'c|<cf p (ei) p {e^) 

= 6iP (et) P {e^) 

= p{ei)pie^). □ 

Definition 3. The linear operator C is called the Casimir 
operator of a representation p. 

For the trivial representation p = 0 we put by definition 

C - 0. 

Proposition 8. A Casimir operator is commutative with 
any operator in p (g): 

[C, p = 0 for any x ^ 

When p ^ 0 the trace Tr C of the Casimir operator is equal 
to the dimension n of the ideal 1), so that the operator is nonzero 
{and what is more, it is nonnilpotent). 

Proof. By definition, 

Tr C -- Tr (p (et) p {e^)) = tp {Ci, e^) = b\ = n. 

Since 

p{z)C=-p (a:) p {et) p (e*) 

= Ip (^). P (^i)l P + P i^i) P (^) P 
= P ([^, et]) p {e') + p {et) p {x) p (e’) 

= a\ {x) p {Cj) p (e*) + p (ei) p {x) p (e‘) 

and similarly 

^0 (x) = —PI (x) p (ej) p (e’) + p (et) p (x) p (e^), 
we have Cp (x) — p {x) C = 0 by Lemma 2 . Q 
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A representation p is said to be irreducible if so is the 
linear Lie algebra p (9). Such a representation is nontrivial 
(when dim T* >0). 

Corollary. The Casimir operator of an irreducible represen- 
tation of a semisimple Lie algebra is invertible. 

Proof. Since C is commutative with p {x), the kernel of 
the operator C is invariant under all operators p {x) and 
hence, being irreducible, is zero. □ 
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Cohomologies of Lie algebras-The Whitehead theorem-The 
Fitting decomposition-The generalized Whitehead Theorem- 
The Whitehead lemmas-The Weyl complete reducihility 
theorem-Extensions of Abelian Lie algebras 


We begin this lecture with some general constructions whose 
genesis and meaning can be explained only within homologi¬ 
cal algebra and in connection with the topological theory of 
cohomology groups of Lie groups. We shall do it briefly in 
the next lecture and for the present be satisfied with a purely 
formal presentation without any motivations. 

Let 9 be a Lie algebra, as ever finite-dimensional and 
over a field K of characteristic 0, and let be a module over 
9 having as a vector space over K a finite dimension (in 
other words, a space of some finite-dimensional represen¬ 
tation p of 9). 

Definition 1 . A function u — u Xj^) of m independ¬ 
ent variables 6 9 which takes on values in the 

module is said to he an m-dimensional cochain of the Lie 
algebra 9 over f" if: 

(a) the function is skew-symmetric, i.e. if it changes sign 
when any pair of independent variables is interchanged; 

(b) the function is linear in every independent variable 
(with the values of the other independent variables fixed). 

When m = \ condition (a) is meaningless, so that an 
arbitrary linear mapping u: 9 is a cochain, and when 

m ^ 0 it is assumed in accordance with the general con¬ 
ventions about functions with a zero number of independent 
variables that u is an element of , 
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All 7?i-dimensional cochains constitute in an obvious way 
a vector space C"* (g; 

We set, for any cochain u ^ (9; TT) and any elements 


m+1 

(6w)(xi, x„+j)= S ( —l)”‘a:iW(xi, 

i+l 


m m+1 ^ 

“i“ ^([^i ’ )» *^17 • • • » 7 

i+l i=i + l 



where the symbol ^ over the independent variable means 
that the latter must be omitted. 

It is clear that the function bu defined by that formula 
is linear in each independent variable and, as calculation 
shows, skew-symmetric, i.e. it is an m + 1-dimensional 
cochain. The resulting mapping 

6 : ( 9 , T) -> ( 9 , T) 


is obviously linear. 

When m = 0 

(6ii) (x) = XU, 

when /n = 1 

(6m) {x, ij) = XU (ij) — iju {x) — u ([x, I/]), 
when m ~ 2 

{ 8 u) {x, ij, z) = XU (ij, z) — iju (x, z) 4- zu (x, ij) 

— u ([a;, y], z) ^ u {{x, zl, y) — u (ly, zl, x). 

The basic property of the mapping 6 is that if twice re¬ 
peated it is zero: 

606=0. 


For example, when m — 0 

(66^) {x, y) = X {yu) — y {xu) — \x, y] u = Q, 

and when m — i 

(66a) (x, y, z) = x {yu (z) — zu {y) — u ([y, zl) 

— y {xu (z) — zu {x) — u ([.r, zl)) 
-4 z {xu (y) — yu {x) — u ([a;, yl)) 
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— lx, ij] u (z) + zu {[x, ij]) + U ([[a:, y], z]) 

+ [x, z] u (y) — yu {[x, z]) — u z], y]) 

— [y, z] u {x) + XU ([r/, z]) + u {[[y, z], a;]) 

= 0. 

The calculation in the general case is tedious but quite 
feasible if certain care is exercised. It will be left to the 
reader. 

Definition 2 . A cochain u for which 8 u = 0 is called a 
cocycle and a cochain u of the form bv is a cohoundary. 

All cocycles form a subspace (^; TT) of the vector 
space C"* (^; f‘) (the kernel of the mapping 6: (9; T)->- 

coboundaries (for m >0) form a sub- 
spaced^ (g; f/’) of (d; T) (the image of 6: (g; 

(g; T’)). The relation 6 o 6 = 0 means that 

(g; T) cz (9; T) 
for any /n > 0, so that a factor space 

(9; T) = Z^ (9; r)/B^ (9; T) 

is defined. 

When m = 0 we agree to assume that (9; T^) = 
(d» ^ )7 SO that (9; T) is nothing than a subspace of 
the module consisting of the invariant elements of T, 
i.e. of elements u such that xu 0 for any a; ^ 9. 

When m ~ i cocycles are characterized by the relation 

( 1 ) u (lx, = XU (y) — yu (x), 
and when m ~ 2 hy the relation 

(2) u (lx, [/], z) ~f" u (J.y^ z\, x') ~f" u (fz, ^1, y) 

= XU (y, z) -f yu {z, x) -f zu {x, y). 

The equation (9; f^) = 0 means that relation ( 1 ) 
implies the existence of an element v g such that 

U {x) = XV 

and the equation d- (9; f^) = 0 implies that of a linear 
mapping v: q f" such that 

u (x, y) = XV (y) — yv (x) — v ([x, ^ 1 ). 
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In what follows we in fact need only the last two state¬ 
ments. 

Suppose now that ^ is a semisimple Lie algebra. Then 
a Casimir operator C = p {Ci) p (e^) of a representation p is 
defined, with a basis of an ideal I) supplementary 

to the kernel of p and its dual basis with respect 

to the trace functional tp. 

Proposition 1 (Whitehead theorem). If the operator C 
is invertible, then 

(g; f^) 0 for any m ^ 0 . 

Proof. Let m ==^ 0 . If xv = 0 for all x ^ then Cv == 0 
and hence v = 0 , Thus H'^ (^; f^) = 0 . 

Let m >0 and let u ^ Z'^ (g; ^). Then 


m+l ^ 

(^'l» • • •» » • • •» ^m+l) 

i=l 

m 771+1 

+ S S { — Xj\, 

i=l i=t+l 


^ ^ ^ 

, • • • , Xf^ , . . . , X j , * • • , •^771+ l) - ^ 


for any elements Xi, . . Xj^, -^m+i 6 d- On substituting 
for Xjn^^i the element e^ of multiplying by e^ and sum¬ 
ming over k we obtain an identity 



771 


( 1 ) * (^XfU (^ 1 , . • • » Xf , . • • , ^7717 ^ft)) 

7=1 


(- 

\Y*Ze^ (Cf^u {Xi, .. 

• 7 Xfi 

)) 

771-1 

in 




s 

S 

(_l)i+Vu 


X 

7=1 

i=i+l 



A 

• » Xi 

, • * * 7 

A 

Xp • • • ? XjY^ 

» ^ft) 



m 


+ S ( —fife], Xt, ...,a;^) = 0 , 

7=1 


that holds for any x^, . . Xj^ ^ g. 

Since = p (x) u, the term (—1)’^+2 ^ ^ 

in ( 3 ) is nothing than (—1)’^+2 ...» and since 


Lecture 


S81 


e {xu) ~ [e^ x] u -]r X {eu)^ the first sum in that identity is 

m 

i. ^ 

(4) 1) j Xi] U (.Tj, ... Xiy • • • ) ^k) 

2=1 

m 

”h ^ 1) ^ (^1» • • •» ) • • • > ^fe)) 

i=l 

m 

= 2 ( 1) Pi ("^i) ^ ^ (^1» • • • 1 • • • > ^fe) 

i=l 


m 


+ 2j 


i=l 



where, just as in Lemma 2 of the preceding lecture, 

P? (^) = (l^, ei), 

and 

^ (^/n • • •» I/m-l) ^ W- (i/i» • • •» Um—li ^h) 


for any yj, . . ., 6 d- 

But the last sum in (3) is 

S (— (Xj) e*ii (ej, a:,, ..., x,, ..., a; J 

m 

= S ( f)*^Z (^z) ^ ^ (^1» • • •» » • • •» ^h)» 

i=l 


where (a;) = fp ([a;, e^], e^). Therefore, by Lemma 2 of 

the preceding lecture, the last sum in (3) and the first sum 
in (4) cancel out. 

Since the double sum in (3) can be written as 


m-1 m 

S S 


i=ss 1 j=i +1 


{—iy*h{[Zi, Xj], xj,. 


Xj, 


A 

X 





this proves that 

m 

(_ l)n+2Cu (Xi, ..., xj + S (—(Xj, ..., X|, . . ., Xm) 

i=l 

m-1 m 

"-j- f )* ([^1? ^1» •••! 

i=l i=i+l 


• • 
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i.e. that 


( 1 ) C U/ . . ., ^m) ~i~ (^1 > • • •» ^m) 

It follows that on putting 

W (^ij • • •? ^m) ( 1) ^ 0 V {X-^^ • • •) •^m) 

we obtain a cochain w £ (g; 5^) such that z/ = ^w. 

Thus every m-dimensional cocycle of the algebra g over 
is a coboundary and so (g; f") = 0. □ 

Recall that a linear operator C acting in a vector space 
is said to be a direct sum ^4 © 5 of an operator A acting 
in a subspace ^ cz.f* and an operator 5 acting in a subspace 
® c: “F if, first, ^ = ^ © (3, second, the subspaces ^ and 
® are invariant under C and, third, the operators induced 
in ^ and ® by C coincide, respectively, with A and B. In 
conventional but illustrative form 


A ®B = 




(cf. II, 14). 

We use the following lemma to investigate vector spaces 
jjm ^Yie case, where the Casimir operator C is 

irreversible: 

Lemma 1. Any linear operator C in a -finite-dimensional 
vector space T* can he uniquely decomposed into a direct sum 



C = A ® B 


of an invertible operator A and a nilpotent operator B, 
Proof. Since is finite-dimensional, the descending chain 
of subspaces 

(6) Im C ZD Im =)...=) Im ZD .. . 

stabilizes, i.e. there is k such that Im =■ Im We 

put ^ = Im C^. Clearly, ^ is invariant under C and the 
induced operator A: ^^ (being a subjective operator) 
is invertible. 

For the same reasons there stabilizes the ascending chain 
of subspaces 

(7) 0 cz Ker C a Ker . cz Ker cz . . ., 
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i.e. there is I such that Ker = Ker The subspace 
S = Ker is invariant under C and the induced operator 
B: S is nilpotent (since =0). On replacing, if 

necessary, exponent k or I by the largest of them we may 
assume that k = L 

Thus to prove the existence of decomposition (5) it only 
remains to prove that ® S,. By hypothesis, for any 

vector u there is a vector such that C^v = and 

the vector v — C^v is in g;. Since ^ this proves that 

If, however, y 6 ^ fl 1-®- ^ and 

= 0, then = 0 and hence w Consequently 
C^w = 0, i.e. V = 0. 

This completes the proof of the existence of (5). 

The uniqueness of (5) is immediate from the fact that for 
any decomposition (5) the corresponding subspaces ^ and (3 
are uniquely characterized as subspaces in which chains 
(6) and (7) stabilize. □ 

Decomposition (3) is called the Fitting decomposition of 
an operator C, 

Now suppose again that^* is the space of a representation 
p of a semisimple Lie algebra ^ and C is its Casimir oper¬ 
ator. Then the subspaces and (si are invariant under all 
operators p {x), x i.e. they are submodules. Indeed, 
suppose, for example, z; 6 By hypothesis, there is a vector 
w such that v = C^w, Let p {x) w W 2 , where 

Wi ^ ^ and W 2 ^ (Sj- Since — 0, we have 

p (.r) z; = p (x) C^w = C^p (x) w — 

Similarly if v ^ ^ and C^u = 0, then C^p (x) v = 
p {x) C^v — 0 and hence p {x)v ^ □ 

Being modules over g, the vector spaces ^ and are the 
spaces of some representations a and t of ^ (the representa¬ 
tion p is said to be decomposed into a direct sum of representa¬ 
tions o and t). It is clear that the operators A and 5 in the 
Fitting decomposition of the Casimir operator C of a re¬ 
presentation p are the Casimir operators of a and t. By 
Proposition 1, therefore, for any m ^ 0, 

(g; = 0. 

On the other hand, since the Casimir operator 5 of x is 
nilpotent, the representation is trivial (and B = 0). This 
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means that S is a direct sum of one-dimensional invariant 
subspaces on each of which g acts trivially. In other words, 
the 9-module S is a direct sum of modules each of which 
is isomorphic to the field K with a trivial action of 9 on it. 
The number of these summands is referred to as the multi¬ 
plicity of K in 

It is clear that if the 9-module is a direct sum of 9- 
modules . . ., 5^3, then for any m ^ 0 the vector space 
(9; T) is a direct sum of vector spaces (9; 5^i), . . 

^3). Together with the foregoing this proves the 
following proposition which is a generalization of Pro¬ 
position 1: 

Proposition 2 . For any module TT over a semisimple Lie 
algebra 9 and every m^ 0 the vector space T*) is a 

direct sum of k copies of a vector space (9; K), where k is 
the multiplicity of K in □ 

Thus, to calculate any vector spaces (9; IT) it suffices 
to be able to calculate vector spaces (9; K). 

It is useful to bear in mind in this connection that for 
cochains over K the general formula of a coboundary signifi¬ 
cantly simplifies to assume the form 


• • • 9 ^Tw+i) 
m m+1 

= S S ( —x;], a:i, 

i=l i=i+l 

For example, when m — 0 


Xi 


A 


{ 8 u) (x) = 0, 


when m = I 

( 8 u) {x, y) = —u {lx, y]), 

and when m = 2 

{ 8 u) {x, y, z) = —w ([a;, y], z) 

+ u (U, z], y) — u {ly, z], x). 

Therefore (9; K) = K and (9; K) is a space of linear 
functionals 9 -> K equal zero on 9^ (i.e. it is the annulet 
Ann 9^ of the subspace 9^ in the conjugate space 9'). 
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It was shown in the preceding lecture that a semisimple 
Lie algebra g coincides with its ideal For any semisimple 
Lie algebra therefore (3; K) = 0 . 

By virtue of Proposition 2 this proves 

Corollary 1 (Whitehead’s first lemma). For any module f" 
over a semisimple Lie algebra 9, 

m (9; r) = 0. □ 

To obtain a similar result at m = 2 we set for any element 
a: 6 d and any functional 9 K 

= —g o ad X. 

An easy check shows that the correspondence (a:, g) x^ 
defines in the conjugate vector space 9', a 9-module struc¬ 
ture. It makes sense therefore to consider cochains of 9 over 
the module 9'. 

For every m ^ 1 we define a mapping 

cp: (g; K) C-i (9; d'), 


by setting 

((pw) (^1, • • *7 ^m-l) (^) 

= U ( 0 : 4 , 


• • • > 


X 


m-l> 



X 


1» 


^m-1» ^ € d 


for any cochain u ^ (9; K). Since 

[6 (cpu) (^4) • • •» ^m)J (^) 


m 

■■ - ^ 

— 2 ( 1) ^ ((^^) (^l» •••» •••» ^m))] (^) 

i=l 


m-1 m 

+ 2 2 (—l)*‘"^[(<pw)([a:i, a:^l, 

i=l i=i+l 







^m)] (^) 


m 


— S ( 1)^ (^1> •••? •••» ^m)] ([^i» ^]) 

i=l 

m-1 m 

+ 2 .2 (-i)‘*^'w([rci, x^i, 

i=l i=i+l 

A A 

• • • » y • . • 7 7 • • • 7 Xffi^ X'^ 


25-0450 
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m 


— ( 1) (^1» • • •» 1 • • • 1 [^i) ^J) 

i=l 

m -1 m 

+ S S { — ‘^Y*^u([xi,Xj], 

i=l ;=i+l 

7 • • • 7 7 • • • 7 *^7 7 • • • 7 ^TYl’t (*^17 • • • 7 ^TM > '^) 

[(T (^^)) (^1» • • • 7 •^m)] (^)» 


for any cochain u ^ (^; K) and any elements x, 

6 ^7 we have 6 o cp = cp o 6 from which it follows, in 
particular, that for any cocycle u the cochain is also 
a cocycle. 

For a semisimple Lie algebra given m = 2 , it follows 
from Whitehead’s first lemma that for any cocycle u 6 
(9; K) there is a cochain ^ 6 (9; 9') = 9' such that 

= 6^. Then for any elements x, y 

« {x, y) = iiw) i^)) iy) == ((6^) (a;)) (y) 

= (4) (y) = — (I o ad x) (ij) 

= — I ([a:, i/l) = (6|)(x, y), 

which implies that u = 6^. Hence (9; K) = 0 . 

By virtue of Proposition 2 this proves the following 
corollary: 

Corollary 2 (Whitehead’s second lemma). For any module 
T over a semisimple Lie algebra 9, 

(9; r) - 0 . □ 

When m = S there are semisimple Lie algebras for which 

(9; K) ^ 0 . 

The Whitehead lemmas, although reckoned in the class 
of lemmas, are nevertheless very important, being a key 
to two principal theorems of the theory of Lie algebras. 

A representation p of a Lie algebra 9 is said to be com¬ 
pletely reducible if it is a direct sum of irreducible represen¬ 
tations. 

Proposition 3 (Weyl theorem). Any representation p of a 
semisimple Lie algebra 9 over a field K is completely reducible. 

Before proving this proposition we consider some simple 
facts from linear algebra. 
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Let5^‘ be a vector space and let ^ be some subspace of it. 
Consider a subspace (i complementary to i.e. such that 

( 8 ) ^ 

If w 65 ^ and u = V w, where v ^ ^ and w ^ Q,, then by 
putting Pu = V v^e obviously obtain an idempotent linear 
operator (i.e. such that = P) P: T" T* with the prop¬ 
erty that Im P Such operators are called projectors 

on ^. Hence we see that any decomposition of the form (8) 
defines some projector on ^, 

Conversely, let P: be a projector on ^ and let ^ = 

Ker P. For any vector the vector Pu is in ^ (since 

Pu = P (Pu)) and the vector u — Pu is in & (since 
P (u — Pu) = Pu — P^u = 0 ). Since u = Pu + (u — Pu) 

this proves that ^ But if w 6 ^ H then, 

firstly, u = Pu (since u^ ^ = lm P we have u = Pv, where 
and therefore Pu = P (Pu) = Pu = u) and, secondly, 
Pu = 0 (since u 6 fi), which is possible only when u = 0 . 
Hence T* = ^ ® 

This proves the following lemma: 

Lemma 2 , Subspaces ^ complementary to a subspace ^ are 
in a natural bijectiue correspondence to projectors on euery 
projector P corresponding^ to its kernel Ker P. □ 

If now is a module over a Lie algebra 9, then the sub¬ 
spaces ^ =\m P and ® = Ker P are submodules if and 

only if the operator P is a homomorphism of modules^ i.e. 

commutative with all operators p (a;), x where p is a 
representation defined by f". Indeed if P is a homomorphism 
and w 6 ^ (and hence u = Pa), then xu = p (x) u = 
p (a:) Pu = Pp (x) a 6 ^ for any x Similarly, if a 6 
then P (xu) = p (a:) P (u) = 0 and hence xu ^ Conversely, 
if ^ and ^ are submodules, then for any elements a 6 ^ 
and X 6 9 we have xu ^ x (Pu + (u — Pa)) = xPu + 
X (u — Pa), where xPu 6 ^ and x (u — Pa) 6 which 
shows that x (Pu) = P (xu). □ 

Proof of Proposition 3 . An obvious inductive reasoning 
(using the fact that p is finite-dimensional) shows that to 
prove Proposition 3 it suffices to establish that for any sub- 
module ^ of a 9-module there is a decomposition (6) in 
which S is also a submodule, i.e. to prove that there is a 
projector P: y* onto & which is a homomorphism of modules. 

25 * 
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To^this end we ;Consider^the set W of all linear operators A: 

for which Im A a ^ a Ker A (and hence A^ = 0 ). 
A calculation shows that ^ is a subspace of the vector space 
End T and what is more a module over 3 with respect 
to the action 

xA = [p {x). A], ^ 6 A ^ W. 

If now jPo is a projector on then, as is easily seen, 
[p (a;), jPq] 6 ^ for any a: 6 8 and hence the formula 

u (a:) = [p (a;), iPol, ^6 9, 

defines some linear mapping u: 9i.e. a cochain in 
(9, Since by the Jacobi identity 

{y) — yu {x) — u (lx, y]) == [p (x), [p (z/), jPoll 

—fp {y)y Ip (^)» ^oll — Ip U, yh Pq] = 0, 

that cochain is a cocycle. By Whitehead’s first lemma there¬ 
fore there is an operator A such that u {x) = xA for 
any a; 6 9» i-o* such that [p (a:), Pq] = Ip (a;), A]. For the 
operator iP = Pq — A the last relation implies that it is 
commutative with all operators of the form p (a:), a: ^ 3, 
i.e. it is a homomorphism of the module?^" into itself. We 
have Pv^T for any v and Pv = P^v = z; if i; 6 so 
that P is a projector into □ 

A similar use of Whitehead’s second lemma requires some 
preparations. 

We shall say that a Lie algebra ij is an extension of a Lie 
algebra a by means of a Lie algebra 3 if a is an ideal 
in ^ and the quotient algebra t)/® is isomorphic to 3. 
The last condition implies that there is an epimorphism of 
Lie algebras a: ^ whose kernel is the ideal a. We 

assume that epimorphism to be once and for ever chosen 
and fixed. 

The extension ^ is said to be trivial if ^ has a subalgebra 
which is isomorphically mapped under a onto 3. 

Clearly, we can always find a linear mapping 

p: 9 ->^ 

such that a o p = idg (a section of the homomorphism a). 
Then the Lie algebra ^ as a vector space will be decomposed 
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into a direct sum of an ideal a and a subspace Im p. The 
extension is trivial if and only if the mapping P can be 
chosen from among the homomorphisms of Lie algebras. 

The deviation of P from a homomorphism of algebras is 
measured by the function u = u {x, y) defined by the for¬ 
mula 

u (x, y) = [pa;, Pz/] — P [x, y\, x, y 

Since au {x, y) = [aP^:, a^y] — ap [x, y] = 0 , the function 
u may be thought of as taking values in the ideal a. Clearly, 
this function is linear in both independent variables and 
skew-symmetric, i.e. it is a two-dimensional cochain of 9 
assuming values in the ideal a. 

However, the last conclusion is rather hasty, since the 
ideal a is not in general a 9-module, which is required of 
the range of cochains. To overcome this difficulty we assume 
that = 0 , i.e. that the algebra a is Abelian. Then the 
formula 

xa = [po:, a], ^ 6 9> ^6 

will correctly (regardless of the choice of section P) define 
a 9-module structure in a and therefore we can call the 

^ ..At -A 

function u a cochain. 

Now it is easily seen that a cochain u ^ (9; a) is a 

cocycle. Indeed, using twice the Jacobi identity we get 

(6w) {x, y, z) = XU (t/, z) — yu {x, z) + zu (x, y) 

— u(\x, y], z) + M ([a:, z], y) — u {[y, z], x) 

= [pa:, [Pj/, Pz] — p ly, z]] — [fiy, [pa;, Pz] 

— P [a;, z]] + [pz, [pa;, pi /1 — P [x, y]] 

— [p [x, j/], Pz] + p [[x, y], z] + [p [x, z], Pi/] 

— P [[a;, z], y] — [p [i/, z], Px] + P [[i/, z], x] 

= [px, [Pj/, Pz]] — [Py, [px, Pz]] + [pz, [px, Pj/]] 

+P ([[a;, y], z] — [[x, z], y] 4 - [[i/, z], x]) = 0 

for any elements x, t/, z g 9 . □ 

Let P' be another section of an epimorphism a. Then the 
difference y = P — P' may be thought of as a linear mapping 
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g->a, i.e. as a cochain in (g; a). Since 
(6p) (a:, i/) = XV (y) — yv (x) — v {[x, ^]) 

= P^/ — P'z/] — [P'y, P^ — P'^rl — P U, y] 

+ P' [x, y] = ([P^, P^] — P [x, y]) 

— ([p'-^» P'i/] — P' y]), 

replacing p by P' involves repacing u hy u — 8 v. Hence 
it u = 8 u, then the mapping P = p — v will be a homo¬ 
morphism of Lie algebras, i.e. the extension will be 
trivial. 

But according to Whitehead’s second lemma the con¬ 
dition u = 8 v certainly holds if the Lie algebra is semi¬ 
simple. This proves the following proposition. 

Proposition A. Any extension 1 ) of an Abelian Lie algebra 
a by means of a semisimple Lie algebra g is trivial. 

Corollary. A Lie algebra g is reductive if and only if its 
centre 5 coincides with its radical t: 

3 = r. 

Proof. We have already proved in Lecture 12 that t = j 
for a reductive algebra. Conversely, let t = 3 . Then 9 is 
an extension of the Abelian algebra j by means of a semi¬ 
simple algebra 9/r. Hence by Proposition 4 we have g = 
J © m, where m is a semisimple subalgebra. Since [j, m] = 
0 d m, the semisimple subalgebra m is an ideal. Hence g 
is a reductive Lie algebra. □ 
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Every Lie algebra ^ is an extension of its radical t by 
means of the algebra 9/r. We say that a Lie algebra 9 
admits a Levi decomposition if that extension is trivial, i.e. 
if there is a (clearly semisimple) subalgebra m in 9, such 
that 


9 ^ r © m. 

If 9 is semisimple and solvable, it certainly admits a Levi 
decomposition. By Proposition 4 of the preceding lecture 
an algebra 9 whose radical r is Abelian admits a Levi 
decomposition. 

Proposition 1 (Levi theorem). Any Lie algebra 9 over a field 
K admits a Levi decomposition. 

Proof. We proceed by induction on the dimension n = 
dim r of the radical of 9. If w = 0 or n = 1 or if the ideal 
a = is zero, then according to the foregoing 9 admits 
a Levi decomposition. Let and let a =7^ 0 . Then 

dim r/a < n, and since r/a is the radical of the quotient 
algebra 9/a, the algebra 9/a admits a Levi decomposition 
by induction hypothesis. For 9 this implies that there is 
a subalgebra B in it, such that 9 = r + B and t f] ^ = 
a. The ideal a is a solvable ideal of the algebra B the 
quotient algebra B/a mod which is semisimple (for it is 
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isomorphic to the semisimple algebra g/r). This means that 
a is the radical of b, and since dim a < n, by induction 
hypothesis there is a semisimple subalgebra tn in B, such 
that b = a 0 m. But then xntn = TnBn^ = 
a n ^ = 0 and r + m = r + rn b+m = r-i-<i + 
m = r + b = so that g = t © m. □ 

We could now proceed directly to the proof of the Ado 
theorem, but we choose instead to deviate somewhat from 
our course and consider the validity of the analogue of this 
theorem for Lie groups. We shall also discuss the inter¬ 
relations between the formal-algebraic theory of cohomolo¬ 
gies of Lecture 19 and cohomology theories known in topol¬ 
ogy. 

In general-algebraic terms a Lie algebra g is said to be 
simple if it has no nonzero ideals other than g. 

It is clear that a nontrivial simple Abelian Lie algebra 
is necessarily one-dimensional and that a non-Abelian simple 
Lie algebra is semisimple. 

It can be shown that the Lie algebra {n) is simple. 
The corresponding calculations are quite tedious, so we 
restrict ourselves to the only case we need, that of n = 2. 

The Lie algebra gl ( 2 ) is three-dimensional and the 
matrices 

H = — ■®' 22 » ^1 “ ■^ 12 » ^-1 “ 

constitute its basis. A straightforward calculation shows 
that 

[F, = 2^1, [ff, £'_il = ^2^:.i, [^1, E_^] = H, 

from which it follows in particular that the ideal a of §1 (2) 
containing at least one of the elements H. E_^ contains 
all of them and so coincides with the entire algebra (2). 
On the other hand, if A = aH -f a^E^^ + 6 then 

[H^ A] = 2a^E^ — 2a_iE_^ g a and hence 

aH-\-2a^E, = A + -^S^ea 

and therefore [H, aH + 2aiE^ = ^a^E^ £ a. Consequently, 
if a = 7 ^ (n), then % = 0 and hence aH g a, which is 
possible for a =7^ §1 {li) only when’ a =). Therefore A — 
^-1^-1 6 from which it again follows that either a = 
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§t (n) or a_i = 0 . Thus if a # §( (n), then ^4 = 0 , i.e. 
a = 0. □ 

A connected Lie group G is said to be simple if its Lie 
algebra is non-Abelian and simple or, equivalently, if any 
invariant subgroup of it other than G is zero-dimensional 
(and hence if it is closed, it is discrete). Thus if the group G 
is simple, then either any epimorphism G G' is a group 
covering (a local isomorphism) or the group G' is trivial 
(consists of only the identity). The group G' is also simple, 
for by definition a Lie group is simple or otherwise not 
simple simultaneously with all the groups locally isomor¬ 
phic to it. 

An example of a simple Lie group is the group SL ( 2 ) as 

well as its universal covering group SL ( 2 ). 

Similarly, a connected Lie group is said to be semisimple 
if its Lie algebra is semisimple. 

Note that any simple Lie group is semisimple. 

Recall that a commufant [G, G] of a group G is the sub¬ 
group of G generated by all the elements of the form aba-^b-^. 
A group G is said to be a Cain group* if [G, G] = G. It fol¬ 
lows immediately from Proposition 2 of Lecture 4 that 
a connected Lie group G is a Cain group if and only if for its 
Lie algebra ^ we have 9=9^. 

It follows in particular that any semisimple Lie group is 
a Cain group. 

For example, the group SL ( 2 ) and any Lie group locally 

isomorphic to it, say, the group SL ( 2 ), are Cain Lie groups. 

As is immediate from the theorem on the determinant of 
a matrix product, any Cain {and in particular any semisimple) 
matrix Lie group is unimodular, i.e. consists of unimodular 
matrices. Besides, it is obvious that any/ac^or group of a Cain 
group is also a Cain group. 

Let 9 be a linear Lie algebra over the field C, consisting 
of linear operators acting ip a finite-dimensional complex 
vector space T" a linear operator A (not in general in 9) 
is commutative with alK the operators in 9, then its kernel 
Kef A and image Im A are invarianf under those operators 

* The group derives its name from the fact that the Abelian group 
structure is annihilated in it. Thus the story repeats itself even in 
pure mathematics. 
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and therefore if ^ is irreducible, then either A = 0 or A 
is nonsingular. For any eigenvalue X ot A the operator 
A — XE is singular and also commutative with all the 
operators in 9. Therefore A — XE = 0 . This proves that the 
only operators commutative with all the elements of an irreduc¬ 
ible linear Lie algebra 9 over the field C are scalar operators 
of the form XE, 

This statement is known as Schur's lemma. Note that 
nowhere in its proof have we used the algebraic structure 
of a Lie algebra 9. Therefore Schur’s lemma holds for any 
irreducible (i.e. having no nontrivial invariant subspaces) 
families 9 of linear operators over the field of complex num¬ 
ber C. 

Consider now a linear Lie algebra 9 over Dl which con¬ 
sists of linear operators acting in a real vector space T*, To 
exploit Schur’s lemma we go over from the algebra 9 to its 

complexification 9^ consisting of matrices (linear operators) 
of the form A -j- iB, A j B ^ g, and acting in the complex¬ 
ification of Clearly, if a Lie algebra 9 (over fl) is 
semisimple, then the Lie algebra 9^ (over C) is also semi¬ 
simple. But if 9^ is semisimple, then by the Weyl theorem 

(Proposition 3 of Lecture 19 ) the space decomposes into 
a direct sum of invariant subspaces i = 1 , . . ., 5, in 

each of which the algebra 9^ acts in an irreducible way. 
In matrix terms this means that (with a suitable choice of 

basis of every matrix in 9^ (and hence in 9) is of the 

form 

(1) Ai0...0^s, 

the mapping pf. A A i being an irreducible representation 

of 9^ in for any i = 1 , , , ,, s. 

Keeping this in mind, suppose that 9 is a Lie algebra of 
some linear (^matrix) semisimple (and hence connected) 
Lie group G acting in a vector space The group G naturally 

acts also in the vector space all subspaces 7 ^i being 
invariant under that action (they are invariant under oper¬ 
ators A 6 9 = Re 9^ and hence also under all operators 
e^^, ^ 6 generating, in view of connectedness, the group G), 
Therefore any element of G also admits a decomposition of 
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the form (1) (in general, with complex matrices A^, . . ^5). 

All matrices of the form Af constitute some (in general, 
reducible and possibly trivial) group Gi which acts in the 
space T*t and is an epimorphic image of the group G. 

Note that all groups Gf are unimodular. Indeed, being 
semisimple, G is a Cain group. Hence all groups Gi are 
Cain and therefore unimodular. □ 

Now let A be an element of the centre of the group G. 
Being commutative with every element of G, the operator A 
is commutative also with every element of a Lie algebra ^ 

and hence with every element of the Lie algebra For 
any i = 1, . . ., 5 therefore the operator Ain 
decomposition ( 1 ) of A is commutative with every element 

of an irreducible algebra p^- (9^) and hence by Schur’s lemma 
is a scalar operator of the form where g C. On the 
other hand, being an element of the group G^-, the operator Ai 

is unimodular. Hence = 1; where rii — dim Tu sind so 

there are only a finite number of possibilities 

for the element A, This proves the following proposition 
which has been the main aim of all our reasoning: 

Proposition 1 . The centre of any semisimple {and, in par¬ 
ticular, any simple) matrix Lie group is finite, □ 


It is easy to prove with the aid of this proposition that 
the analogue of the Ado theorem for Lie groups is false, i.e. 
there are connected Lie groups that are isomorphic to no matrix 
group. To do this it suffices to find a connected simple Lie 
group with an infinite centre. We show that such a group is 


the universal covering group SL ( 2 ) of the group SL ( 2 ) of 
unimodular matrices of the second order (which we already 
know to be simple). To do this we need an explicit const- 

ruction of the group SL ( 2 ). 


Somewhat forestalling the events, denote by SL ( 2 ) a 
smooth manifold which is the product (R, X D of the real 
line K and the unit disk D in the complex plane, i.e. the 
disk consisting of complex numbers z such that \ z | < 1. 


It is easy to see that the function z 


l + z 

1 


effects a 


continuous mapping of disk D onto the circle \w \ = i, 
without point w = — 1 . For any number z^D therefore 
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there is only one number f, —jt < ^ < Jt for which 

1 + z 




1 + z 


That number t is symbolized 4 -In -^ 1 . 

^ i + z 

_^ 

We give in the set SL ( 2 ) a multiplication by defining it 
as follows: 

I I ^ u+e^iVv 


{x, u) {y, v)=\^x+ij + t, 


e^iy-\-uv 

X, p6R, U, v^D, 




with 



i-\-e^*yuv 


Since ^ wi;|2— -j. g2i2/yj2 _ — |^|2J |y |2J ^ 

we have 


l^_J-g2{yy 

Ki; 


<1 


and hence formula ( 1 ) correctly defines in SL ( 2 ) a mul¬ 
tiplication. 

That multiplication has an identity ( 0 , 0 ), and for any 
element {x, u) there is an inverse element 



In addition, as is shown by an easy, although lengthy, cal¬ 
culation, multiplication ( 1 ) is associative. Since the mul¬ 
tiplication is obviously smooth, this proves that under 

multiplication ( 1 ) the manifold SL ( 2 ) is a Lie group. 

The centre of the group consists of elements (a;, u) such 
that 

u-\-e^^yv _ u + 

e^^y-\-uv 


for any y and v. In particular, when z; = 0 there must be 
u = for any y, which is possible only when u = 0 . 
Hence v ^ forj any v, which is possible only when 
X = nn^ where n is an integer. Conversely, it is clear that 
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all elements of the form (jtn, 0) are in the centre of the 

group SL ( 2 ). Hence the centre of the group SL ( 2 ) is infinite. 

It now remains to be established that the group SL ( 2 ) is 
indeed the universal covering group of SL ( 2 ). To this end 

we consider the mapping SL ( 2 ) SL ( 2 ) associating an 

element (a:, u) 6 SL ( 2 ) with a matrix 

1 / cosa:+ \u\ cos(a; + (p) jw] sin (a; + 9) — sin a: \ 

Vi-W \ |u| sin (x + (p) + sin x cos a:— |al cos(a; + 9) / ’ 

where cp = arg u. 

An elementary, but unfortunately rather lengthy, cal¬ 
culation shows that that mapping is defined correctly, that 

it is a homomorphism and that its kernel consists of elements 

_ -* 

of the form ( 2 jtn, 0 ) and is hence discrete. Since dim SL ( 2 ) = 
dim SL ( 2 ) = 3 , it follows from Lemma 1 of Lecture 13 

that the homomorphism SL ( 2 ) SL ( 2 ) is a group covering. 

Since the group SL ( 2 ) is obviously simply connected 
(the manifolds R andZ> are simply connected, and hence so 

is their product IR X i) = SL ( 2 )), this completes the 
proof. □ 

Explanation. In conclusion we explain the genesis of the 

- - 

presented construction of the group SL ( 2 ) (although the 
proof is already formally complete). 

By the theorem on polar factorization (see II, 21 , Pro¬ 
position 4 ) any unimodular matrix A 6 SL ( 2 ) is uniquely 
decomposed into the product C/P of a rotation matrix U 
and a positive definite unimodular matrix P. The matrix 
U is given by an angle of rotation x and the matrix P having 
the form 



where a >0 and ac — 6^ = 1, is given by numbers a >0 
and fc, i.e. by a complex number z = a + ife in the right 
half-plane a > 0 . Going over from the right half-plane to 
the unit circle via linear fractional transformation we thus 
find that every matrix A 6 SL ( 2 ) is uniquely characterized 
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by a pair {x, u) (so that the group SL (2) is diffeomorphic 
to the product X D), and it is the multiplication of pairs 
given by formula (1) that turns out to correspond to matrix 

multiplication. For the group SL (2) to be obtained it now 
remains to consider x not as an angle but as a point in IR. 

Remark 1. The infinity of the centre of the simply con¬ 
nected covering group SL (2) can be proved without relying 
on its explicit description on the basis of general consider¬ 
ations. Indeed, since for any connected Lie group G its 

fundamental group n^G is in the centre of the simply con¬ 
nected covering group G, for the infinity of the centre of 

SL (2) to be proved it suffices to prove that the group 
jti SL (2) is infinite. To do this we can use the refinement of 
Proposition 8 of Lecture 12 relating to the case, where by 
hypotheses, the group G contains a subset P (obviously 
homeomorphic to the quotient manifold G/H) such that any 
element g ^ G can be uniquely represented as g = ft/?, where 
h ^ H, p ^ P, and saying that in this case the group n^H is 
isomorphic to n^G, By the theorem on polar factorization for 
the subgroup SO (n) of the group SL (w), 2, such a set 

P is the set of all unimodular positive definite n X n matri¬ 
ces. It can be easily shown (we have done this above for 
n = 2) that that set is homeomorphic to an open sphere 

in the Euclidean space ^of dimension N = ^ — l) 

and is therefore simply connected. Hence the group Jti SL {n) 
is isomorphic to SO {n), and therefore for n = 2 it is an 
infinite cyclic group. We have preferred to give a straight¬ 
forward, computational proof, since the explicit form of 

the group SL (2) is of independent interest as well. 

We now discuss the question of geometrical motivations 
of the formal algebraic constructions of Lecture 19. 

Recall that a differential form o) of degree m on a smooth 
manifold M is a (smooth) field of skew-symmetric (m, 0)- 
tensors. In local coordinates x^, . . ., a:” every such form co 
is expressed on M as 

= /ii . .. im A • • • A dx^^, 

where fi are smooth functions in the corresponding 
coordinate neighbourhood U which are skew-symmetrically 
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dependent on the indices im and dx^ are 

forms in U of degree 1 whose values • • •> {dx^)a 

every point a ^ U (that are covectors of the tangent space 

Ta (^)) make up a basis conjugate to the basis » • • •» 

(^)„of T„(M). 

The collection {M) of all differential forms of degree 
m^O on the manifold M is an (infinite) vector space over 
the field IR. 

Forms of degree 0 are identified in a natural way with 
smooth functions on M and hence the vector space Q® {M) 
is identified with the algebra ^ (M) of smooth functions 
on M. 

The formula 

(<P A ^)a = <Pa A 

where a is a point of M and q) and ij) are differential forms 
on M, correctly defines on M a differential form cp /\ 'll) 
which is called the external product of the forms cp and i|). 
The degree of cp /\ 'll) is the sum of the degrees of cp and ij). 

The external product is associative and skew-symmetric 
(if p and q are the degrees of q) and 'll), then ^ = 

(—1)^^ q) /\ 'll)) and, for forms of degree 0, it coincides with 
the product of functions. 

For every smooth mapping f: M N the formula 

(/*(o)o (-^1? • • •» “ ^/(o) • • •> -^m)? 

where a ^ M, 6 To (^) smd (o 6 Q ^ (iV), 

defines a differential form /*(o ^ 

For any function / 6 ^ (^) the formula 

{df)a (A) = Af, 

where a ^ M and A a (M), defines on M a differential 
form df of degree 1. The form is called the differential of 
/ and is given in local coordinates by 

df = dx^. 

dx^ 

The operation d is uniquely extended to a linear (over R) 
mapping 

d: or {M) (M) 
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defined for any and having the following three 

properties: 

(i) the mapping d is a differentiation with respect to the 
external product, i.e. for any forms q) and ij) it satisfies the 
relation 

d (q) A # A ^ + (—1) A dij), 

where m is the degree of (p; 

(ii) there is an identity 

d o d = 0, 

i.e. d (d(o) = 0 for any form co. 

(iii) for any smooth mapping Fi M N and any form 

djP*(o = /’*dco. 

It follows from these properties that in local coordinates 
the operator d is given by 

(2) d(o = d/i,... A A • • • A 

which proves its uniqueness. To prove existence we should 
take formula (2) as the definition and verify that the same 
differential form results at the intersection of any two coor¬ 
dinate neighbourhoods. 

The form dco is called the external differential of co. 

A form (0 6 {M) is said to be closed if dco = 0 and 

exact if^there is a form (p 6 {M) such that dcp = co. 

By property (ii) of the operator^d the vector space (M) 
of exact forms is contained in the vector space (M) of 
closed forms and so a factor space 

{M) = {M)IB^^ (M) 

is defined. This is called the space (or group) of de Rham 
cohomologies of a smooth manifold M. 

To relate this analytic-geometrical construction to the 
formal algebraic constructions of Lecture 19 recall that with 
respect to the Lie bracket, the vector space a {M) of vector 
fields on the manifold M is an (infinite-dimensional) Lie 
algebra and the vector space ^ (M) of smooth functions on 
M is a module over the Lie algebra a {M) (by definition 
[X, y] / = X (y/) — y (X/) for any function / 6 ^ (^))- 
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Therefore we can introduce a vector space of cochains 
c- (a (M), (M)) (whose definition makes sense in the in¬ 

finite case as well). 

By the formula 

U • • M (fl) ((*^l)o> • • •> (^m)a)» ^ 6 

where Zj, . . are arbitrary vector fields on -M, any 

differential form (o 6 (Af) defines a cochain u 6 C^(<i (Af), 
^ (Af)). Clearly, the [correspondence co w is injective and 
so we can identify differential forms 0 with the correspond¬ 
ing cochains (and denote them by the same letters). 

By virtue of this identification the operator d will be 
defined by 

(3) (to +1) (d(o) (Xj, 

rn+1 

= S (-l)'"‘Xj(0(Xi, Xt, X„,,) 

i=l 

m m+1 

+S .S (-i)‘-^‘(o([Xi, x^], 

i=li=i+l 

A A 

Zi, . .., Z|, • •.» 

where Z^, . . ., are fields in a (Af), i.e. will coincide 

(accurate to an inessential factor m + 1) with the operator 
6 for cochains (the easiest way to prove this is to verify 
through direct calculation that the operator d defined by 
formula (3) has properties (i) and (ii) and coincides on func¬ 
tions with their differential). 

This explains the origin of the operator 6. (Note that by 
no means any chain u is obtained from a differential form: 
it is necessary and sufficient for this that for any vector 
fields Zi, . . ., Xmy Yi, . . ., Ym and any point a ^ M 
equations (Zi)^ = (y'i)a» • • •> {Xm)a = (Xm)a should yield 
(Zi, . . Z^) {a) = u (Fi, . . ., Yjn) (a). Therefore al¬ 

though the embedding Q"* (Af)ci (a (Af), ^(Af)) does 
induce some homomorphism 

(4) (Af) (a (Af), JT (Af)), 

in general that homomorphism is not an isomorphism.) 


26-0450 
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A topological interpretation of spaces (d; T*) is also 
possible for finite-dimensional Lie algebras ^ (over the field 
ii^). For simplicity we restrict our discussion to the case 

r = ui. 

The form co on a Lie group G is said to be left-invariant if 
L*co = (0 for every element a ^G. 

All left-invariant forms of degree m make up a subspace 
^uiv (^) of the vector space (G), which is closed under 
the operator d (if co = LJco, then dco = dZ/Jco = Ladco), 
We set 

^rny(G) = Zrny (GVfifny (G), 

where Z^y (G) is the space of all closed left-invariant forms 
of degree m and B^y (G) is its subspace consisting of 
forms dco, co 6 {G)» 

Suppose as always that e is the identity of a Lie group G. 
Since the vector space T^G = g is a Lie algebra, the skew- 
symmetric multilinear functionals on T^G — g are nothing 
that cochains of that Lie algebra over a trivial g-module Dl. 
Therefore co »-> co^ yields a linear mapping 

(5) £2rny(G)-^C^(g; R). 

Proposition 2. Mapping (5) is an isomorphism. 

Proof. A form co 6 (G) is^ left-invariant (is in (G)) 

if and only if 

(6) (Oq (■Aj, • . ^ 

for any point a ^G and any vectors Aj^ € TqG, 

where u — cOg. Thus if cOg == 0, then co — 0. 

Conversely, a straightforward verification shows that 
for any cochain u 6 G'" (g; R) formula (6) defines a left- 
invariant form CO 6 QJ^v (G) for which co^ — w. □ 

Thus by Proposition 2 we can identify left-invariant 
differential forms in Q^y (G) with cochains in (g, R). 
By definition, 

• • •» Ajyi) CO (-X^lj . • Xffi) (e) 

for any form co 6 (G) and any vectors Ay . . ., Am 6 

TgG, where Zi, . . ., Xm are vector fields with the prop¬ 
erty that (Xi)e = Ai, . . ., (Xm)e = ^m- particular. 
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it may be assumed without loss of generality that the fields 
Xi, . . XjYi are left-invariant (are in the Lie algebra 
9 = t (G)). 

On the other hand, if the form co is left-invariant, then 
the function co (Xi, . . Xm) is easily seen to be constant 
on G for any left-invariant vector fields Xi, . . ., X^, and 

H PTIPP 

y® (Xi, ..x„) = 0 

for any vector field Y g a (G). 

It follows from formula (3) that for any form co £ (G) 

the value (dco)^ (-4i, . . ., -4^+1) of the cochain (dco)^ on 
vectors Ai^ . . ., 6 TgG is defined by the formula 

(m + l)(d(o)e(^i, A 

m+l) 

m m+l 

=2 2 (-i+^'(o([X,, Xj], 

i=i j=i+i 

A A 

Xi, • • •, Xf , •••) ^ •••» ^m+l) (^) > 

where X^, . . ., Xm are left-invariant fields on G for which 
(Xi)e = ^ 1 , . . {Xm+i)e = ^m+i- In Other words, 

I) {^^)e • • •» -^m+l) 

m m+l 

= 2 2 (-i)'«co,(Mi+], 

i:»=l gr=i+i 

•4j, •••, Af^ •••» “4^, • • •, 

where [Ai, Aj] denotes the Lie bracket in a Lie algebra 
TeG = 3 (i.e. [At, A ] = [X„ X,],). 

This means that when left-invariant forms in QlJy (G) 
are identified with cochains in (^; R) the operator d 
goes over (accurate to an inessential factor m + l) into 
an operator 6. Hence for any 0 


(7) ^rrny {G) = (g; R). 

Unlike (G) the group iG)^ of course, cannot be 
considered as a topological invariant of the smooth mani¬ 
fold Gdiff. Nevertheless it can be shown that if a Lie group 
is connected and compact, then (G) and (fi) are 
isomorphic (which by virtue of (7) yields, in particular, an 
efficient method of calculating groups (G)). The proof 
is beyond the scope of this book, however. 
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Killing's functional of an ideal •Some properties of differen¬ 
tiations •The radical and nilradical of an ideal •Extension of 
differentiations to a universal enveloping algebra •Ideals of 
finite codimension of an enveloping algebra •The radical of an 
associative algebra •Justification of the inductive step of the 
construction •The proof of the Ado theorem •Conclusion 


We now return to the proof of the Ado theorem. To do this 
we have essentially everything ready, except some purely 
technical lemmas, mainly on differentiations and envelop¬ 
ing algebras. 

Let a be an ideal of a Lie algebra ^ and let a 9 be 
an embedding. For any element x the linear operator 
ad i {x): 9 9 while leaving a invariant induces operators 

9 /a 9 /a and a a, the first of the operators being ob¬ 

viously zero and the second one coinciding with ad a;: a-> a. 
For any two elements x, y ^ a therefore the operator ad 
i (x) o ad i {y) also induces in 9 /a a zero operator and in a 
an operator ad a; © ad y. Hence Tr (ad i(a:)*ad i (y)) = 
Tr (ad a;© ad y), i.e. {i (x), i (y)) = {x, y). 

This means that Killing's functional of the ideal a is 
a restriction to a of Killing's functional of the algebra 9 . 

Now let D\ 9 9 be a differentiation of a Lie algebra 9 . 

We define in the direct sum 9 * = 9 © K an operation I , 1 
by the formula 

[(^» (^, H')l = 2/1 + 0), 

2/ 6 d, [A 6 K. 
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Clearly, this operation is bilinear and anticommutative. In 
addition, it satisfies the Jacobi identity: 

[I(^, {y, [a)], (z, v)] 

+ [[(z/, fx), (z, v)], {x, X)] + I[(z, v), (x, X)], {y, (x) 

= ([[a;, y], z] + WDy.^z] — |x [Dx, z] 

— vD ([a;, y] + %Dy — \kDx), 0) 

+ {lly, z], x] + \i [Dz, x) — V [Dy, x] 

— ID {ly, z] + \iDz — vDy), 0) 

+ ([[z, ^1, z/l + V [Dx, y] — X [Z>z, y] 

— [xZ> ([z, x] + — XDz), 0) = 0. 

Thus the vector space is defined as a Lie algebra. By 
identifying every element x ^ ^ with elements {x, 0) 6 we 
embed g into g* as an ideal. The internal differentiation ad | 
corresponding to the element g = (0, 1) acts" on that ideal 
by the formula 

(ad^) ir = [(0, 1), {x, 0)1 = {Dx, 0) = Dx, 

i.e. coincides on g with a given differentiation D. 

On the other hand, as applied to elements x, y ^ g and 
I the property that Killing’s functional of the Lie alge¬ 
bra g* is invariant can be written as 

((ad 1) X, y) + {x, (ad 1) y) = 0, 

from which it follows, in view of the above discussion of 
Killing’s functional of an ideal, that Killing's functional of 
a Lie algebra g satisfies the relation 

(Dx, y) + {x, Dy) = 0. 

This property of Killing’s functional is called a complete 
invariance. 

An ideal a of a Lie algebra g is said to be characteristic 
if Dx 6 a for any element x and for any differentiation 
D\ g-^g. 
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It follows from the property of complete invariance for 
Killing’s functional that the annulet with respect to 

of the characteristic ideal a is a characteristic ideal. Indeed, 
if a; 6 then {Dx, ij) = {x,Dy) = 0 for any differen¬ 
tiation D and for any element y ^ a and hence Dx 6 □ 

Since the ideal 9 ^ is obviously characteristic, it follows 
immediately from Corollary 1 to Proposition 3 of Lecture 14 
that the radical x of a Lie algebra ^ is a characteristic ideal. 

Since every internal differentiation of a Lie algebra 9 
induces on each ideal a a differentiation (no longer, in gener¬ 
al, internal) of that ideal, any characteristic ideal t of the 
ideal a is an ideal of the entire agebra 9 . 

In particular, an ideal of the algebra 9 is the radical r (a) 
of the ideal a. Being a solvable ideal, this radical is in the 
radical r = r ( 9 ) of 9 and hence in the intersection a fl 
On the other hand, being a solvable ideal in a, this inter¬ 
section is in r (a). This proves that the radical x (a) of 
an ideal a of a Lie algebra 9 coincides with the intersection of 
that ideal with the radical x of the entire algebra: 

r (a) = a n t. 

Consider again the Lie algebra 9 *=:) 9 constructed above 
from a given differentiation D: 9 -^ 9 . Since the radical r 
of 9 is in the radical of 9 *, we have Dx = (ad|) x cz 
[ 9 *, t*] and hence Drcz [ 9 ***, x*] fl d- 

But by Proposition 4 of Lecture 16 the ideal I 9 *, t*l 
of the Lie algebra 9 * and so the ideal [ 9 *, t*] fl d of the Lie 
algebra 9 are nilpotent. Thus the ideal I 9 *, x***] f] d Is in 
the nilradical n of 9 and hence n. 

For convenience we formulate this statement as a separate 
lemma: 

Lemma 1. The image Di of the radical of a Lie algebra 9 
under every differentiation D: is in the nilradical n 

of that algebra: 

Dicz n, □ 

Corollary. For any ideal a of a Lie algebra 9 its nilradical 
n (a) is the intersection of a and the nilradical n = n ( 9 ) of 9 : 

n (a) = a n n. 
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Proof. Let x Then by Lemma 1 applied to a Lie al¬ 
gebra a and to its differentiation D induced by an internal 
differentiation ad x we have an inclusion [x, t (a)]c= n (a) 
and hence an inclusion lx/\n (a)]c= n (a). This means that 
the nilpotent subalgebra n (a) is an ideal of the Lie algebra 9 
and is therefore in its nilradical n. Thus n (a)c= a f] ti. Since 
the inverse inclusion is obvious (the intersection a f] n is 
a nilpotent ideal in a) this proves the corollary. □ 

Now we discuss differentiations in connection with the 
universal enveloping algebra ^ of a Lie algebra 9 (see 
Lecture 5). 

It is clear that every differentiation D of the associative 
algebra ^ is also a differentiation of the corresponding com¬ 
mutator Lie algebra [^]. Hence if 159c: then D induces on 
9 some differentiation D: 9-^9 of the Lie algebra 9 . Gan 
any differentiation D: 9 9 be obtained in this way, that 

is, can it be extended to some differentiation Z): of 

the associative algebra The answer is found to be yes: 

Lemma 2. Any differentiation D of a Lie algebra 9 can be 
uniquely extended to some differentiation {denoted by the same 
letter D) of a universal enveloping algebra 

Proof. Since every element of ^ is a polynomial in ele¬ 
ments of 9 , the differentiation D: if it exists, is 

uniquely defined. Since, however, the elements in % can 
in general he defined in many different ways in terms of the 
elements of 9 , a direct construction of Z>: ^ requires 
a rather arduous verification of its correctness. We there¬ 
fore take a roundabout way of using a technical device pro¬ 
posed by Jacobson, 

Let ^ be an algebra of 2 X 2 matrices of the form 

where w, v ^ Consider a mapping 
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of a Lie algebra g into where D is a given differentiation 
of Since 

/ X Dx\/y Dy\ (y Dy\/x Dx\ 

\0 a:/V0 y ) \0 y )\0 x ) 

( xy — yx x>Dy-\-Dx>y — y*Dx— Dy>x\ 

0 xy — yx ) 

y] Dy] + lDx, y] D[x, i/] \ 

\ 0 [X, y] )-\ [0 [X, y] j’ 

the mapping (p is a homomorphism of the Lie algebra ^ into 
the commutator Lie algebra [^]. By virtue of universality, 
therefore, there is a homomorphism i]) = of algebra 
into algebra ^ such that cp = i|)o i, where i: 9 ^ is an 

embedding. It is immediate from the fact that ^ is generat¬ 
ed by elements in 9 that for any element u E ^ the matrix 
cpu is of the form 


(pit 


-C :)■ 


where 


We define an (obviously linear) mapping/): 
putting Du = V. 

Since (uv) = •i^v for any elements it, 


U by 


i.e. 


/ uv D(uv) \ /u Du\/v Dv\ / 
\0 uv /~V0 It /\0 V ) V 


uv u>Dv + Du • V 
0 uv 


y 


the mapping D: ^ is a. differentiation of Since it 

obviously extends the given differentiation D of the Lie 
algebra 9 , this completes the proof of Lemma 2. n 

In the universal algebra ^ we are concerned with (two- 
sided) ideals for which the quotient algebra is finite¬ 
dimensional. Such ideals are said to have a finite codimension, 
and we write codim Jh <i 00. 

Recall that an element a of an associative algebra is said 
to be algebraic if there is a nonzero polynomial p {T) such 
that p (a) = 0 . 

Also recall (see Lecture 5) that for any basis x-,^, . . x^ 
of a Lie algebra 9 (which is assumed here to be finite-dimen¬ 
sional) monomials of the' form Xi^Xi^ . . . Xf , where 
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^ 1 * 2 ^ . . . ^ is, i.e. of the form ^*^ 2 ^ • • • ^y} ”, where 
0 , 0 , . . 0 , make up a basis of the univer¬ 

sal algebra It follows easily that codim Jt <i oo if and 

only if cosefs x^ — 

algebraic in ^lA- Indeed, the condition that Xi should be 
algebraic implies that for some nif'^ 1 the element x?^ is 

a linear combination of elements 1, There¬ 

fore if all elements Xi, . , Xn are algebraic, then any 

monomial of the form (and hence any element 

of ^/A) is a linear combination of monomials for which 
0^ ki <C nil with any i = I, ...» n. Since there is a finite 
number of monomials satisfying the last condition, this 
proves that ^/A is finite-dimensional and that hence cod¬ 
im A <i oo. The converse is obvious since any element of 
a finite-dimensional algebra is algebraic. □ 

Notice that the condition that x^ should be algebraic 
implies existence ’of a nonzero polynomial pi (T) such that 
Pi (p^i^ ^ A^ • 

Recall that a product A^ of two ideals A and ^ of an 
associative algebra is the span of all possible elements of the 
form a 6 , where a ^ A and b ^ That product is obviously 
an ideal. 

Lemma 3. A product A^ of any two ideals A and ^ of 
finite codimension is also an ideal of finite codimension. 

Proof. If p^ {T) and qt {T) are polynomials such that 
Pi i^i) 6 and" Qi (Xi) 6 A^ then polynomials {T) = 
Pi (^) Qi (^) have the""property that (Xi) ^ A- □ 

We also need the simplest facts about nilpotent ideals 
in associative algebra^. 

In accordance with’^the general terminology of algebra 
theory, an ideal A of an associative algebra T" is said to be 
nilpotent if there is 0 such that the product of any k 
elements of A is zero,"i.e. in'other words if is a zero ideal. 
Obviously the sum of any two nilpotent ideals is a nil- 
potent ideal, from which it follows that in any finite-di¬ 
mensional associative algebra there is a maximal nilpotent 
ideal which contains any other nilpotent ideal. That 
maximal ideal is called the radical of the associative al¬ 
gebra f". 
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An ideal jloiT said to be a nilideal if it consists of nil- 
potent elements. Clearly, any nilpotent ideal is a nilideal. 
It turns out that, conversely, any nilideal ji of a finite¬ 
dimensional associative algebra T is nilpotent (and is there¬ 
fore in its radical J?). Indeed, since the ideal J: (or more 
precisely its commutator algebra [A\) is a subalgebra of 
the commutator Lie algebra [f 1, Proposition 3 of Lecture 17 
is applicable to it. □ 

The sum a -f- b of two nilpotent elements is in general 
not a nilpotent element. It is a different matter if one of the 
elements is in the radical. 

Trf^mma 4. If a ^ then for any nilpotent element b the 
sum a + b is nilpotent. 

Proof. Use Proposition 3* of Lecture 17 (notice that up 
to this point it has been enough to refer to Proposition 3), 
taking as (S, the vector subspace of the algebra T, generated 
by the radical M and an element b, and as g the union of 
J? and b (since [SI, b]cz the set q is closed under 
commutation). By this proposition the suhspace ^ is asso- 
ciatively nilpotent. Therefore, in particular, its element 
a -p b is nilpotent. □ 

In the following lemma it is no longer enough to refer to 
Proposition 3* of Lecture 17 and one has to partially return 
to its proof. 

T.ftinina 5. Suppose that a finite-dimensional associative 
algebra T is generated by a subalgebra % of its commutator 
Lie algebra {T\. Then every ideal n of the algebra which 
consists of nilpotent elements of T, is in the radical M of T. 

Proof. It suffices to prove that the ideal .#* of 5^ generated 
by n is nilpotent. Since b generates T, any element in 
is a linear combination of products of elements in the ideal 
n and in the algebra !)• The rank of every such product is 
the number of factors in n. If the product contains a factor 
of the form ax, where a 6 n and a: 6 9 , then using the for¬ 
mula ax =■ [a, x] + xa we can represent it as a sum of 
two products of the same rank in which either the number of 
factors in g is less by one or one of the factors is shifted to 
the left. Any product of rank r therefore can be represented 
as a sum of products of^the form ab, where « is a product 
(possibly empty) of elements in 9 and b is a product of r 
elements in n. By Proposition 3 of Lecture 16 a Lie nilsubal- 


Lecture 21 


411 


gebra n is associatively nilpotent, i.e. there is a number n 
such that any product oi n elements in n is zero. There¬ 
fore any element of JT which is a linear combination of pro¬ 
ducts of rank '^n is zero. Since every element of the ideal 
has by definition that property, this proves that 
jT” = 0, i.e. that the ideal jf" is nilpotent. □ 

Now we are ready to proceed directly to the proof of the 
Ado theorem. That proof is based on an inductive con¬ 
struction which is made possible by the following lemma: 

Lemma 6. Let 

% be a finite-dimensional solvable Lie algebra] 

n be its radical] 

be the universal enveloping algebra of g; 

Jh be an ideal of finite codimension of ^ such that for any 
element x the coset x is a nilpotent element of the 
quotient algebra 

Then there is an ideal ^ in such that: 

(a) ^ cz A] 

(b) codim ,^< 00 ; 

(c) for any element x the coset x ^ is a nilpotent 
element of W?i] 

(d) every differentiation D of ^ sending § to itself sends ^ 
to itself. 

Proof. Since any homomorphism of associative algebras 
is also a homomorphism of the corresponding commutator 
algebras, the image 

^ 

of the Lie algebra § in the algebra 5^ is a subalgebra 

of the commutator Lie algebra [T] generating 5^. Therefore 
since by hypothesis the image (n + of the ideal n in 

f" consists of nilpotent elements, by Lemma 4 that image is 
in the radical ^ of Hence so is the ideal of generated 
by the image. Consequently this ideal is nilpotent. Since 
this last ideal is of the form ^fjl, where ^ is an ideal in 
generated by n and Jp, this proves that there is a number r 
such that the ideal ^ is in i.e. has property (a). 

By Lemma 3 ^ has also property (b). Since for any x 
there is by hypothesis a number 5 ^ 0 such that 6 
we have x’^^ g ^ and so the element x 'S of 

is nilpotent. Thus ^ has also property (c). 
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Finally by Lemma 1 every difierentiation Z) of § has the 
property that Z)§c= n. Therefore if the differentiation D of 
sends § to §, then in fact it sends § to n and hence the 
entire algebra to its ideal generated by n. Consequently, 
all the more so D<Ucz % and therefore D (^’')cz 
Then D {^) — D{^‘')cz D (^’■)c= which proves property 
(d). □ 

A representation p of a Lie algebra g is said to be a nil- 
representation if for any element x ^ n of the nilradical n of 
3 the operator p (x) is nilpotent. 

Proposition 2 (the inductive step of the construction). 
Let a Lie algebra n be decomposed into a direct sum 

0 / a solvable ideal g and a subalgebra t). Then for any finite- 
dimensional nilrepresentation o of the algebra § there is a 
representation p of q such that 

n Ker pci Ker a. 

If the Lie algebra 3 is nilpotent or if on the contrary Us 
nilradical coincides with the nilradical of the algebra §, then 
p can be chosen from among nilrepresentations. 

Proof. Consider an element x = + 7 /g§, z of 

3 . Its component y defines by the formula Lyi a ya, 
a 6 a shift left Ly: ^ ^ of the universal enveloping 

algebra ^ of the Lie algebra § while z defines a differentia¬ 
tion of § which is by definition an extension of the difier¬ 
entiation ad z of §. We define a mapping p of the algebra 3 
into the algebra End ^ of linear operators ^ ^ by the 

formula 


P (^) “I" ^z* 

Let ^1 = be another element of 3 . Since 

\x, x^] = ly, yj + [y, zj + iz, yj + [z, zj 
= yj — + D^x^) + [z, zj, 

we have 

P (k, 3^1]) = L[yy^ ^ 
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On the other hand, 

Ip (a;), p {xi)] = iLy + Ly^ + 

= [Ly, Ly^ + IZ)^, LyJ + iLy, Z)^,] + [Z)^? 

with 

\Ly^ Z/yJ = LyLy^ ^jf ~ j/1 

Since, however, the differentiation coincides on § 

with the differentiation ad [z, z-^] = fad z, ad Zj] and 
and ZZ^j coincide with ad z and ad z^, we have 

on g and therefore everywhere on ?/. 

Moreover, since for any element a 6 ^ 


\Dzi ^ 


we have 


Similarly 


= Z)^ (ijia) — y^D^a = D^Vi-a, 
fZ^z» ^yt^ “ ^D^yi* 
tZZ^iJ Z/y] = Ljy^^y, 


This proves that 

P ^il) = [p {x)x P (^i)], 


i.e. that p is a homomorphism (an “infinite-dimensional 
representation”) of the Lie algebra g into the commutator 
Lie algebra of linear operators ^ Notice that that 

homomorphism is defined only by the decomposition 
d = § © ^ does not depend on a given representation a. 

Now let us consider the representation a. Using the uni¬ 
versality of the algebra U we can extend this representation 
to some homomorphism (which we denote by the same sym¬ 
bol a) of ^ into the algebra of operators acting in the space 
of the representation a. Since the latter algebra is finite-di¬ 
mensional, the kernel A of that homomorphism is of finite 
codimension. The condition that the representation a is 
a nilrepresentation is just the same as saying that for any 
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element x of the nilradical n of g the coset a: + ^ is a nilpo- 
tent element of the algebra (isomorphic to a linear al¬ 
gebra G (^). Therefore we can apply Lemma 6 to the algebra 
g and the ideal There is an ideal ^ in the algebra 
therefore, with properties (a) to (d) of that lemma. 

Since ^ is an ideal, we have Ly {^)cz S for any element 
y 6 g and since ^ has property (d), we have (^)ci ^ 

for any element 2 ci ]^. Therefore p (a;) (^)c: ^ for any ele¬ 
ment a: 6 3 and hence the formula 

9 {oc) {u {x) u 

correctly defines some linear operator 

p (x): • 

Since the mapping p: x »-> p (a) is a homomorphism of 
Lie algebras, the mapping p: x p {x) is also a homomor¬ 
phism and hence a representation (for by property (b) the 
quotient algebra is finite-dimensional). 

If the element x is in g, then p (x) L-, where x = x 

Therefore if p (a*) =0, then L^ill) c: ^ and hence x 
(recall that is a unital algebra). Thus x ^ Jh (property (a)) 
and therefore a (x) = 0. So g f) Ker pci Ker a. 

We now apply Lemma 5 to the associative algebra 
the Lie algebra (g + and its ideal (n + ^)/^. This 
is possible since the conditions of Lemma 5 hold by virtue 
of properties (b) and (c). Thus by Lemma 5 every element 

X = X ^ ^ X ^ IS in the radical of the associative algebra 
and is therefore nilpotent. So the linear operator 

Z/-.* a \-^xa is also nilpotent. Since p {x) — L-, this proves 

that if the nilradical of the algebra g coincides with the 
nilradical n of g, the representation p is a nilrepresentation. 

It remains to consider the case where the entire algebra 
3 is nilpotent (and so in particular g = n). We must show 
that in this case the operator p {x) is nilpotent for any ele¬ 
ment X 6 9* 

Let as^above x — y where [j/ 6 ^ Since in the 

case in question g = n, according to^the foregoing, the oper¬ 
ator p {y) is nilpotent. Moreover, a more precise statement 
can be formulated by applying the same lemma 5 to a li- 
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near associative algebra T* generated by operators p (;r), 
a; 6 d* This algebra is finite^dimensional, generated by a 
Lie algebra p ( 9 ) and the ideal p (n) of p ( 9 ) consists, as just 
said, of nilpotent elements. By Lemma 5, therefore, the 
operators p (^), y 6 n, are all in the radical 8 ? of TT. 

On the other hand, since the algebra 9 is nilpotent, any 
operator of the form ad z, 2 ^ nilpotent. This means 
that every differentiation D^\ 4L ^ restricted to § is 
nilpotent. Since for any differentiation D, any number JV 
and any two elements a and b 
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it follows from]Z>”a] = 0 andZ )”^6 — 0 that (ab) = 0 . 

For any product a 6 ^ of elements in §, therefore, there is 
n (a) such that (a) = 0. Going over to the quotient 

algebra we get p (z)^<^) (a) — 0 , where a = a + ^. 

Since is finite-dimensional and has a basis a^, . . 
ag consisting of elements of the form a, it follows that 

there is n such that p (z)^(aj) = 0 for all elements aj, 
i = 1, . . ., n, of that basis. But then p (z)^ = 0 on 
i.e. the operator p (z) is nilpotent. 

Since p (^r) = p {y) + p (z), to complete the proof of 
Proposition 2 it remains to apply Lemma 4. □ 


At last we can prove the Ado theorem, even in a somewhat 
stronger formulation; 

Proposition 3 (Ado theorem). For any Lie algebra 9 there 
is its faithful nilrepresentation. 

Proof. We carry out a gradual, step-by-step construction 
of this representation. 

Step 1. Let 3 be the centre of 9 and let Xm be 

its arbitrary basis. On choosing in some vector space f" (of 
dimension '^m + 1) a nilpotent operator A such that 
^m+i _ Q Yyxii A^ 0 , we put 

P5 (^) “ + • • • + + ... + 

for any element x = X^Xi 4 - . . . -j- + • • • + 

of the centre 3 . Since all operators of the form X^A + . . . 

are commutative and nilpotent and they are 
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nonzero when Xjn) (0, . . 0 ), the mapping 

p is a faithful nilrepresentation of the algebra j. 

Step 2. Let n be the nilradical of g. Then the quotient 
algebra n' = n/j is also nilpotent and therefore has (by 
Proposition 2 of Lecture 17) a chain of ideals 

0 = n'ci n'ci . . . d = n', 

such that dim = I, for any 1 = 0 , 1 , . . m = dim n' 
(the numbering in Proposition 2 of Lecture 17 was backward, 
which is of no significance of course). The inverse images of 
those ideals in n yield an ascending chain of ideals 

3 = Ho Cl Hi cn ... d riyn = H 

which starts with the centre j and is such that dim Uf+i = 
dim Hi + 1. We show by induction that for any i = 0, 
1 , . . m there is a nilrepresentation p/ of Jii faithful on the 
ideal Uq = 

The beginning of induction is^ensured by step 1 of^the 
proof (po = pp. Suppose for some i a faithful nilrepresenta¬ 
tion Pi on 3 has already been constructed. On choosing in 
Ui+i a subspace 'f) complementary to Hi and noticing that 
being one-dimensional that subspace is therefore a Lie al¬ 
gebra we find that the conditions of Proposition 2 (with 
g = Hi and o = Pi) are satisfied. Since the ideal Hi+i 
is nilpotent, by this proposition there is a nilrepresentation 
Pi+i of Hj+i for which Hi fl Kerpi+id Ker pi and which 
is thus as before faithful on 3 . 

So when i = m we obtain a nilrepresentation pj^ = p,jj 

of the ideal n, which is faithful on the centre 3 . 

Step 3. Let r be the radical of a Lie algebra g. On consider¬ 
ing the solvable algebra r/n and using Proposition 1 of 
Lecture 16 we obtain in the radical r by the same construc¬ 
tion as in step 2 a chain of subalgebras 

n = Xoc: Xjd . . . d x = x 

beginning with h, such that for any i = 0 , 1 , . . ., m 
the subalgebra X| is an ideal of the subalgebra X|+i. Here 
we can again apply the same inductive process starting 
with the representation pn of the nilradical n constructed in 

step 2. The possibility of repeated applications of Proposi- 
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tion 2 is now ensured by the fact that the same ideal n is 
the nilradical of each of the algebras by the corollary to 
Lemma 1. 

As a result we obtain some nilrepresentation of the 

Radical r, which is faithful on the centre j. 

Step 4. In this step we apply the same Proposition 2 to 
the Levi decomposition 

g = r + m 

of the algebra 9 and to the nilrepresentation p^.. Since 
n (r) — n, we obtain a nilrepresentation p^^ of the entire 

Lie algebra 9 , which is faithful on the centre of 9 . 

Step 5. Consider now an adjoint representation ad and 
the direct sum of it and the representation p^ 

p ad © p^. 

Since Ker ad = j and j fl Ker p^ = 0, we have 

Ker p = 0, i.e. o is a faithful representation. Since the 
representation ad is a nilrepresentation and a direct sum of 
two nilrepresentations is of course a nilrepresentation, this 
completes the proof of Proposition 3. □ 

Only now can we consider as proved the Cartan theorem 
of Lecture 10 on the equivalence of the categories of simply 
connected Lie groups and of real Lie algebras. It is clear 
why in Lecture 10 the situation with the proof of this theo¬ 
rem was characterized as “not satisfactory” (the second of 
the known proofs of the Cartan theorem is by no means sim¬ 
pler than the one presented since although it does not use 
the Ado theorem, it also relies on the Levi theorem). The 
search for a direct proof of the Cartan theorem is therefore 
a very challenging problem. 
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SUPPLEMENT TO THE ENGLISH TRANSLATION 
(Proof of the Cartan Theorem by V. V, Gorbatsevich) 


After the appearance of the Russian edition of this book 
V. V. Gorbatsevich communicated to me a very brief proof 
of the Cartan theorem in Lecture 10 which does without 
invoking the Ado theorem. 

In that proof a Lie algebra ^ is said to be realizable if there 
is a Lie group G whose Lie algebra is 9 . 

As explained in Lecture 10, the Cartan theorem reduces 
to the statement that any Lie algebra 9 is realizable. It is 
just in this form that we prove it. 

Let 5 be the centre of a Lie algebra 9 . We first prove that 
if j 0, then 9 is realizable. To this end we consider a 
homomorphism ad of 9 into the Lie algebra of all linear oper¬ 
ators 9 -^ 9 . That homomorphism sends an element a 
an operator ad a acting by the formula 

(ad a) X — [a, a;], x ^ q 

(see p. 61). Therefore ad a = 0 if and only if a 6 J and hence, 
in view of the condition 3 — 0, if and only if a = 0. This 
means that for 3 = 0 the mapping ad is a monomorphism 
and hence the Lie algebra 9 is isomorphic to the linear Lie 
algebra ad 9 . 

To complete the proof it remains to recall (see the end of 
Lecture 10) that any linear Lie algebra is realizable. □ 

Now recall (see p. 388) that a Lie algebra ^ is said to be 
an extension of a Lie algebra a by means of a Lie algebra 9 
if a is an ideal in I) and a Lie algebra epimorphism a: I) ^ 
is given whose kernel is the ideal a. (Thus strictly speaking, 
not a Lie algebra I) but a diagram 

( 1 ) 0 a 1 ) 9 0 

of Lie algebra homomorphisms is the extension and the 
diagram is i.e. such that the kernel of each homomor- 
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phism in that diagram is the image of the previous homomor¬ 
phism.) 

Extension (1) is said to be central if the ideal a is in the 
centre of I). 

We are concerned with central extensions for which the 
algebra is one-dimensional and which are hence of the form 

(2) 0 f) g 0. 

Such extensions are referred to as one-dimensional. 

Proposition 1. If the Lie algebra 9 in the central one¬ 
dimensional extension (2) is realizable^ then the Lie algebra f) 
is also realizable. 

The Cartan theorem is a direct consequence of this prop¬ 
osition. Indeed, let 9 be a Lie algebra. Since a one-dimen¬ 
sional Lie algebra is realizable, it suffices to prove that 9 is 
realizable if so are all Lie algebras of a smaller dimension. 
Since, as we have seen, a Lie algebra with 3 = 0 is realiz¬ 
able, it may be assumed without loss of generality that 3 0 . 

Then for any one-dimensional subspace a of the Abelian 
Lie algebra 3 (which is clearly automatically an ideal of 
the Lie algebra 9 ) the algebra 9 /a is under the induction 
hypothesis realizable and hence by Proposition 1 applicable 
to the central extension 

0->a-^9-^9/a ->0 

so is the Lie algebra 9 . □ 

Thus it is only necessary to prove Proposition 1 . 

By analogy with the case of Lie algebras we call an ex¬ 
tension of a Lie group A by means of a Lie group G an exact 
diagram of the form 

(3) 

where H is r Lie group containing the group A as a closed 
invariant subgroup. 

Extension (3) is said to be central if the group A is a 
subgroup of the centre of the group H, In this case it is 
convenient to call the group operation in A (not in G) an 
addition and write accordingly, instead of (3), 

0->A -^H-^G->\. 
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As in the case ol Lie algebras, we are concerned only with 
central extensions of the form 

(4) 0 

For any extension (4) the Lie algebra I) = { (H) is obvious¬ 
ly the central one-dimensional extension (2) of the Lie al¬ 
gebra ^ — t (G). We say that extension (2) is realized by 
extension (4). 

Proposition 2. The central extension (2) is realizable if so 
is the Lie algebra 9 . 

It is clear that Proposition 1 is a direct consequence of 
Proposition 2. It is only necessary therefore to prove 
Proposition 2. 

Let G be a Lie group. A two-dimensional cocycle of G over 
IR is a smooth function 

(5) /: G X G R 
such that 

f (x, e) = 0, f {e, x) ~ 0 {e is the identity of G) 

and 

/ {y, z) —f (xy, z) + / (x, yz) — f {x, y) = 0 
for any elements x, y, z ^ G. 

Having cocycle (5) we define on the manifold H = K X G 
the operation of multiplication by the formula 

(a, x) {b, y) = {a + b + f a, b ^ K, 

X, y ^G. 

A check shows that under this operation the manifold H 
is a Lie group (with identity (0, e) and inverse element (a, 
(—a — f {x, x~^), All elements of the form (a, e) 
constitute a subgroup A which is isomorphic to the group R 
and is in the centre of the group G and the mapping (a, x) x 
is an epimorphism H G with kernel A. 

Thus every cocycle (5) gives some central extension of the 

form (4). 

Remark 1. It can be shown that any central extension of 
the form ( 4 ) (considered up to an isomorphism identical on 
A and inducing an identity automorphism of G) can be 
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obtained in this way, two cocycles defining isomorphic 
extensions if and only if they are cohomologous in a natural 
way. We shall not need all this, however. 

Remark 2. In a similar way one can describe arbitrary 
extensions (3) (even non-central in general). We shall not 
need this generalization either. 

Using an exponential mapping exp: g G we call lift 
cocycle (5) to the Lie algebra 9 of G, i.e. construct by the 
formula 


/ {X, Y) = f (exp X, exp y), Z, y 6 d 
a smooth function 


/: d X 9 [R. 

For this function we have 

/ (Z, 0) = 0, / (0, y) = 0 

from which it follows that 

( 6 ) /(z, y) = c (z, y) + ... 

where c is some bilinear functional and the dots denote 
degrees ^ 3 in Z and y. 

In addition, 

/ (F, Z) - f (J {X, Y), Z) + / (X, J (F, Z) 

-iiX, F) = 0 

for any elements Z, y, Z g 9 from which it follows imme¬ 
diately that 

c ([z, y], z) = c{x [y, z]). 

Now a calculation shows that the functional u: ^ ® 3 IR 
defined by the formula 

u (Z, y) - c (Z, y) - c (y, z), z, y e 3 

satisfies the relation 

u ([z, y], z) + u ([y, z], z) + iz (iz, zi, y) = 0, 
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i.e, is a two-dimensional cocycle of ^ over the ^-module !R (in 
the sense of Lecture 19, see the formula for with m = 2 
on p. 384). We shall write u = i (/). 

If 

(7) 0-^ 

is an extension corresponding to a cocycle /, then the ele¬ 
ments of the Lie algebra = I (H) are naturally identified 
with pairs (a, Z), where a 6 R and X 6 9= 1 (^)» with 

exp {a, X) = (a, exp X). 

In particular we see that the one-parameter subgroup 
t «-> P(a,js:) (t) of H corresponding to an element (a, X) 
of ^ is given by the formula 

P(a,X) (1) = Px (0)» 

where t exp tX is a one-parameter subgroup of G 
corresponding to the element Z 6 9* 

Therefore 

P(a,X) (0 P(6,y) (0 

= {ta tb f {tX, tY), Px (t) Pv (0) 

= {t {a b) t^c {X^Y)-\-0 (t^), Px (0 Pv (0) 
for any elements (a, Z), (&, 6 ^ smd hence 

P(a,X) (0 P (b,y) (^) P(a,x) (0"^ P(&,y) (0"^ 

{t^U (Z, y) + 0 (^3), p^ (t) p^ (t) P;, (0-^Py W). 

It follows (see Proposition 1 of Lecture 4) that multiplica¬ 
tion in is given by the formula 

(8) [(a, z), (fc, y)i = {u (z, y), [z, y]), 

(a, Z), (6, y) 6 1) 

(so that, in particular, the product [(a, Z), (fo, y)] is inde¬ 
pendent of a and b). 

Now recall (see Lecture 19, p. 389) that for any central 
extension of Lie algebras 

(9) 
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the formula 

(10) u (Z, Y) = [pz, pr] - p IZ, r], z, r e 3, 

where P: 9 t) is a fixed section of an epimorphism a: 
1) 9 defines some cocycle u ^ (9; R) (which is said to 
classify extension (9)). If the Lie algebra extension (9) cor¬ 
responds to the Lie group extension (7), then p can be defined 
by the formula 

PX (0, Z) 

and hence cocycle (10) obviously coincides with the cocycle 
u in formula (8). Thus for any cocycle f of the Lie group G 
the cocycle w = f (/) classifies extension (9) corresponding to 
extension (4) constructed from the cocycle /. 

When the section P is changed the cocycle u is replaced, 
as we know (see p. 000), by a cohomologous cocycle. This 
means that if the central one-dimensional extensions 



0->Ol->t)'X9-^0 


with given sections P; 9 1} and P': 9 V isomorphic 

(i.e. if there is an isomorphism ^ 1)' identical on R, and 

inducing an identity automorphism 9 9 then the corre¬ 

sponding cocycles u and u' are cohomologous. Conversely, 
let u' — u — 8 v, where y; 9 —R is a cochain. Then the 
formula P^Z = PZ — vX, Z 6 9, defines a section Pi: 
9 I) of an epimorphism a which is easily seen to have the 
property that the corresponding cocycle Ui 6 (9; R) 

coincides with the cocycle u\ Therefore it may be assumed 
from the outset without loss of generality that u — u'. 
But in this case the linear mapping I) ->■ t)' identical on R 
and sending every element of the form P {x)^ 6 3? 1^ 

element P' (x) (clearly, such a mapping exists, it is unique 
and an isomorphism of vector spaces which induces an 
identity automorphism 9 9) is easily seen to be an iso¬ 

morphism of Lie algebras and hence extensions (11) are 
isomorphic. 
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Thus extensions (11) are isomorphic if and only if cocycles 
u and u' that classify them are cohomologous. 

In particular it follows that extension (9) of Lie algebras 
is realizable if 

(a) the Lie algebra g is realizable, 

(b) there is a cocycle f on the group G with g, such that the 
cocycle u classifying extension (9) is cohomologous to the co¬ 
cycle i (/). 

Indeed the Lie algebra extension corresponding to exten¬ 
sion (4) constructed with the aid of a cocycle / is known to 
be classified by the cocycle t (/). It is therefore isomorphic 
to extension (9) with cohomologous cocycle u. Hence ex¬ 
tension (9) is realizable. □ 

Since any realizable Lie algebra g can be realized by a 
connected and simply connected Lie group, it follows from 
this statement that in order to prove Proposition 2 (and the 
Cartaii theorem along with it) it suffices to prove Proposi¬ 
tion 3 that follows: 

Proposition 3. If G is connected and simply connected, then 
for any two-dimensional cocycle u ^ {^\ K) of ^ \ {G) 

there is a two-dimensional cocycle f of G such that the cocycle 
\ (/) is cohomologous to u. 

Proof of Proposition 3. As we know (see pp. 402-403), 
there is a left-invariant form co 6 on a Lie group H, 
such that u = (o^. Since a is a cocycle, that form is closed. 
It is known (see Remarks 4 and 5 below) that on every con¬ 
nected and simply connected Lie group G any closed form of 
degree ^ 2 is exact (i.e. (G) = 0 and (G) — 0). As 

applied to (o this means that there is a linear form a on G, 
such that CO = da. Although in general a is not left-invar¬ 
iant, it is easy to see that for any element x ^G the form 
Lia — a is exact (indeed d {L%a — a) = L%da — da = 
L*(o — CO = 0). Therefore for any element x ^G on G 
there is a function cp^^: such that (^) ~ 0 and 

dcpx = L%a — a. 

Since G is connected, for a fixed form a these conditions 
uniquely define the function cp^^. Since 

Liya — a = LI (L^a — a) + (L^a — a) 
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and I/JdtPx = dLy^xi it follows that for any two elements 
y we have 

<Pocff = Ll^x + <Pj, — 9;^ (y). 

i.e. 

<Pa» (Z) = <Pa (J/Z) + (Z) — 9a (y). Z 6 G- 

On putting now 

/ y) = 9a {y) 

we get, first, 

/ (x, e) = (p* (e) = 0, / (e, x) = (p^ (x) = 0 

(clearly^ cp^ = 0) and, secondly, 

/ (y. z) — / (xy, 2) + / (x, yz) — / (x, y) = 0. 

Hence the function /: G X G K (obviously smooth) 
is a two-dimensional cocycle on G. 

For the proof of Proposition 3 to be complete it thus re¬ 
mains merely to prove that the cocycle t (/) is cohomologous 
to u. 

Recall that the Lie derivative of an (a, 6)-tensor field T 
along a vector field -X" (on a manifold M) is an (a, 6)-tensor 
field XT taking at a point p di value 

(12) (XxT)p = \ivo. , 

<-►0 * 

where a^: g# is a flux on oM (in general local) generat¬ 

ed by the field X (i.e. a family of diffeomorphisms a^: 
oM oM such that for any point p the tangent vector 
to the curve ^ (p) at p is the vector Xp). In the case 

(the only one necessary), where g# is a Lie group G and the 
field X is left-invariant, formula (12) becomes 

t-0 * 

For example, if T is a function cp: G R, then Xx^^ is also 

a function and 

(P) = lim vl'>xp,X.p)-v(p) _ 


28-0450 
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that is 
(13) 


(p) 


d(p (exp tX • p) 

dt 




for any point p ^ G, On the other hand, since the tangent 
vector to the curve t exp tX*p Sii a. point p is the vector 
Xp, we have 


d(p (exp tX*p) 
dt 



and since by the definition of the differential of a function 

Xp<p = d(pp (Xp) = (d<p (X) (p), 

we finally have 

(14) Xx(p = dcp (X). 

For a form (o of degree r > 0 and a field X the form 
(Xi, . . -X^r-i) X4,. . of degree r — 1 is 

denoted by the symbol X J co. In this notation formula 
(14) becomes 

XxV = X J (p. 


[Note that although we have proved the validity of that 
formula only for the left-invariant field X on the group <?, 
it holds in fact, with the proof practically the same, for 
an arbitrary field X on an arbitrary smooth manifold oS.l 
Formula (13) can be readily extended to differential forms 
of arbitrary degree. That is, it turns out (see Remark 6 below) 
that for any differential form <0 there is an identity 

(14) Xx^ = X J dco +'d {X J (o), 

going Over into identity (13) when deg <» == 0. 

Equipped with this information we can now proceed di¬ 
rectly to the proof that the cocycles I (f) and u are cohomo- 
logous. 

By definition 

/ (fX, sY) = (pexp tx (exp sY) 


for any t, s ^ Dl. So by formulas (13) and (14) 


df (fX, sY) 
ds 


SmmO 


= («^9exp tx) (i') (e), 
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i.e. 

= {Ltxp txct—a) (Y) (e) 

and hence 


df (tX, sY) 
ds 




(tx, sY) 

dt ds 


<=0 

s=0 


{Xx^) (Y) {e) 

= (X _J da + d (X _J a)) (F) {e) 

= da (X, Y) (e) + d (a (X)) (F) (e). 


By construction, da — co and cOg = w. Therefore 
da {X, Y) {e) = (da), (Z„ F,) = (Z, F) 


(in the last transformation we have identified Z, with Z 
and Ye with F). Since 

d (a (Z)) (F) = Fa (Z), 


this proves that 

^^^ = «(X, F) + Fa(X)(e) 

5=0 


df (tx, sY) 
ds dt 


for any left-invariant fields Z, F 6 9- 
On the other hand, if 


/ (X, F) = c (X, F) + . . 


where the dots denote terms of degree ^ 3 in X and F, then 


Hence 


d}(tX, sY) 
dt ds 


s=0 


c (X, F) = « (X, F) + Fa (X) (a), 

from which it follows (since u (F, Z) = — u (Z, F)) that 
t (/) (Z, Y) = 2u{X,Y) + (Fa (Z) - Za (F)) {e). 

Since by formula (3) of Lecture 20 

(0 (Z, F) = da (Z, F) = Za (F) — Fa (Z) — a [Z, Fl 
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and (0 (X, Y) (e) — u {X, Y), this proves that 

I (/) (Z, y) = w (^, y) + a IX, Y\ (e), 

i.e. that 


{{/) = u — 8v, 

r 

where i; is a cochain g (R, defined by the formula 

vX = a {X) (e) 
for any element X ^ g. 

Thus the cocycles t (/) and u are in fact cohomologous. □ 
Remark 3. All the steps in the reduction of the Cart an 
theorem to Proposition 3 have been known for over thirty 
years now. Proposition 3 was first proved by Pinchon and 
Simon in 1975 using a general theory. We owe to Gorbatsev- 
ich not only the idea of applying Proposition 3 to the proof 
of the Cartan theorem but also the above elementary proof 
of the proposition. 

Remark 4. The equation (oM) = 0 holds for an arbi¬ 
trarily connected and simply connected manifold M, Indeed, 
it follows from the simple connectedness of by the 
Stokes formula, that for any closed linear differential form 

a and any closed path y: [0, 1] g# on the integral ^ a 

is zero. Therefore by choosing a point Po ^ ^ and putting 
for every point p ^ oS 

/(p) = j) a, 

V 

where y is a path joining points Pg and p, we correctly define 
on G# a function / with the property that df = a. 

Remark 5 . For a manifold oM the direct sum 

dim M 

© ^(e#) 

m*0 

of cohomology groups is an associative and anticommuta- 
tive graded^algebra with respect to a multiplication defined 
(as one can easily see^ correctly) by the formula 

tcoil A I®*! = A “alt 
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where Ico] denotes a class of cohomologies of the closed form 
( 0 . Since H^{M) = 0 for m > dim M, homogeneous elements 
of the algebra H* (oA) of positive degree are all nilpotent. If 
0 ^ is a Lie group G, then the multiplication G X G G 
induces a mapping 

6: (G) (G X G) H*{G) X (G) 


with respect to which the algebra ir*(G) is a Hopf algebra. 
If (G) = 0, then any element of the group (G) is primi¬ 
tive in an obvious way. For a connected and simply connected 
Lie group G therefore the equation (G) = 0 follows from 
this general-algebraic lemma: 

Lemma. In an associative and anticommutative Hopf 
algebra Jh every nilpotent primitive element a of even degree 
is zero. 

Proof. Since 6a = l©a + a©l, we have 



© a 


n~-m 


Since bidegrees of all elements © a”””* are distinct, it 
follows that the equation = 0 is possible only when for 
any = 0, , , n we have d^ © a”"*"* = 0 and hence 
(for X ® y = 0 is possible in Ji ® Ji only when either 
a: = 0 or 1/ = 0) for m > 0 we also have a"* = 0. At m = 1 
we thus get a = 0. □ 

Remark 6. The operation on forms is obviously com¬ 
mutative with the operation of external differentiation d, 

i.e. 

d^ jydco 

for any form (o and is a differentiation with respect to the 
external multiplication of forms, i.e. 

Xx (®i A ®2) = A ®2 + A <55x0)2 

for any forms (Oi and cOg. 

On the other hand, a calculation, which uses the fact that 
the operators d and X J are both antidifferentiations^ shows 
that the operator 

CO •—► X _] d(x> d (X 1 (o) 
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is also a differentiation. Since two differentiations coincide 
if they coincide on the generators, it follows that it suffices 
to prove formula (14) for forms (o which are functions and 
for forms of the type where x'^ are local coordi¬ 

nates. 

For the functions formula (14) reduces to the already 
known formula (13) and for the forms of the type dx^ it is as 
follows 

X X — d{X _1 dx^) — 


where ZMs a component of the vector field Z in a chart with 

local coordinates] x^, . . . 

If a\ {X) are the coordinates of a point (p), where 
{at} is a flux generated by the field X (i.e. the coordinates of 
the point exp tX^p, in the case of Lie groups of interest 
here), then by definition 


da) (X) 


X X '— 


lim 

- UiU-f 

dxJ 

t 

lim 

t^o 

1 f (X) 

i \ dx^ 

^ 1 

f da] (X) \| 

dt " 

1 dxi )\t= 

d 

( (X) 1 


dxJ — dx^ 


dx3 


dt 




dx^ 


_ ~ dX\ 

dx^ 


Since 


da\ (X) 


dt 

This comp 


<=o 


=:X 


etes the proof of formula (14) 


and hence everywhere). □ 


(on any chart 
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Lie monomial, 120 
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Lie’s third theorem, 133 
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Local factor group, 140 
Local group, embeddable, 204 
globalizable, 204 
Local Lie group, 67 
analytic, 142 
smooth, 142 

Local Lie groups, equivalent, 68 
Local subgroups, 134 
invariant, 138 
locally flat, 135 
Localization functor, 69 
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Matrix, complex orthogonal, 25 
complex symplectic, 25 
J-orthogonal, 23 
J -skew-symmetric, 2 3 
J-unitary, 25 
monomial, 276 
nonexceptional, 20 
octave, skew-Hermitian, 331 
Hermitian, 322 
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unitary, 25 
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Matrix function, exponential, 47 
Matrix Lie group, 51 
Matrix representations, equiva¬ 
lent, 275 
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Module over a Lie algebra, 103 
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Morphism, of Lie groups, 15 
of coverings, 170 
Moufang identity, central, 314 
right, 315 
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ra, 412 
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Octave, 293 
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Part, of a local group, 68 
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nilpotent, 366 
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Plane, projective octave, 326 
Poincare group, 192 
Poinare-Birkhoff theorem. 111 
Polarization, 306 
Polynomial, noncommutative, 76 
Problem, Hilbert’s fifth, 97 
Product, left internal, 282 
of ideals, 403 
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Property, of naturalness, 73 
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Representation, of a Lie algeb¬ 
ra, 364 
adjoint, 364 

of a Lie group, adjoint, 86 
semispinor, 280 
Restriction, 145 
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Shifts by an element a, 19 
Solenoid (group), irrational, 208 
Space, arcwise connected topolo¬ 
gical, 27 

connected topological, 27 
homogeneous, 239 
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pological, 27 

locally simply connected topo¬ 
logical, 185 

of a representation of a Lie 
algebra, 364 
pointed topological, 165 
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Space 

semilocally simply connected 
topological, 173 
simply connected topological, 
169 

Spinor group of degree n and 
index e, 259 

Spinor representation, 280 
Square, dissected, 218 
universal, 165 

Subalgebras of an algebra, 44 
Subcategory, complete, 44 
Subfibering, completely integra- 
ble, 151 
involutory, 151 
of a tangent fibering (or bun¬ 
dle), 145 

Subgroup, discrete, 194 
of a Lie group, 209 
invariant, 209 
possessing an In-image, 58 
Subgroups, invariant local, 138 
locally flat local, 135 
Submanifold, 208 
Subset, evenly covered by a map¬ 
ping, 159 

locally closed, 230 
of a group, small, 198 
of the product of two groups, 
distinguished, 198 
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tively nilpotent, 351 


System, Pfaffian, 143 
integrable, 144 

Tensor product, of algebras, 113 
of vector spaces, 112 
of Za-graded algebras, skew, 
253 

Trace functional, of a Lie alge¬ 
bra, 360 

of a representation of a Lie al¬ 
gebra, 364 

Triplicity principle, for group 
Spin (8), 316 
infinitesimal 316 
Triproduct, scalar, 329 

Unit sphere, 20 

Variety, algebraic, 232 
Vector field, complete, 37 
on a group, left invariant, 34 
on a manifold, 33 
Vector fields, O-connected, 41 

Waring formulas, 355 
Weyl theorem, 386 
Whitehead’s theorem, 380 
Whitehead’s lemma, first, 385 
second, 386 
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and A. FOMENKO, D.Sc. (Phys.-Math.) 

This problem book was compiled by three 
eminent Moscow University teachers. Based on 
many years of experience at the mechanics-and- 
mathematics department, it contains problems 
for practically all the sections of the differential 
geometry and topology course delivered to 
students at the University. Besides the classic 
branches of the theory of curves and surfaces, 
the reader will be offered problems in smooth 
manifold theory, Riemann geometry, vector 
fields and differential forms, general and homo- 
topical topology, and in the elements of varia¬ 
tional calculus. The structure of the problem 
book corresponds to ‘A Course of Differential 
Geometry and Topology’ (Moscow University 
Press, 1980) by Prof. A. S. Mishchenko and 
Prof. A. T. Fomenko. Some problems, however, 
touch upon topics outside the course of lectures. 
These sections are provided then with all the 
necessary theoretical foundations, hints and 
answers. 
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LECTURES IN GEOMETRY 

Semester 1 

ANALYTIC GEOMETRY 

M. Postnikov 

This textbook comprises lectures 
read by the author to the first-year 
students of mathematics at Moscow 
State University. The book is 
(divided into two parts containing 
the texts of lectures read in the 
first and second semesters, 
respectively. 

Part One contains 29 lectures, aud 
is read in the first semester. 

The subject matter is presented 
on the basis of vector axiomatics 
of geometry with special emphasis 
on legical sequence in the 
introduction of fhe basic geometrical 
concepts. 

Systematic exposition and 
application of bivectors and 
trivectors enables the author to 
successfully combine the above 
course of lectures with those of 
the following semesters. 

The book is intended for university 
undergraduates majoring in 
mathematics. 






